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PREFACE. 


In the preparation of this text-book on Analytical Geometry 
it has been our aim not merely to give an analytical treat¬ 
ment of curves of the second degree, but also to apply the 
methods of elementary algebra to the tracing of curves of 
higher degrees. Many of the curves usually classed as 
Higher Plane Curves and discussed in treatises on the 
Calculus are easily handled by elementary methods, and 
give the beginner a mueh better knowledge of the value 
of analysis than can be derived from a study of the conic 
sections alone. An elementary knowledge of the methods 
of curve tracing is in fact a necessary preliminary to any 
discussion of Higher Plane Curves that is based on Higher 
Algebra and the Infinitesimal Calculus, and seems to come 
properly within the scope of an introduction to Analytical 
Geometry. 

It may be useful to indicate the general lines on which 
the book has been constructed and to state briefly the 
reasons for the order adopted. 

Chapters I.-IX. treat of the straight line, the circle and 
some simple curves that can be readily sketched from their 
definitions without recourse to elaborate algebraical analysis. 
Graphical work is now so common in the early stages of 
every mathematical course that it is fair to assume that 
every reader has some previous acquaintance with the 
graphical interpretation of equations of a simple type. 
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The early chapters are therefore designed to make the 
student quite familiar with fundamental formulae, such as 
the Section, Distance and Gradient Formulae, which occur 
so frequently in all applications, and to train him in the 
geometrical interpretation of formulae and equations by 
applying them to familiar and easily drawn curves. Indeed, 
the analytical treatment of the straight line and circle is 
necessary, not so much for the geometrical results as for 
the acquisition of facility in the use and interpretation of 
formulae ; only by such practice can the beginner learn to 
see the geometry behind the analysis. These chapters 
include a discussion of Harmonic Ranges and Pencils and 
of the usual theorems on the Circle, including Coaxal 
systems. The ninth chapter contains the equations of the 
Conchoid, the Cissoid and the Witch, with the usual applica¬ 
tions to the trisection of an angle and the duplication of 
the cube; experience proves that these curves are of real 
interest and stimulate pupils to further study. A number 
of worked examples on loci and two sets of Miscellaneous 
Examples conclude this section. 

Chapters X.-XVII. discuss the graphical representation 
of equations. The aim of - these sections is to enable the 
student to sketch pretty rapidly the forms of the curves 
represented by algebraic equations that are not of very 
complicated types; his work on the equations of loci in the 
earlier parts of the book will have suggested the necessity 
of this study. Considerable stress is laid on the method of 
Successive Approximations, and we believe the method to 
be both so simple and so fruitful that no apology is needed 
for the space given to its discussion. In the course of this 
discussion we have felt obliged to treat some parts of 
elementary algebra that are often imperfectly grasped by 
the beginner, such as discriminants, turning values, repeated 
and infinite roots, and have been led by a simple and 



PREFACE. 


IX 


natural process to a statement of the derivatives of the 
simpler algebraic functions. We hope that the revisal of 
work which is treated with more or less fullness in most 
text-books of algebra will be justified by the light that 
the geometric interpretation casts on somewhat abstract 
algebraic theorems as well as by the use to which these 
discussions are put in the graphing of equations. The 
chapters on the Solutions of Equations and Harder Curves 
will, we trust, be found to offer some interest to every type 
of student, even if for no other reason than as providing 
variety in algebraic teaching. 

-l^ViThe rest of the book, Chapters XYIII.-XXIV., contains a 
fairly complete treatment of the Conic. Many properties 
of the curves are most easily handled by the methods of 
Euclidean Geometry, and we have not hesitated to adopt 
such methods when there was distinct advantage in doing 
so, with the result that we have been able to incorporate 
the essentials of the older treatises on Geometrical Conics. 
It is hard to justify the separation of geometrical and 
analytical conics; at any rate it has seemed to us that such 
separation is totally unwarranted, and is even mischievous 
in an elementary text-book. We have tried to include all 
the important properties of conics that are of an elementary 
• character, and to group them into a comparatively small 
number of theorems, so that the student may not be 
burdened by being confronted with propositions that are 
of no special importance. The numerous Exercises that 
are given in every chapter provide ample practice, both on 
the geometrical and on the analytical aspects of the treat¬ 
ment, and will, we hope, be found useful in emphasizing 
the fact that, after all, the one subject of study is geometry, 
even though the methods are twofold. The simplicity 
introduced by the use of Joachimsthal’s Section-Equation 
is, we think, sufficient warrant for the place assigned to it; 
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and the discussion of Systems of Conics in Chapter XXIV. 
seems to sum up so naturally the general principles that 
underlie the applications of analysis to geometry that we 
hope it will not be considered to be too severe for an 
elementary text-book. Comparatively little stress has been 
laid on the General Equation of the Second Degree; its 
importance in an elementary course does not seem to us to 
demand a fuller treatment than has been given to it. 

Piofessor Chrystal s text-books, on Algebra are so funda¬ 
mental in their character that it is impossible to write on 
any branch of algebra without showing traces of their 
influence, but we desire to make special acknowledgment 
of the great help we have derived from Chapter 25 of 
his Introduction to Algebra. Much of our work is little 
more than a restatement of the ideas there laid down. 
Again, in Chapter XVII. we have tried to give an elementary 
account of some of the more important methods developed 
with so much skill in Frosts treatise on Curve Tracing 
—a book which is now out of print. 

A word may be said on the position assigned to Freedom 
Equations—a terminology that is, we believe, due to Pro¬ 
fessor Chrystal. From some points of view, for example 
in its bearing on Dynamics, the representation of a curve 
by freedom equations is quite as natural, and is much more 
useful than the representation by a constraint equation. 
But apart from such applications, the value of the specifica¬ 
tion of a point on a curve in terms of a single parameter 
has been always recognized in works on Analytical 
Geometry in the case of the Conic Sections, while the 
whole theory of Unicursal Curves is simply that of one 
form of Freedom Equations. It seems proper therefore to 
introduce the student at the outset to this alternative 
method of representing the equation of a curve; the theory 
is not difficult and the gain in facility of graphical repre- 
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sentation is great. Elimination is often a difficult and 
tedious process, and may in many cases be dispensed with, 
so far as the representation of a curve is concerned, by 
making use of Freedom Equations. 

The Answers to all the Examples have been worked out 
by Mr. A. M. Williams, M.A., B.Sc., who has also read the 
whole book in proof. Mr. Peter Ramsay, M.A., B.Sc., has 
subjected the Examples to a searching revision, and has 
independently verified the solutions. To both of these 
gentlemen we offer our hearty thanks for the extreme care 
and thoroughness with which they have carried out their 
laborious task. In many details the book owes much to 
the experience of Sir Richard Gregory, and we thank 
him sincerely for his helpful advice. We would also grate¬ 
fully acknowledge the excellence of the work done by 
Messrs. MacLehose. 

GEORGE A. GIBSON. 

P. PINKERTON. 

10 The University, 

Glasgow, December , 1910. 
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CHAPTER I. 

STEPS. POSITION-RATIO. SECTION-FORMULAE. 

1. Positive and Negative Measure. Consider the line AB 
in Fig. 1, divided internally at P and externally at Q. We 


see urn* AP + PB = AJB } .(1) 

for 7 + 3 = 10; 

but AQ~\-QB = AB, .(2) 

for 14 — 4 = 10. 


So long as P is between A and R, AP+PB = AB. 
Let P move up to and coincide with B ; even now 
AP + PB = AB, for PB = 0. Let P move through B to Q\ 
then PB diminishes to zero, when P is at R, and appears 
again on the other side of R, after PB = 0. Following the 



practice in Algebra, we could measure QB b}^ ( — 4). Now 
14 + ( —4) = 10; so that measuring QB (i) according to its 
length, by 4; (ii) according to the side of R on which it lies, 
• by prefixing the sign —, we could write 


AQ + QB = AB .(3) 

G.A.G. A (g 
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If P had moved to the left of A, say to R, then AP 
would pass through zero to A R, while PB would grow 
steadily to RB. We could then denote A R by ( — 5), 
putting 5 for its length and prefixing the sign —, to ex¬ 
plain that AR lies on the side of .1 different from AP. 
Now (—5)+15 = 10, so that we could write 

AR+RB=AB .(4) 

Starting from AP + PB = AB, it would be quite intelligible 
to read 

AP + PB = AB, 

AQ+QB = AB, 

ar+rb=ab. 

This may be summed up as follows: 

Rule. If A, B, P are any three points on a straight line, 

AP + PB = AB. 

And the meaning of AP, PB, AB could be given thus: 

On the line mark an arrow-head; if AP (or PB or AB), 
from A to P, follows the direction of the arrow-head, AP 
means the length of AP with the + sign prefixed; if AP 
(oi PB or AB), from A to P, follows the direction opposite 
to that of the arrow-head, AP means the length of AP 
with the — sign prefixed. 

In Fig. 1, AP = ( + 7), PP=( + 3), AP = ( + 10); 

( + ’O + ( + 3) = ( + 10), 

AP + PB = AB. 

AQ = ( + 14), QB = (- 4), AP = ( + 10); 

( + 14) + (-4) = ( + 10), 

AQ+QB=AB. 

AR = (- 5), RB=( + 15), AB = ( +10); 

(-5)+(15) = ( + 10), . 

AR+RB=AB. 

The rule AP + PB=AB is a general rule; it enables us 
to be sure that a proposition, which depends on its use, is 
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true whether P lies between A and B or not, provided 
that’ as we say, we attend to the convention of sign regarding 

ap’pb, AB. 

2 Origin and Axis of Abscissae. Let 0 be a fixed point 
on a line X'OX (Fig. 2). Let U be another point on the 
line on the same side of 0 as X, and let the length of OU 
be one unit. The position of any point P on the line 
depends on two things, (1) the length of OP according to 
the scale 0(7=1, (2) the side of 0 on which P lies, whether 
the A'-side of 0 or the A'-side. The length of OP, according 

to the scale 0 U= 1, is specified by an arithmetical number, 
say 2-2. The side of 0 on which P lies is specified by 
prefixing to 2-2 the algebraic sign + or — ; the sign T 
being prefixed if P lies on the same side of 0 as X, the 

sign* 3 - being prefixed if P lies on the same side of 0 as A"'. 

• • 


t 


X' BP D 



O 

Fig. 2. 


U A 



The number with the proper sign prefixed is called the 
abscissa of P with respect to the origin 0, so that any 
abscissa can be entirely represented by an algebraic 
symbol; x , for example; since x, in Algebra, may stand for 
any arithmetical number with the sign + or — prefixed. 
Sucli a line as X'OX is called an axis of abscissae, or simply 
an axis. OX is called the positive direction and OX' the 
negative direction of the axis. The positive direction may 
be indicated by an arrow-head. In Fig. 2 the abscissa of 
A is +1*5, or simply 1*5; the abscissae of P, C, JD are 
— 2*4, 2*4, —1*5 respectively. 

The abscissa of A is often denoted by 0A\ in this sense 
OA has a double significance, for it signifies both the 
magnitude and the sign of the abscissa of A. The measure 
of the length of OA, according to the scale 017=1, gives the 
magnitude of the abscissa; the order of the letters is the 
equivalent of the sign of the abscissa. OA, like x in 
Algebra, entirely represents the abscissa. Similarly we 


write 


0B=- 24, 0(7= 2*4, 0D=-1*5. 
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The measure of the length of OB is 2-4; the order of the 
letters, from 0 to B, signifies a motion in the negative 
t 'rection oi the axis; hence OB is entirely represented by 

denot eOP 1 ^ ^ aXi ‘ S ’ and P any P ° infc ° n ifc ’ we URUall y 

nn J x,1, 1 , *, )iaw ! ln axi f of abscissae, clioose an origin and scale unit, 
and mark the points whose abscissae are 2, —2, 1*7, — 1*7, —3-2, 3 

J';': 2 - Plot " i ^ h 1 respect to an axis X’OX, scale unit 1 in., the 
points x- 2, ,r= - 2'4, x.= - 3 2, x= 2’8. 

3. Steps. Let A, B be two points on an axis, origin 0; 

then a £ can be measured (i), according to its length, by a 

number; (n) by prefixing to this number the + sign or the 

- sign, according as the direction of AB, from A to B, is 

or is not the direction of the arrow-head on the axis, just 

as in § 2 \\ hen AB is measured in this way, AB is called 

a step. It is clear that 


or, simply, 


step AB= — step BA, 

AB = - BA. 


Another important rule is 

AB = OB — OA, 

for every position of the origin 0. 

First. Let OA, OB be both positive. In Fig. 3(a), 


AB=5, 05 = 7, OA = 2. 


W 

o 


2 

4- 


7 

+ 


(«) 


B 


•3 

+ 


B 


O 


2 

A 


, _^_Fig. 3. 

AB=0B-0A. 


( 6 ) 


Second. 


Let OA be positive, OB negative, 
AB=-5, OB — —3, OA = 2. 

AB = 0B-0A. 


In Fig. 3 ( b ), 


3,4] 

Third . 


POSITION-RATIO. 


5 


Let OA, OB be both negative. In Fig. 3(c), 

AB = 7, 05=-3, OA = —10. 

—¥--+——i—> 

A BO 

Fig. 3(c). 

AB=0B-0A. 

Note also that AO -f- OB — AB, 

AO + OB + BA = 0 

for every position of the origin. 

Ex. 1. If the abscissae of A, /?, points on an axis, origin 0, have 
the following values, find the measure of the step AB: 

(i) 3, 5; (ii) — 4, 2 ; (iii) 3, -2 ; (iv)-l, -4. 

Ex. 2. If A, B y Cy Dy points on an axis, have abscissae -3, 4, -8, 
-1 respectively, prove that AB=CD. 

Ex. 3. If M is the middle poin t of A By where A , B are points on 
an axis having abscissae (i) 4, 6 ; (ii) 4, — 6 ; (iii) — 4, 6 ; (iv) —4, — 6 ; 
(v) ay by find the abscissa of M in each case. 


4. Position-Ratio. If A, B, P are three points on an 
A P 

axis, is called the position-ratio of P with respect to 
’ PB 

A, B. (Note that AP, PB are steps.) For example, in 
Fig. 4, 




-j [ 1 


POB 


11 

+ 


Q 


Fig. 4. 


AP= OP — OA = ( — 1) — ( — 4) = 3, 

PB=0B-0P = l-(-l) = 2, 

AP_ 3 
PB~ 2' 


AQ=0Q—0A = 11 — (—4) = 15, 

QB=0B-0Q = 1-11 =-10, 

AQ 15 _ 3 

QB~- 10“ 2’ 
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Ex. 1. If A, /?, /* have abscissae 
(0 2 > * r > ; (n) 2, 7, 10; (iii) -2, 7, 5; (iv) 2, -7, 5; 

find AP/PB in eacli case. 

Ex. 2 If A, B, I> Q y four points on an axis, have abscissae 
-- 1, 1, o respectively, prove that AP/PB= -AQ/QB. 

* ®: Fi f b Section-Formula. If 4 has the abscissa 4 and 
Vi the abscissa 6, where A, B are points on an axis, and if 

f h V1 - 7 f £ 80 that APIPB = 3/2, then we could 
plot the points a, £ on an axis, on which a scale-unit had 

been cliosen, construct or mark the point P and read off 

the abscissa of P. This can be done whatever be the 

abscissae of A, B and the position-ratio AP/PB. Hence 

there must be a rule for calculating the abscissa of P in 

terms of the abscissa of A, the abscissa of B and the 

position-ratio AP/PB. 

Rule. Let X'OX be an x-axis. Let the abscissae of two 
points A, B be p, x 2 respectively, let P be any point on 

the axis and pp=~; then the abscissa x of P is found 
from the equation 


Proof. See Fig. 5. 


m^ + nx, 
m-f n 



Fig. 5. 


AP= OP — OA =x — x x , 

PB = OB — 0 P = x 2 — x; 

• — x ~~ x i 

PB x 2 — x 

But AP m - 

PB~n ’ 

x — x. m 

. * v - 1 —_• 

x 2 — x n 5 
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. nx — nx 1 = mx 2 — nix ; 

(m-i-n)x = vix 2 -^nx i ] 

mx.j + vx, 

x =——- -■ 

m-\-n 

• Since only the general rule of § 3 has been used in 
the proof, the rule holds whether x lt x 2 be positive or 

?/?/ • • 

negative, and whether the position-ratio — be positive or 

771 / 

negative. If P lies within AB , then — is positive; if P 
lies without AB , — is negative. If then ^ denote the 

ib 7 

numerical value of the position-ratio, we have the double 
rule 

x= P x 2 ~^ ( ] x i f or internal section, 

p+q 


X= P X 2 1 f or external section. 

p-q 


Cor. 


If x v x 2 are the abscissae of A, B and x the 

x ~j~ x 

abscissa of the middle point, M, of AB, then x= 1 ^ 2 - 
For we may put m = 1, n = 1. 


j / EXERCISES I. 

1. Finn the abscissa of the middle point of the join of the 
points 3, 5. 

(“The point 3” is a contraction for “the point whose abscissa 
is 3.”) 

2. Find the abscissa of the middle point of the join of the points 
(i) -4, 2 ; (ii) -3, 5 ; (hi) -4, -2 ; (iv) 3, -5 ; (v) -3, -5. 

3. Find the abscissae of the points of trisection of the join of 
(i) the points 2, 7 ; (ii) the points -4, 5 ; (iii) the points -1, -4. 

t 

4. A, B are the points 1, 5. AB is divided internally and 
externally at P , Q in the ratio 2/3 ; find the abscissae of P and Q , 
and calculate PQ. 

5. A y B , Care the points —2, 3, 4 ; calculate AC/CB. 

6. A, B have abscissae 2, 4, and AB is produced its own length 
through B to C ; calculate AC/CB and the abscissa of 0. 
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7. A, B have abscissae 2, 4, and A B is produced its uwn length 
through A to D ; calculate AD/DB and the abscissa of D. 

8. P divides the join of the points -3, 4 so that AP/PB=- 2; 
find the abscissa of P. 


9. Ay B have abscissae r/, b respectively, and AB is divided at P 
so that AP/PB = {a — 2b)l{2a— h) ; find the abscissa of P. 

10. If AP/PB = m\iiy prove that A P/A B = m/(m + n). 

11. If AP/PB= A, establish the formula x = a 1 ^' 7 2 . 

I 4- A 

12. If AP/AB — ty establish the formula x=x x + t(x 2 — x x ). 

13. If Ay By My P, Q are points on an axis such that M is the 
middle point of A B and A P/PB= - AQ/QB , prove that MP . MQ = MA~. 

Prove also that —4-_L_ = JL.. 

AP^AQ AB 

14. Ay B have abscissae x u x., ; and P and Q divide AB internally 
and externally in the same ratio. If PQ = dy find the coordinates of 
P and Q. 


15. Ay B have abscissae x 1 , x 2 ; 
and externally in the ratio mfn . 

77ly n. 


and P and Q divide AB internally 
Calculate PQ in terms of x 1 , x 2i 


16. Ay B have abscissae X \, x 2 ; and the position-ratios of P and Q 
with respect to A f B are m , n respectively. Calculate PQ in terms of 

X { y x 2 y Hi, n. 


6. Uniform Velocity. Suppose a point to move on an axis 

^ OX, unit 1 in., and let the following table be descriptive of the 
motion : 


Position of point 

A 

B 

C 

D 

E 

x = abscissa of point 

-7 

-4 

2 

11 

20 

t = time - 

1 

2 

4 

7 

10 


where the time, t % denotes the moment, reckoned in seconds from a 
certain zero, when the point is at A, By (7, etc. 

Then the point moves from —7 to —4 in 1 second, i.e. moves -f-3 in. 
per second on an average, between A and B. 

Also the point moves from - 4 to 2 in 2 seconds, i.e. moves +6 in. 
in 2 seconds or +3 in. per second on an average, between B and C. 

Similarly it moves between any two of the specified points at an 
average rate of -f-3 in. per second. The sign -f signifies that the 
motion is in the direction from X' to X. 
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THE EQUATION x = a + bt. 


If p Q be any two points on an axis X'OX, unit 1 in., whose 

abscissae are 4 respectively ; if t u I, denote the 

when a point moving on the axis is at 7, 0 respect ), 

PQ Zo- (f or PQ=OQ-OP=x 2 -x l ) is the average velocity of 

the point "between P and Q. If ^ or « is constant and =*, 

sav the point is said to have a uniform velocity v. If v is positive the 
motion is in the direction from A" to X ; if » is negative, from 

^The'equation of the uniform velocity, described in the above table, 

is ,r=-10 + 3f.0) 

For put x = - 7 in equation (1). Then -7=-10 + 3f or t= 1 

x= - 4 „ „ „ -4=-10 + 3t or <= ft 

*- 2 „ „ „ 2=—10 + 3< or <= 4, 

*-11 „ „ 11=-10 + 3* or t= 7 

,r= 20 A „ „ 20=-10 + 3« or < = 10 






>5 


Also, the velocity is uniform. For let and satisfy 

equation (1), and let .r=x 2 and t = t 2 also satisfy the equation. 


Then 


From (3) subtract (2), 


.i\ = -10 + 3^, 

Xo— —10 + 3 * 2 - 


( 2 ) 

(3) 


Xa Xi — 3 ( tct ti ) 


x 2 - X 

t 2 — t J 


1=3. 


^ the average velocity between the points specified by 

* lf and 1 it is constant and equal to 3, whatever the points are; 

therefore the motion specified by equation (1) is that of a point moving 
on the axis with uniform velocity + 3, i.e. moving in the direction 
from X' to X at the uniform speed of 3 inches per second. 


Rule. If the motion of a particle on the axis X'OX , unit 1 in., is 
given by the equation x = a+bt, t being reckoned in seconds, then the 
particle is moving on the axis with a uniform velocity of b inches per 
second, and the time is reckoned from the moment "when the abscissa 
of the particle is a. 

Ex. The motion of a point on the axis X'OX , unit 1 in., is given 
by the equation .r=3-27, when t is reckoned in seconds ; calculate 
(1) when the point is at the origin ; (2) where the point is initially ; 
(3) where the point is, 2 seconds after zero-time ; (4) where the point 
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k’lSA'fcr 1 ” 1 (5) the »' “» P”"* • m when 

»/£’Mro“tSine 0 ’ ‘- 1 *' Th * P™>t i;: «■ «>e origin 1 J seca 

* = The point has abscissa +3. 

S> « :z:i: 7,lz\:i '• T ": »»<"* *»**- 

r. ( 'j WC W1 ' te ■r,=3-2i 1 , a s = 3~2ij, whence w 2 -w,= -2(( s -r,) or 

/a~*i 2 * The velocit v V is -2, «.e. the point moves in the direction 

p 1° 5 f the unif °™ rafc e of 2 inches per second. 

u .i o, 0-3-2^, t=-\. 1 sec. before zero-time. 

7. Second Section-Formula. If A ft P ti • , 

on the ori <? X'DY „v // 7 v ^ are points 

axis X OX if the abseissae of A, B are x x fx, re- 

■spectively and if ^t, , h<m the of p ^ /<w 

from the equation 

x = Xi + (x 2 -x 1 )t. 


Proof. 


See Fig. 5, p. 6. 
4P=0P 
4£=0P 

But 


-04 

■04 

4P 

4B 




x 

x 


= X„~X- 


= t: 


x — x 


• • 




Cor. 


^2 *^1 

x-x 1 = (x 2 -x 1 )t; 

x = Xl + (x g-xjt 


x x The abscissa of thc mid-point of the join of - * 
18 -V- 2 - (Put< = J.) 


EXERCISES II. 


equation" ™ 3 °?4° ““‘I ^ is S P ecified V the 

the point at every’ instant; (2) the pos^of ^he pi^t at Lt-£e° • 
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(3) the position of the point 3 seconds after and 3 seconds before 
zero-time ; (4) when, reckoned from zero-time, the point has abscissae 

1 >' 1 - 

2. Find an equation to specify the motion of a point on the axis 
X'OX, unit 1 ft., if the point has a uniform velocity of +2 ft. per sec., 
and if the point has abscissa 1 at zero-time. (Time reckoned in 

seconds.) 

3. Find an equation to represent the motion of a point on A'OA, 
unit 1 foot, if it has a uniform velocity of - 3 feet per sec., and its abscissa 
is 2 at zero-time. (Time reckoned in seconds.) 

4. At zero-time, a particle moving with uniform velocity on 
X'OX has abscissa x l ; one second later it has abscissa x 2 . Prove 
that, at time t seconds, it lias the abscissa x where 

x=Xi + (x 2 - x l ) t. 

5. Use the formula x=x ] +(x,-x 1 )t to answer Exs. 1-3, p. 7. 

6. A, D have abscissae 2, —3; and P and Q divide AB so that 
AP/AB= 3/5 and AQ/AB = -2/5. Calculate the abscissae of P and 0 
and the measure of the step PQ. 

7. A, B, C have abscissae 2, -3, - 5 ; calculate AC/AB. 

8. A, B have abscissae -2, -3. Find the distance between the 
points which divide AB internally and externally in the ratio 3 : 4. 

9. P, Q divide AB internally and externally in the same ratio. 
Find the abscissa of Q in terms of #i, x 2y t y if x± y x 2 are the abscissae 
of A, B and AP/A B = t. 

10. If A, P, C, D be any four points on an axis, prove that 

BC.AD+CA.BD+AB. CD= 0. 

11. If A, P, C be any three points on an axis and 0 the middle point 
of A2?, prove that AC 2 — CB 2 = 2A B . OC. 

12. If A, B , (7, P be any four points on an axis and AP/PB^n/m, 
prove that 

m.AC 2 +n.BC 2 ^m. APt+n. BF 2 +(m+n)CP 2 . 



r 
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CHAPTER II. 

RECTANGULAR AXES. COORDINATES. DISTANCE- 
FORMULA. SECTION-FORMULAE. LINEAR 

EQUATION. 

8. Rectangular Axes. Coordinates of a Point. In Fig. 6, 
let X'OX be an axis of abscissae. Let Y'OY be drawn 
perpendicular to X'OX . Then Y'OY may be used as a 
second axis, and OY taken as the positive direction of the 



axis. Let 0 U t OV be the scale-units of the axes X'OX , 
Y'OY respectively (in Fig. 6 the units are equal); let U 


§8] RECTANGULAR AXES. COORDINATES. 

lie on the same side of 0 as X , and let V lie on the same 

side of 0 as Y. 1 , 

Let P he any point in the plane of the axes ana let 

M N be the projections of P on X'OX , Y 0 Y respectively. 

Since M lies on the axis X'OX , called the a>axis, the 

position of M is specified by OM. Similarly the position 

of N on Y'OY, called the y-axis, is specified by ON. Let 

OM=x and ON = y ; then the position of P is specified 

when x and y are known, and conversely x and y are 

known when the position of P is determined. 

OM or x is called the ^-coordinate or abscissa of P; ON or 

y is called the ^/-coordinate or ordinate of P ; x and y are 

called the coordinates of P ; X'OX and Y OY are called the 

coordinate axes, and are rectangular axes; P is called the 

point ( x , y). 



Fig. 7. 


Clearly MP may be used instead of ON; for their 
lengths are the same and the direction from M to P is the 
same as the direction from 0 to N, the positive direction 
being that of OY, the negative direction that of OY'. 
Hence if P is the point (x, y), OM=x , MP = y. In Fig. 7, 
Q is the point (1*4, 1'4), R is the point ( — 1*6, 0*6), S is 
the point ( — 2*2, —1*6), T is the point (3, —1*4). 
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The axes X'OX , Y'OY and the coordinates x, y are often 
called Cartesian axes and coordinates. 

Ex. 1. Draw rectangular axes X'OX , Y'OY ; let the scale unit of 
each axis be one centimetre. Mark the positions of the points (2, 3), 
(2, -3), (-2,3), (-2,-1), (2-4, -1*8), (-L2, -2*2). 

Ex. 2. Mark on another drawing of the axes of Ex. 1 the following 
pairs of points and calculate the distance between the points, verifying 
the calculation by measurement: 

(1) (1, 2) and (4, 0) ; (2) (-2, 2) and (1,6); 

(3) (8, -1*5) and (-4, -6*5); (4) (-2'3, 3T) and (1*2, -1*3). 

9. Distance-Formula. Let P be the point (x lt y x ) and Q 
the point (x 2 , ?/ 2 ), referred to chosen rectangular axes; then 

PQ = ± Vc*!—X 2 ) 2 + (yj- y.J 2 . 

Let M, N (Fig. 8) be the projections of P, Q on X'OX; 
let PR, a parallel to X'OX, meet NQ in R. 



Then PR = MX =0N-0M = (x. 2 -x x )\ 

PR 2 = (x 2 — x x ) 2 . 

Also RQ = XQ — NR = NQ — MP = (y 2 — y x ); 

R Q 2 =(y2-yiY-- 

But PQ 2 = PR 2 + RQ 2 ; 

••• PQ 2 = (^2 - *i ) 2 +(2/2 - 2 h ) 2 ; 
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PQ = ±J(x 2 -x i y 2 + (y 2 -y l f 

or ± V ( x i ~ X P 2 + (Vi- Vi) 2 - 

We have seen (§ 8) that a straight line parallel to either 
axis may also be used as an axis, its positive direction 
being that of OX or OY. When a line PQ is not parallel 
to either axis, the line may still be regarded as an axis, but 
its positive direction has no dependence on the positive 
direction ot OX or OF; hence the ambiguity of sign in the 
distance-formula. In the meantime, let us agree that the 
positive direction of such an axis be the direction of motion 
of a point which travels along the line so that its abscissa 



Fig. 9. 

steadily increases. Thus, in Fig. 9, the positive directions 
of the lines are as indicated by arrow-heads. With this 
convention , --- 

wm-v-WM;1=|) 

in sign and magnitude, the positive value of the root being 
understood. 

Note that OP = + Jx x 2 + y*. In sign and magnitude 

OP = x^l+yt/x*. 
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Ex. 1. Calculate, by the formula, the distance between the follow¬ 
ing pairs of points : 

(1) (1, 2) and (4, 6) ; (2) (-2, 2) and (1, 6) ; 

(3) (8, -1-5) and (-4, -6’5). 

Ex. 2. A, B, P are three col linear points ; calculate the sign and 

magnitude of A PjPB and AP/AB when A, B , P have the following 
coordinates respectively : 

(1) (1, 2), (2, 2), (3, 2) ; (2) (2, -1), (2, 1), (2, 2) ; 

(3) (1, 2), (3, 6), (2, 4) ; (4) (1, 2), (3, 6), (4, 8). 

Ex. 3. Show that the points (2, 5), (5, 2), (6, 6) are the vertices of 
an isosceles triangle. 

Ex. 4. Show that (2 -2), (5, 2), (-2, 1) are the vertices of a 
right-angled triangle, and find its area. 

Ex r,. One end of a line whose length is 13 is the point (-2, 6) • 

and the ordinate of the other end is 1. What are the possible values 
or its abscissa? 

• ?> X ’ ■ S1 )° w that the following points lie on a circle whose centre 

is the point (3, 4) and whose radius is 5 : 

(8» 4 )> ( 7 . 7), (6, 8), (0, 8), (-1, 1), (3, - 1). 

Ex. 7. Calculate the sides and diagonals of the quadrilateral whose 

vertices are (3, 2), (-1, 3), (0, 0), (4, 0); and test your results by 
measurement. J 

Ex. 8. If (.r, ?/) is any point which lies on a circle, centre (2, 3) and 
radius 4, prove that x 2 +y 2 - 4x - 6y - 3 = 0. 


10. First Section-Formula. If fixed points A, B have 
coordinates (x ly yf) and ( x 2 , y 2 ) respectively , and if a 
variable point P in the AB-axis have coordinates (x } y\ 
then we may write 



mx 2 -f- nXj 
m-j-n ’ 


where AP/PB = m/n (=|=— 1). 



my, + ny, 

m + n 


Proof. Let F, H, M (Fig. 10) be the projections of 
A, B, P respectively on X'OX ; 

le Y'0Y Ky ^ P ro j ec ^ ons , B y P respectively 

let A O meet MP in Q and HB in R ; 
let AF meet NP in S and KB in T. 


FIRST SECTION-FORMULA. 
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Then 

therefore 

so that 
or 

and therefore 


AP_AQ_FM, 
PB ~ Q It “ MH ’ 

m_ OM — OF _x — x l 
n OH — OM x 9 — x 

w 

n x — nx l = mx 2 — mx 
(m + ?i)cc = mx 2 + nx 1 ; 
mx o + 

,x* = —-1. 

-f v 



Similarly, 


AP AS GiV ON-OG 
PB ~ST~ NK ~ OK - ON 9 


so that 


and therefore 


m = y-y i . 

™ y*-y 9 

my, + ny, 

m+n 


Cor. The coordinates of the middle point of AB are 


\+ x 2 ?/i +y 
2 ’ 2 


QiA.Gi 


B 
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EXERCISES III. 


1. Find the coordinates of the middle point of the join of (2, 3) 
and (4, 5). 

.r, + .r, _ 2 + 4 _ 0> y x + i/ 2 _3 + 5 _ 

• r —2 -a - - 3, y -^r 


The coordinates of the middle point are (3, 4). 

2. Find the middle point of the join of ( — 4, 7), (2, —3). 

3. Find the points of trisection of AD where A is the point (2, 3) 
and D is the point (4, 5). 

Using the formulae, put m = 1 and n = 2, then m = 2, n— 1. 

4. If A, B are the points ( — 1, 4) and (5, —2) respectively, find 
the coordinates of P (1) when AP/ PB=\, (2) when AP/PB = 2, 
(3) when AP/PB= —2, (4) when APIPB= —4/3. 

5. A , B are the points ( — 2, 5), (7, 1). Find the coordinates of 
P, Q which respectively divide AB internally and externally in the 
ratio 3/2. Calculate the length of PQ. 

6. A, B are the points (3, —5), (— 6 , 2) ; and P divides AB so that 
AP/PB = —2/3. Calculate the lengths of A P and PB. 

7. A, B are the points (11, 0) and ( — 10, 0) ; and C is the point 
( — 5, 12). The internal bisector of angle C of triangle ABC meets 
AB in P. Calculate (1) AP/PB, (2) the abscissa of P, (3) the length 
of PC. 


8 . A , B, C are the points ( — 13, 0), (15, 0), ( — 5, 15) respectively. 
The in- and ex-bisectors of the angle C of triangle ABC meet AB 
in P and Q respectively. Calculate the lengths of PQ, PC, QC. 

9. A, B, C are the points (2, 3), (7, —5), (-4, —8). Calculate the 
coordinates of the centroid of triangle ABC. 

10. Prove that 

triangle whose vertices are y x ), (x 2 > y 2 )* C r 3 > 3^)- 

11. If A , B, C are the points (5, 0), ( - 5, 0), (3, 6) and ( x , y) is any 
point P in their plane, prove that 

PA 2 + PB 2 + PC 2 = GA 2 +GB 2 + GC 2 +3PG 2 , 
where G is the point (1, 2). 

12. If A, B, C are the points (a, 0), ( — a , 0), ( b , c), and P is any 
point on the .r-axis such that APjPB=nfm, prove that 

m. ACP + n. BC l = m . AP l + n . BP 2 A-(mA-n). CP 2 . 

13. If P, Q are the points (a cos 6, b sin 0), ( — a sin 0 , b cos 0 ), prove 
that 01 n A- OQ 2 = a 2 A-b 2 , where 0 is the origin. 


Xl — '^ 2 ' v \ . ? /i i s the centroid of the 

O O / 
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11. Component Velocities : Resultant Velocity. Can a moving 
body be travelling in two different directions at one and the same 
time? Can a balloon be said to be travelling forwards and upwards 
at the same time, or must we say that it is travelling in just one 
slanting direction at any time? If a man walks from the front 
towards the rear of a corridor train travelling west, is he moving both 
east and west at the same time or is be simply still travelling west? 
If a ring is rolled along a table, is a point on the ring going round and 
also going forward at the same time ? If a little lamp were placed on 
the ring and the ring rolled along a table in a dark room, so that an 
observer did not know how the motion was produced, would he 
dream of saying that the lamp was going round and also going- 
forward ; would he not say simply that the lamp was moving side¬ 
ways down to or up from the floor? 

The two possible answers, yes and no, to these questions seem to be 
contradictory ; but they are not contradictory. It is true enough to 
say that the balloon is moving forwards and upwards at the same 
time ; it is equally true to say that it is going in one definite slanting 
direction at any moment. 

To avoid confusion, however, we say that a body may have two 
(or more) component motions or displacements at one and the same 
time, or a single resultant motion or displacement at any one time. 
If a point is moving in the plane of the axes X'OX , Y OY we are 
free to consider its component motions in the directions of A"OX 
and Y'OY separately with the object of answering any question about 
the motion. 

For example, let the curved line AD in Fig. 11 represent a telegraph 
wire suspended from A and />, and running alongside a railway line 
CD] the line AD is curved because of the sag in the wire. Let a train 



be supposed to move from C to D with uniform speed u , and let a 
passenger seated in the train watch the wire as he passes. Let us 
further suppose that a particularly energetic fly travels along the 
wire from A to D so as to be always opposite to the passenger. When 
the fly is at P its resultant velocity is in the direction of the tangent 
to the wire at P, which slopes downwards. Now, applying the notion 
of component velocities, think of the fly when at P as moving forwards 
horizontally and downwards vertically at one and the same time, 
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instead of moving in the direction of the tangent. Since the fly keeps 
opposite the passenger its horizontal motion must keep pace with that 
of the passenger ; the fly therefore moves horizontally forwards with 
velocity u and vertically downwards with a velocity that we may call v. 
Now it is a matter of common observation that if two trains move 
side by side with the same velocity a passenger in one would think a 
passenger opposite to him in the other was not moving at all ; they 
have no relative velocity. Hence the fly when at P must seem to the 
passenger to be falling vertically downwards; at Q, on the other hand, 
the fly would appear to be rising straight up. 

The illustration shows how a body which is moving with a definite 
velocity may be regarded as having two or more component velocities 
of which the definite velocity is the resultant. The resultant velocity 
may be regarded as a constraint velocity, the component velocities as 
freedom velocities. 


12. Parallelogram of Velocities. Let a moving point, when 

at 0 , the origin of the axes X'OX, Y'OY\ have a component velocity 
of 2 inches per second in the direction X'OX and a component velocity 
of 1 inch per second in the direction Y'OY, and let it move for a 
certain time, its component velocities remaining the same during that 
time (Fig. 12). At the end of half a second it will arrive at the 



position Q (1, £); at the end of one second it will arrive at the position 
P (2, 1) ; at the end of t seconds it will arrive at the position (2 t f t). 
All these positions are on the straight line OP or OP produced. 
Hence if OM , ON be cut off from the axes to represent the component 
velocities the diagonal OP of the rectangle OMPN will represent the 
resultant velocity. If OX, OY are not at right angles a parallelogram 
OMPN would replace the rectangle. Hence a uniform velocity in the 
plane of the axes may be replaced by two component uniform velocities 
in the directions of the axes. 


13. Freedom Equations: x = a+bt, y = c + dt. 

Any component uniform motion along the axis X'OX is specified 
(g 6) by the equation x=a + bt, a being the abscissa of the moving 
point at zero-time, and b the velocity. 


12-14] 
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Any component uniform motion along TOY is specified by the 
equation y = c+dt, c being the ordinate of the moving point at zeio- 

tll Hence <1 if a* pohit move with uniform velocity along any 

line in the plane of the axes XVX, TOY, the motion is completely 

specified by the freedom equations 

x=a + bt , y—c-V dt. 

14 Second Section-Formula. If fixed points A, B have 
coordinates (*,, yfi (x 2 , y 2 ) respectively and if a enable 

point P in the AB-axis have coordinates {x, y), then we 
may write 

x = x 1 -b(x 2 — Xj)t, y = y 1 + (y 2 -yi) t » 

where t = AP/AB. 

Proof. In Fig. 10, 

AP AQ FM OM-OF 


But 


AJf~ AR~ FH OH-0F 
AP , OM-OF x—x 1 . 

-jg-t and 0H _ 0F x 2 —xf 

. X — _ ± . 

• • k ) 


.\ x = x l J r(x. 2 — x l )t 

Similarly, 2/ = ?/i + ( 2/2 2/i)^* 

Cor. The coordinates of the middle point of the line 

x , , x (x x +x 2 y 1 +y 2 \ 

joining the points (x v y x ) and (x 2 , y 2 ) are \ 2 ’ 2 / 

[Put £ = 1/2.] 

Ex. 1. If A. B are the points (-2, 3) and (5, -1) respectively, 
find the coordinates of P (1) when APjAB^M^ (2) when 
AP/AB=- 3/2. 

Ex. 2. If (.r, ?/) are the coordinates of any point on the line joining 
(2, 1) and (5, 3), prove that 2^-3y=l. 

Put x = x 1 + (x 2 -x l )t = 2 + 3t, 

y=yxHy»-yi) t=l +^ L 

Now t is the same number in both of these equations. From the 
first, t — (x — 2)/3y from the second t = (y- 1)/2. Hence 

x-2_ y -1 
“3 2 ’ 


i.e. 2x — Zy= 1. 


A 
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Ex. 3. If (x, ?/) is any point on the line joining the points ( — 3, 1) 
(1, —5), then 3.r + 2// + 7 = 0. 

Ex. 4. Tf (.r, ?/) is any point on the line joining the points (3, 4), 
( — 4, — 2/3), prove that 2.v — 3// + 6 = 0. 

15. The equation Ax + By-|-C = 0. 

If (x, y) is any point on a given straight line , then 
Ax -f By -|- (7= 0; where A, B, C are constants which arise 
in specifying the line. 

Let the line be specified by fixing two points on it, and 
let these points be (aq, y x ) and (x 2> y 2 ). 

Then (§14) we may write 

x = x 1 + (x 2 — x 1 )t, 

2/ = 2/i + (2/> — 2/i)^ 


or x = a + bt , .(1) 

# y = c + clt, .(2) 


where a , b , c, d are constants arising out ot* the specification 
of the line. 

From (1), dx = ad-\-bdt , 

„ (2), by = bc -f bdt ; 

subtract: clx — by = ad — be, 

i.e. dx + (—b)y-\-(bc — ad) = 0, 

which may be written 

Ax + By -b C = 0. 

An equation of the form Ax-\- By + C=0, where A, B, C 
do not depend on x, y , is called an equation of the first degree 
in x, y or a linear equation in x, y. 

Hence we may enunciate the theorem of this section as 
follows: 

The coordinates ( x , y) of every point on a straight line 
satisf y an equation of the first degree in x, y. 

Ex. 1. If (.r, ?/) is any point on the straight line given by the two 
points (2, 1) and (3, 3) on it, prove that 2.r—?/ —3 = 0. Verify the 
equation when y) is (1) the point of bisection of the line joining the 
points (2, 1) and (3, 3); (2) either point of trisection of the line joining 
the points (2, 1) and (3, 3). 
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EQUATION OF A STRAIGHT LINE. 


Ex. 2. Prove that the equation 2x + )/ = 5 is satisfied by th 
coordinates of every point in the line joining (2, 1) ana ( , )■ 

Calling these points A, B respectively, verify that the coordinates of 1 

satisfy the equation 

(1) when AP/PB=l ; (2) when APIPB=- 1/2 ; 

(3) when AP/AB— —1/2. 

Ex. 3. A particle starts from the point (a, b) and travels so that its 
component velocities parallel to X'OX and Y'OY are the constan s 
u v • prove that the coordinates of its position at any time during \e 
motion satisfy the equation vx - uy =va- ub. Why do x — a + u, 
y=b + v satisfy the equation ? (See §§ 6, 13.) 

Ex. 4. Prove that the points (1, 3), (5, -1), (-2, 6) are collinear. 
Let (.r, y) be any point on the join of (1, 3), (5, - 1) ; then x+y- 4. 

But ( — 2)+ 6 = 4 ; .'. etc. 

Ex. 5. Prove that the four points ( - 2, 3), (2, 7), (4, 9), (-1,4) are 
collinear. 


16. The Equation of a Straight Line. It has been seen 
(§15) that the coordinates x, y of any point on a given 
straight line satisfy an equation of the first degree in x, y. 
This equation is called the equation of the straight line. For 
example, the coordinates of any point on the straight line 
passing through (2, 1) and (5, 3) satisfy the equation 
2x-3y = l (§ 14, Ex. 2). 2x-3y = l is the equation of the 
straight line passing through (2, 1) and (5, 3); we also, for 
shortness, speak of “the straight line 2x — 3y = l „ instead 
of “ the straight line whose equation is 2x — 3y = l” 

The equations 

x=x 1 +(x 2 —xjt, y = yi+(y 2 -yi) t 
or x = a + bt , y = c + dt 

are called the freedom equations of a straight line. Thus 

x = 2 + 3t, y = l + 2t 

are freedom equations of the line whose constraint equation 

2x — 3y = 1. 

The following examples will show how the specification 
of a given straight line is translated into an analytical 
equation; and, conversely, how a linear equation in x, y is 
represented by a straight line. 
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Ex. 1. Find the equation, referred to chosen or assigned axes and 
scale units,* of the straight line passing through the origin and the 
point (3, 5). 

Let the axes and scale units be those of Fig. 13. Let A be the 
point (3, 5) and P any point (.r, y) on the line OA, whose equation is 
required. 



Fig. 13. 


Let BA , MP be the ordinates of A , P. 

Then As OAB , OPM are similar. 

. MP_OM m 

" BA OB . v ' 

This equation is true in sign as well as magnitude for every position 
of P, since MP and OM have always the same sign, and BA and OB 
are positive. 

But, in sign and magnitude, MP=y y BA=b , OM=x, 0B = 3 
Substituting these values in (1), we have 

. 

5 3 ’ 

hx = 3 y. 

Hence the coordinates of any point on the line satisfy the equation 
bx = 3y, 

i.e. 5x— 3?/ is the equation of the line. 

(Note that the equation is satisfied if .r = 0, y = 0> and also if ^r=3, 
y = 5.) 

* This clause is usually left to be understood. 
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Ex. 2. Through the point (0, 2) is drawn a straight line paraUel to 
the straight line passing through the points (0, 0) and (3, 5), to ft 

^L^'^axl'iXSunits be those of Fig. 14. Let P be any 
point (x, y) on the parallel, MP the ordinate of P, cutting the line 
joining (0, 0) and (3, 5) in Q ; let C be the point (0, 2). 



Then MP=MQ + QP, for all positions of M, Q , P (§ 3). 

/. MP=MQ+0C. .(1) 

Now, by Ex. 1, the equation of 0Q is 5.v=3y, 

50Jf=3l/& 

\ MQ = f • OM. 

Substituting in (1), we have 

]fP=%-0M+0C. 

But MP=y, 0M=x , 0(7=2. 

y= - 1 -^+ 2 , 

5# - 3y + 6 = 0, 

i.e. the coordinates of any point on the parallel satisfy the equation 
5x - 3 y + 6 = 0. 

5^r-3?/ + 6 = 0 is the equation of the parallel. 

(Note that the equation is satisfied if x=0, y = 2.) 

Ex. 3. Find the equation of the straight line passing through the 

points (2, - 3) and (4, - 6). 

Let (.r, y) be any point on the line. 





26 


ANALYTICAL GEOMETRY. 


[CH. IT. 


We have (§ 14) .r = .r, + (.r 2 - .r,) *, 

?/=?h+<Jh-?h)t- 
Therefore .r=2 + (4 - 2)t = 2 + 2t, 

y= -3 + (-6 + 3 )t= -3-3 t y 
.so that 3.r-f2?/ = 0 is the required equation. 

Ex. 4. Axes and scale-units being chosen, draw the straight line 
represented by the equation 2.r + 3y + 5 = 0. 

When x = - 4, -8 + 3y-f5 = 0 ; .*. y = 1. 

When x = 5 y 104-3^ + 5 = 0 ; /.?/=- 5. 

Hence ( — 4, 1), (5, —5) are on the line required. Plot these two 
points and draw a straight line through them. The method is thus 
simply : choose any two convenient values of .r, calculate from the 
equation the corresponding values of y, and then plot the two points. 
Care should be taken to select points not very close to each other, and 

it is often useful to plot three points as a test of the accuracy of the 
drawing. 


EXERCISES IV. 

The equation of the parallel to Y'OY through the point ( — 2, 0) 
is %v 4* 2 = 0. 

2. The equation of the parallel to Y'OY through the point (3, 4) 
is x= 3. 

3. What straight lines are specified by the equations x=l, 
x -\-1 =0, y + 2 = 0, axes and scale-units being previously assigned? 

4. What is the equation of the locus traced out by a point which 
starts from the position (0, - 3) and moves parallel to the .r-axis ? 

5. The equation of the bisector of the angles X0Y y X'OY' is 
x-y = 0. 

6. If the scale-unit of the .r-axis is one inch and the scale-unit of 
the y-axis half an inch, draw the line whose equation is x—y = 0. By 
Example 5 the equation x —y = 0 represents the bisector of the angle 
A OP; does the line you have drawn bisect the angle X0Y1 Show 
that the line you have drawn should have for its equation, if the scale- 
units v;ere the same for the two axes y .r-2y = 0.* 

7. The equation of the bisector of the angles Y0X\ Y'OX is 
•r+y = 0. 

8. The equation of the straight line joining the origin to the point 

(2, 3)is3.r = 2 y. & V 

* This example shows how a diagram is distorted when the scale-unit of 
the r-axis is different from that of the y-axis. If a diagram is not to be 
distorted the two scale-units must be the same. 
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£ 16 j EXERCISES iv. 

9. A is the point (3, 4) and 0 is the origin. The equation of OA 

is 4# = 3y. . . 

10. The equation of the line joining the origin and (-2, 3) is 

^ll/prove that the equation of the parallel through (0, 1) to the 
bisector of the angle XOY is y=#+1. 

12. Through the point (0, 2) is drawn a straight line Parallel to the 
line joining (0, 0) and (3, 4). Prove that the equation of the paiallel 

is 4.r — 3y + 6 = 0. 

Let P (.r, y) be any point on the parallel. Let J/P, the ordma e 
of P, cut the'other line in Q. 

Then V = ^ />== MQ + QP 

= %.OM+ 2. 

3y = 4.v 4- 6. 

13 The straight line through (0, -1) parallel to the bisector of 
the angle YOX' is represented by the equation x+y + 1 -f. 

14. Prove that the equation 4x - 3.y -4 = 0 represents the parallel 
through (1, 0) to the line joining the origin and (.3, 4). 

15. The equation to the parallel through (-3, 0) to the line joining 
(3, 4) to the origin is 4.r-3y + 12=0. 

16. Prove that the straight line 2.r- Zy = 7 passes through the 

point (2,-1). 

17. Which of the points (2, 1), (-2, -2*5), (-5, -4), (-1, 2) lie 
on the straight line x- 2y = 3 ? 

18. The perpendicular through the origin to the line joining the 

origin to (3, 4) is represented by the equation 3j?+4y — 0. 

ff 1 is the point (3, 4) and 1> any point (r, y) on the Perpendicular 

through 0 to 0A, and if BA and MP are the ordinates of A, P, then 
As dl)A , PMO are similar. 

19. Find the equation of the straight line joining (2, 3) and (3, 5). 

20. Prove that 3.r + 4y = 7 is the equation of the straight line 
joining (1, 1) and (9, -5). 

21. Which of the following points do and which do not he on the 
line 2a' —3_y = 5 ?—(1, 2), (1, -l) ; (-2, -3), (-2, -4), (3, £), (-3, -3), 
(7, 3). 

22. Draw the straight lines whose equations are 

(i) x+y = 2, (ii) 2.r-3y = 5, (iii) 3^ + 4y = 7, 

(iv) x — 2y = l, (v) 2.r—y + 3=0. 
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CHAPTER III. 

GRADIENT OF A STRAIGHT LINE. OBLIQUE AXES. 

POLAR COORDINATES. AREAS. 

J.7. Gradient of a Straight Line. It lias been agreed 
already (§ 9) that the positive direction of a straight line 
not parallel to either axis of coordinates is the direction 
m which a variable point (x, y) on the line travels when 
x increases. By the angle which a straight line makes with 



the o>axis, let us mean the acute angle 6 measured from the 
positive direction of the cc-axis to the positive direction of 
the line. If the line slopes up from left to right, 6 is a 
positive acute angle; if the line slopes down from left to 
right 6 is a negative acute angle. By the gradient of the 












GRADIENT OF A STRAIGHT LINE. 


29 


§ 17 ] 


line we mean tan 9. Since the tangent of a positive acute 
ano*le is positive, and the tangent of a negative acute angle is 
negative, the gradient of a line may be positive or negative; 
it is positive when the line slopes up from left to right and 
negative when the line slopes down from left to right. 


Ex. 1. Find the gradient of the line joining the points (2, 3) 
and (4, 4). 

In Fig. 15, let A, B be the points (2, 3) and (4, 4). 

Let the parallel to X'OX through A meet the ordinate through B 
in C. Then 0 = angle measured from AC to AB ; 


a CB 4-3 
** tan 6 AC 4-2 


1 



the gradient of the line is 1/2. 

We may say the line rises 1 in 2. 

Ex. 2. Find the gradient of the line joining the points (-5, 2) 
and (7, - 4). 

In Fig. 16, let A, B be the points (-5, 2) and (7, -4). 

Let the parallel to X'OX through A meet the ordinate through 
B in C. 



Fig. 16. 


Then 0=angle measured from AG to AB. 



{CB is negative, AG is positive) 

1 

■ • 

2 


.*. the gradient of the line is -1/2. 
We may say the line falls 1 in 2. 
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Ex. 3. Prove that the gradient of the line joining 

( 1 ) (3, 4) and (5, 7) is 3/2, (ii) (-3, 4) and (5, -7) is -11/8, 
(in) (0, 0) and (1, 2) is 2, (iv) (0, 0) and (-4, 3) is -3/4. 

18. Formula for Gradient. The gradient of the straight 
Line passing through the points (x x , Vl ) and (x 2 , yS is 

( 2/2 — 2 / l )/(^2 —^ l )- 

First. Of x x and x 2 , let x 2 be the greater. 

Let A be the point (x l9 y x ) (Figs. 15, 16). 

” £ » ” ( x 2 > 2 / 2 )- 

Let the parallel to X'OX through A meet the ordinate 
through B in C. 

Then, since x 2 is greater than x l , 

the direction AB is the positive direction of the line, 

the direction AC is the positive direction of the x-axis; 

therefore 0, the angle which the line makes with the 
.T-axis, is the angle measured from AC to AB. 


tan 6 = 


CB 


in sign and magnitude. 


AO* 


Now let HA, KB be the ordinates of A, B . 

CB = KB-KC=KB-HA = y 2 -y i; 

AC= HK = OK — QH = x 2 — x x . 

tan 

AC x 2 — x 1 

But the gradient of the line is tan 0 (§ 17). 

the gradient of the line = 

x 2 — x l 

aboveT^ ^ ^ X2> ^ Xl S rea ^ er 5 then, by 

the gradient of the line = 

_ Qi* QQ _ rjQ 

Hence the formula always holds 1221 
F °r exampie l et (*, y x ) be (-5, 2), and let (x 2 , y 2 ) be 
( , 4). Then the gradient of the line joining these points 

h v *~yi _ -tz 2 __i 

x 2~ x i V-(-5) 2‘ 

g Ex. Find, by the formula, the gradients of the lines in Ex. 3, 


§§ 18. 19] 
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19. Parallel Lines and Perpendicular Lines. 

Let m l5 m 2 be the gradients of two straight lines. If the 
lines are parallel m l = m 2y if the lines are perpendicular 
m i m 2 = “ 1 > an d conversely. 

Let the lines make with the z-axis angles 0 l9 d 2 (§17). 
If the lines are parallel, Q x = Q 0 ; 

therefore tan 6 1 = tan & 2 , 

that is, m l = m 2 . 

If the lines are perpendicular, one gradient is positive, 
the other is negative. Hence the product of the gradients 
is negative. It remains to show that the product is 
numerically equal to unity. 

Let the lines cut the z-axis in A, B and one another 
in G (Fig. 17). j . 



Fig. 17. 


Then, 


numerically, one gradient = 


BC 

AC 


numerically, other 


gradient = 


AC 

BC 


Therefore, numerically, product of gradients = 1. 

But we have seen that the product is negative in sign. 


m 1 m 2 =— 1 . 
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EXERCISES V. 

\ . 

1. Draw a line through the origin which rises 3 in 4. 

2. Draw a line through the origin which falls 7 in 8. 

3. Prove that the join of (1, 2) and (4, 7) rises 5 in 3. 

4. Prove that the join of ( — 2, —5) and (4, -3) rises 1 in 3. 

5. Prove that the join of ( - 3, - 4) and (2, - 5) falls 1 in 5. 

6. What are the gradients of the lines in Exs. 1-5 ? 

7. Prove that the line joining (.i' n y x ) and (.r 2 , y 2 ) rises {y^—y i) in 
(.v 2 — x x ), in algebraic measure. 

8. Prove that the line joining (0, 0) and (3, 1) is parallel to the 
line joining (-3, -G) and (3, -4). 

9. Prove that the join of (0, 0) and (5, —1) has the same gradient 
as the join of (-2, -3) and (3, -4). 

10. Prove that the three points (0, 3), (2, 7), (3, 9) are collinear. 

11. Prove that the three points (-4, 6), (1, 1), (6, -4) are 
collinear. 

12. Prove that the join of (0, 0) and (4, 7) and the join of (0, 0) 
and (7, —4) are perpendicular. 

13. Prove that the join of (3, 2) and (7, 9) and the join of (3, 2) and 
(10, —2) are perpendicular. 

14. Prove that the join of ( — 4, 7) and (2, 5) and the join of 
( — 3, — 5) and ( — 2, — 2) are perpendicular. 

15. Prove that (2, 1), (6, 8), (9, —3) are three vertices of a rectangle, 
and find the fourth. 


*16. Prove that the straight line y—\x rises 3 in 4. 

17. Prove that the straight line y = — §# falls 7 in 8. 

18. Prove that the straight line y=mx passes through the origin 
and has a gradient m. 

19. Draw the straight line whose equation is 

(1) y=2x; (2) y = %x; (3) y= -\x ; (4) 3.r-4?/=0; 

(5) Ax + by = 0. 


20. Find what straight line is represented by the equation ——-=-. 

.?/«—?/ x ~~ 2 2 

By the formula, gradientwe see that the gradient of the 

line joining (2, 3) and (.r, y) is i, .*. the join of (2, 3) to (.r, ?/) rises 
1 in 2, .*. if we draw through (2, 3) the straight line which rises 

*The student who finds Exs. 16, 17, etc., difficult should read §§23, 24. 
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1 in 2, ( x, ?/) must lie on this line. Hence this is the line represented 

by (y - 3)K* - 2)=i. 

21. Find what straight line is represented by the equation ! -~ 2 = -. 

(The straight line through (3, 2) of gradient }.) x “ 3 3 

22. Find what straight line is represented by the equation 
y-\=\{x-Z). 

y _ 2 

23. Prove that the equation —— = 3 represents the straight line 
which is drawn through the point (0, 2) and has gradient 3. 

24. What straight lines are represented by the following equations : 

( 1 ) '~x~~ 2 ’ ^ 1J ~ 2 = \ V] y = \ v + l '> ( 4 ) //= -^’ + 2 ; 

(5) y = — 2.v — 3 ? 

25. Prove that the points (1, 2), (-5,-2) lie on the straight line 
represented by the equation 2.r-3// + 4 = 0. 

26. Which of the following points lie and which do not lie on the 
line whose equation is 3.r-?/ = 7 ; viz.: 

(0, 4), (-3, -10), (2, -1), (-1, -2), (-7, 4), (3, 2)? 

27. Prove that the straight line*-—^ = 3 passes through (1, 2) and 

has a gradient 3. x ~ l 

28. Find the equation of the straight line through (2, 3) of 
gradient l£. 

29. Find the equation of the straight line through (0, c ) of 
gradient m. 

30. Find the equation of the straight lines through 

(0 & 5 ) gradient - if; (ii) ( -3, - 2) of gradient i ; 

(iii) (-4, 2) of gradient f ; (iv) (5, -3) of gradient -2. 

31. Prove that the equation of the straight line through (#,, ?/,) of 
gradient m is (y-y x )l(x-x x ) = m. 

32. The vertex A of a triangle is the point (2, 5) and the gradient 
of the base BC is find the equation of the perpendicular from 
A to BC. 

33. A , B , C y the vertices of a triangle, are the points (-5, 2), (1, 7), 
(3, -2) respectively. Find the gradients of BCy CA , AB and the 
equations of the perpendiculars from the vertices to the opposite sides. 

34. Ay By Cy the vertices of a triangle, are the points (7, 2), 

(~~ 5 f “ 2 )> _ 9)- Through Ay By C are drawn parallels to BCy CA, 

AB respectively ; find the equations of the parallels. 

35. Prove that (-1, 1), (5, 3), (11, 9), (5, 7) are the vertices of a 
parallelogram, and find the lengths of its diagonals. 

G.A.G. C 
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36. Prove that (-1, 1), (2, 5), (-5, 4) are the vertices of a right- 
angled triangle, and find the length of the hypotenuse. 

37. Prove that (2, -3), (6, 1), (2, 5), (-2, 1) are the vertices of a 
square. 

38. Tf Q are the points (a, />), ( — ft, a), prove that OP is equal and 
perpendicular to OQ, where 0 is the origin. 

39. If P, Q are the points (a, b), (b, — a), prove that OP is equal and 
perpendicular to OQ , where 0 is the origin. 

40. If P is the point (3, 2) and if PQ is drawn perpendicular and 
equal to OP (where O is the origin), find the coordinates of Q. 

41. If P is the point (a, b) and PQ is drawn perpendicular to and 
equal to OP (where 0 is the origin), find the coordinates of Q. 

42. If P, Q are the points (a, b\ (c, d) respectively and PR is 
drawn perpendicular and equal to PQ, find the coordinates of R. 


20. Oblique Axes. It is sometimes convenient to take as 
axes of reference two lines X'OX , Y'OY that are not at 
right angles; the axes are then said to be oblique .* The 
angle, eo say, between the axes is the angle through which 

X'OX must be turned in order 
to be brought into coincidence 
with Y'OY (Fig. 18.) 

The only change on the con¬ 
struction of § 8 is that PM is 
drawn parallel to the y-axis (not 
perpendicular to the x-axis) and 
PN is drawn parallel to the 
x-axis (not perpendicular to the 
y- axis). If 0M=NP = x and 
0N= MP = y y then x is the 
abscissa and y the ordinate of 
P. The nomenclature is the 
same as that of § 8. 



Fig. 18. 


If L is the projection of P on X'OX and 0L — x\ 
LP = y', then x\ y' are the coordinates of P with reference 
to X'OX , and the axis through 0 perpendicular to X'OX ; 

obviously x' = x .+ y cos to, y' = y sin o>.(1) 

x = x' — y' cot a), y~y' cosec w.(2) 

* This article may be postponed till Chapter IV. has been read. 

- ’ V-V * ^ ^ ^ y -V 7' ^5) ' 


V 


a* 







OBLIQUE AXES. 



The Section-Formulae of §§ 10, 14 are easily seen to be 
true for oblique axes, and the proof given in §15 that the 
equation of the first degree represents a straight line is 
also applicable when the axes are oblique. When the 
equation of the straight line is written in the form 


y = mx + c 


the coefficient m is not equal to tan 0, where 0 is the angle 
which the line makes with the a>axis (§17). If in Figs. 
15, 16 we suppose the axes to be inclined at the angle co, 
then m is, exactly as in §18, equal in sign and magnitude 



Now, by the sine-rule for triangles we have, so far 


as magnitude is concerned, 


CB _ sin CAB 
AC~ sin ABC 


When 0 is positive, l ABC = go — 0; when 0 is negative 
the numerical value of lCAB is — 0, and lABC is the 
supplement of co — 0. In both cases we have, in sign and 
magnitude, 

CB sin 0 
Vl AC sin (a) —0) 

The equation of the line through (aq, y x ) making the 
angle 0 with the cc-axis is, 


y-y i= 


sin 0 


sin (co —0) 


(*-«!> 


(3) 


If co = 90° the axes are rectangular, and we get tan 0 as 
the coefficient of (x — aq). 

The equation y' = x tan0 in rectangular coordinates 
becomes, by equation (1), 


that is, 


y sin o) = (x + y cos co) tan 0, 
y (sin co cos 0 — cos co sin 0) = x sin 0, 


y= 


sin 0 


x. 


sin (co - 0) • 


or 




36 ANALYTICAL GEOMETRY. [CH. III. 


We have thus another proof of the value of m in terms 
of 0 and co. It may be noted that 


771 — 


sin 6 , A 

—— - jr gives tan 0 = —- 

sin {to-6 ) ft 1 + 


m sm o) 


m cos co 


The expression for OP 2 (Fig. 18) is 

OP 2 = OM 2 +-MP 2 - 20i¥ . MP cos Oil/P 

= x' 2 + y 2 + 2 xy cos co, . (4 ) 

because in that figure l. OMP = 180° — co. The student will 
find that this formula holds for all positions of P; if co is 
acute, the angle OMP of the triangle OMP is obtuse or 
acute according as OM and MP have the same sign or 
opposite signs, the position being reversed when co is 
obtuse. 

The general distance formula becomes 

p Q 2 = («1 - x iY + ( 2/1 - 2/ 2 ) 2 + 2 (*1 - * 2 ) (Vi - 2 / 2 ) cos ft).. .(5) 

This formula may be readily obtained from that of §9. 
If the rectangular coordinates of P and Q are (x x ' y y{) and 

y 2 ') then 

PVHxi'-xtf+w-yiVi 

but, by equation (1), x % '= x 1 + y l cosja y y-[ = y Y sin co, etc., so 
that we get 

PQ 2 = {(ojj - x 2 ) + ( 2/1 - 2 / 2 ) cos co} 2 + ( 2/1 - y 2 ) 2 sin 2 to, 

which leads at once to equation (5). 


Ex. If y=m l x+c 1 , y = m 2 x-\-c 2 are the equations of two straight 
lines referred to axes inclined at the angle a>, then 

(i) the lines are parallel if m l = m 2 ; 

(ii) the jines ar e^perpendicular if 1 + + m 2 ) cos cu^O. 

Let the lines make angles a, /3 respectively with the .r-axis, the 
meaning of angle being that given in §17. When a = /?, then 
obviously m l = m 2 . When the lines are perpendicular one of the 
angles' a, /3 ds ppsitive and the other negative ; suppose /3 to be 
positive, then ft- a = 90°. 

sin a _ > sin /3 _ cos a 

sin (co - a)’ m<2, ~ sin (co - ft) ~ — cos (co — a)’ 


Now 
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and therefore, solving each equation for tan a, we get 

tana- - WlSin<tf ' - 1 +”» 2 cosai . 


whence 

or 


ld-wijcosco m 2 sin to 

(1 +7Jii cos to)(l -\-m 2 cos a)) + m 1 m 2 sin 2 to 

1 +(wq + wio) cos a) + 7?i 1 ?rt 2 = 0. 


= 0 , 


21. Polar Coordinates. The position of P (Fig. 6) will 

be known when we are given (i) the distance r of P from 

the origin 0 , and (ii) the angle 9 which the step OP makes 

with the positive direction of the #-axis, that is, the angle 

through which OX (not OX') must be turned till it coincides 

with OP. These numbers r and 6 are called the polar 

coordinates of P with reference to the pole or origin 0 and 

the initial line OX ; r is the radius vector and 9 the vectorial 
angle of P. 

If the rectangular coordinates of P are x and y , then we 

have „ . „ 

x = r cos 9, y = rsm9 .(1) 

It is usual to suppose r to be always positive; cos 9 and 
sin 9 have then the same signs as x and y respectively. 
We may, however, allow r to take negative values, provided 
that when r or OP is negative we take 9 to be the angle 
that the step PO (not OP) makes with OX. 

From equation (1) we find 

r = J(x 2 + y 2 )-, tan 0 = -.(2) 

CO 

In determining 9 the equation tan 9 = y/x is not sufficient 

by itself; we must remember that (r being positive) the 

signs of cos 9 and sind are the same as those of x and y 
respectively. 

We shall make little use of polar coordinates in this 
book. 

Ex. 1. What are the Cartesian coordinates of the points whose 
polar coordinates are : 

(i) (5, 30°) ; (ii) (5, 120°) ; (iii) (5, 270°) ? 

Applying the formulae x=r cos 0, y=rsin 0 , we find 


/'ex ~_5 n/ 3 5 5 5v/3 

W y =5; (») *= y=-^- 


(iii) x = 0 , y= -5. 
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Ex. 2. The general equation of a straight line when referred to 
polar coordinates is of the form 

- = a cos 0 + b sin 0. 
r 

In the Cartesian equation a.v+by = c, put r cos 0 for x and rsin0 
for y ; we then get the form stated. The student will readily see that 
the following are equivalent forms, a, /3, p, q being constants : 

r cos(# + a) = p, rsin (0 + fi) = q. 

4 

22. Areas. Let A, B (Fig. 19) be the points (aq, y^)> 
(.r 2 , y 2 ) referred to rectangular axes X'OX, Y'OY y and let 

(rq, OJ, (r 2 , 0 2 ) be their polar 
coordinates, 0 being the pole 
and OX the initial line; then 

x x = i\ cos 6 1 , 2/1 = rj sin @i; 

x 2 = r 2 cos 0 2 , y 2 = r 2 si n 0 2 . 

The angle A OB is equal to 
(0.) — d 1 ), and the area of the 
triangle OAB is 

h r i r 2 sin ( 02 - 0 ,). 

But sin(0 2 — 0 X ) 

= cos sin 6 2 — cos 0 2 sin 0 1 , 

and therefore, denoting by A OAB the area of the triangle 
OAB , we have 

A OAB = ^(r^cos 0 1 . r 2 sin 0 2 —r 2 cos 0 2 . r x sin 0 X ) 

= WxV-i—• ®*yi>.0) 

This formula may also be pioved in the following way. 
Let C and D be the projections of A and B on the x-axis; 
then the triangle OAB is equal to the sum of the triangle 
ODB and the quadrilateral BDCA diminished by the 
triangle OCA. Therefore 

a0AB= a ODB +quad. BDCA- A OCA 

= WD.DB+ i DC(DB + CA)-$0C.CA 

= ix 2 2/2“b 2 (*^1 yl) i^l2/l 

= 2 0®l2^2 ^22/l)* 
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We have thus obtained an expression for the area of the 
triangle OAB in terms of the coordinates of A and B ; let 
us apply the formula to two simple cases. 

(i) Let A be the point (5, 2) and B the point (3, 4); we 

find a 0AB=i(5 x4 —3x2) = 7. 


(ii) Let A be the point (3, 4) and B the point (5, 2). 
This triangle is the same as in case (i), but the letters 
attached to the points (5, 2) and (3, 4) have been inter¬ 
changed ; we find 

A 0AB = i(3 x 2 — 5 x 4) = -7. 

The numerical value of the area is thus the same as in 
case (i), but the number that measures the area is now 
negative. If it be remembered that coordinates are the 
measures of steps, and therefore involve direction as well as 
magnitude, it is not a matter for surprise that a calculation 
wh?ch involves coordinates should result in a negative 
number; we may conjecture that the above difference in 
sign will have some connection with the two different 
senses in which the lines that bound the triangle may be 

traced. 



Fig. 20. 


Fig. 20 \d) shows the triangle of case (i) and Fig. 20 (b) 
the triangle of case (ii). If we describe the boundary of the 
triangle OAB in the order in which the letters 0, A, B are 
written, it will be seen that in case (i) (Fig. 20 (a)) the area 
lies on our left hand, while in case (ii) (Fig. 20 (&)) the area 
lies on our right hand. 
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We shall now state a rule which is not hard to prove 
by examining the sign of 

J rjTysin (0 2 “^i)> 

but which it will be sufficient at this stage for the student 
to verify by testing it for positions of A and B in each of 
the four quadrants. 

« Rule. If A is the point (x x , y x ) and B the point (x 2> ?/ 2 ), 
0 being the origin of coordinates, the numerical value of 
the expression l(x 1 ?/ 2 — x. 2 y x ) always gives the magnitude 
of the area of the triangle GAB ; tlie sign of the expression 
will be positive if, when we describe the boundary in the 
order 0, A , B, the area lies on our left hand, but the sign 
will be negative when the area lies on our right hand. 



* We shall now use the symbol A OAB to indicate the 
algebraic measure of the area of the triangle OAB , so 
that we have 

a OAB = 2 ^ OB A = 2 (**b 2 /i ^12/2)* 

In other words, an area is, like a step, a magnitude which 
may be either positive or negative.* 

*In applying the formulae it is convenient to denote the coordinates of 
a point P by the symbols a.*p, y P ; thus ; 

A OA B — \ [x A yn - .tb?/a), A OB A = £ (x R y A - x A y R ). 


§22] FORMULA FOR AREA. *1 

Let us now consider the triangle ABC , the coordinates 
of whose vertices are (x l9 y x ), (x 2 , y 2 ), (x 3 , y 3 ) respectively 
(Figs. 21 (a) and ( b )). We have the following equations: 

A OAB=\(x 1 y 2 -x 2 y l \ 

A OBC = J (x 2 y 3 ^ 3 ?/ 2 )’ 

A OCA = 2 ( x 3Vi x \Uz)' 

In Fig. 21 (a) A OAB and A OBC are positive and A OCA 
negative; in Fig. 21 (b) all are negative. In both cases we 
have the relation 

A OAB A OBC A- A OCA = A ABC, .(2) 

a relation which may be verified to hold whatever be 
the positions of the four points 0, A , B , C. Inserting in 
equation (2) the values in terms of the coordinates, we 
find for the area of the triangle ABC the formula 

A ABG=\ {x x y, - x 2 y x + x 2 y 3 - x 3 y 2 + x. i y l - x^ 3 } 

= £{* 1 ( 2 / 2 “ 2/s)+* 2 ( 2 / 3 -2/i)+* 3 ( 2/1 “ 2/ 2 )}- • • -(S'* 

The second of these forms is perhaps the more easily 
remembered. 

The formula (3) gives the area in sign and magnitude. 

The student may prove that if the axes are inclined at the angle w 
the area is equal to 

-?h)+ x M\- 2 / 2 )} sin w.(4) 

He may do this by showing that equation (1) becomes 

A OA B — \ (.r L ?/ 2 — sin o>. 

Ex. 1. Find the area of the triangle the coordinates of whose 
vertices, taken in order, are (2, 7), (5, - 1), (-1, -4). 

The area is, by formula (3), 

£{2( —1+4) + 5( —4 —7)-f( —1)(7 + 1)}= —28*5. 

Ex. 2. Find the area of the quadrilateral ABCD , the coordinates 
of A, B, C, D being (2, 1), (-2, 2), (- 1, -1), (5, -2). 

The quadrilateral is the sum of the triangles ABC and ACD. 

Ail5C r =i{2(2 + l) + (-2)(-l-l)+(-l)(l-2)}=5j, 

A ACZ) = ^{2( — l+2) + ( — 1)( — 2 — 1) + 5(1 +1)} =7J. 

The area of the quadrilateral is therefore 13. 
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Ex. 3. If “quad. A BCD” denotes the area of the quadrilateral 
ABCD in sign and magnitude, show that 

quad. A BCD = A OA B + A OBC+ A OCD + A ODA . 

The proof is a very obvious extension of that given in the text 
for the relation numbered (2) ; it can clearly be extended to any 
polygon. 


Ex. 4. Plot the points A( 2 , 0), B( 8 , 0), (7(8, -2), D( 2, 5) and join 
AB, BC, CD, DA. 

It will be noticed that CD crosses AB between A and B ; a 
quadrilateral of this kind is called a cross-quadrilateral. Its “area” 
calculated by the rule of Example 3 is 


A 0A B + A 0BC+ A OCD + A ODA = 0 + ( - 8) 4- (22) + (- 5) = 9. 

Ex. 5. Plot the points A(a } 0), B(b, 0), (7(6, c), D{a, d ), and show 
that the area of the quadrilateral ABCD, whether “cross” or not, is 
£(6 — a)(d-\-c) or £ A B(A D + BC), where AB, AD, BC are steps. 


EXERCISES VI. 

Calculate the area of each of the triangles and polygons whose 
vertices are specified in Examples 1-9 ; the perimeter is to be traced 
in the order in which the vertices are named. 

1. (5, 7), (-3, 4), (0, -6). 2. (3, 1), (4, -2), (-1 -2). 

3. (1, 5), (6, - 3), ( - 3, - 4). 4. (x, y), (0, b), (a, 0). 

5. (4, 4), (-3, 5), (-5, -5), (5,-3). 

6 . (2, 3), (5, - 2), ( - 2, - 4), ( - 5, 0). 

7. (3, 1), (1, 4), (-3, 2), (-2, -2), (2, -3). 

8. (2,-1), (6,-1), (-1,1), (3, 3). 

9. (4, 1), (-2, 5), (0, -2), (2, 5), (-4, 1). 

10. The coordinates of A, B, C are (6, 3), ( — 3, 5), (4, -2) respec¬ 
tively and P is the point ( x , y) ; show that 

APBC x+y-2 
AABC~ 7 ' 

11. B and (7 are any two points on the straight line given by the 

equation ax + by + c = 0, and P{x n y 2 ), Q(x 2 , ;/ 2 ) are any two points 

that do not lie on the line ; show by considering the sign of the areas 
of the triangles PBC, QBC that the expressions 

ax l 4- by x +c and ax 2 +by 2 +c 
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are of the same sign or of opposite signs according as P and Q are on 
the same side or on opposite sides of the line. 


12. If (#, y) is any point collinear with ?/j) and Vi)) P rove 

that (- ? 'i - *2)+ Wi - vji =0. 

and find the equation of the join of (2, 5) and (-7, 1). 

13. From the formula for the area of a triangle deduce that if a 
variable point (.r, ?/) moves on a straight line, then A»v+By+C= 0, 
where A , B , Care constants. 



|CH. IV. 


CHAPTER IV. 


REPRESENTATION OF GEOMETRICAL LOCI 
BY ANALYTICAL EQUATIONS. THE STRAIGHT LINE. 

23. The Equation y = mx. Axes and scale-units being 
chosen or assigned, a straight line through the origin is 
completely specified when its gradient (§17) is specified. 
But we know that the same straight line may be represented 
by an equation in as, y. Let a straight line through the 
origin have gradient to; it is required to translate the 
denning conditions of the line into an equation. 

Let Q (x y) be any point on the line (Fig. 14). Let M be 
the projection of Q on X'OX. 

The gradient of the line is or 

OM x 


y = mx. 

Since (x , y) is any point on the line, 

y = mx 

is the equation of the line. 

1 24 c E<luatio ?. y = mx + C. Let a straight line be 
specified by its gradient to and its intercept c on the v-axis : 
to find its equation. 

Let P(x, y) be any point on the line (Fig. 14). 

Let the line cut the ?/-axis in C. 

Let OQ be the parallel to the line through the origin. 

Let MP, the ordinate of P, cut the parallel in Q. 



23, 24] 


THE EQUATION y = mx + C. 


Since the lines are parallel, their gradients are equal ( 

gradient of OQ = m ; 

MQ 

• • 0M ~ m ’ 

ilfQ = m. Oil/. 

But i/P = il/Q + QP; 

ilfP = m.01/+0a; 

y = mx + c. 

But ( x } y) is any point on the line; hence 

y = mx + c 

is the equation of the specified line. 
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EXERCISES VII. 

1. Find the equation of the straight line which passes through the 
point (0, 2) and rises 5 in 3. 

m = gradient = §-; c = 2 ; 

hence y=mx+c becomes y=g#+2 or — 3?/ + 6 = 0, which is the 

required equation (see Fig. 14). 

2. Find the equation of the straight line which passes through the 
point (0, — 2) and falls 4 in 5. 

771 — gradient — - |; c= - 2; 

.'. y=mx+c= - f.r-2 ; that is, 4.r+5^ + 10=0 is the equation of 
the line. 

3. Find the equation of the straight line of gradient — f whose 
intercept on the y-axis is l£. 

4. Find the equation of the straight line of gradient § whose 
intercept on the y-axis is - 2£. 

5. Find the equation of the straight line drawn through (0, 2) to 
make an angle of 30° with X'OX. 

6 . Find the equation of the straight line whose intercept on the 
y-axis is — 2*2 and which makes an angle of — 60° with X'OX. 

7. Draw the graph of 

(i)y=2a; + l; (ii) ?/= -3x + 2 ; (iii) y=§ar-5 ; 

(iv) y— — j.r-1 ; (v) 2y=3#+4. 

[(i) passes through (0, 1) and rises 2 in 1.] 
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8. What are the gradients of the following lines ? 

(i) ?/ = 2 jt+ 3 ; (ii) y— -2x- 1 ; (iii) y = - f.r + 7 ; 

(iv) 2y=.v+2 ; (v) 3>/ = -2^ + 4 ; (vi) 2y-x=3 ■ 

(vii) 7^ + 3x+l=0 ; (viii) ar-4y + 5 = 0; (ix) 7.r + 5y = 0. 

9. What is the gradient of the line ax + by + c = 0 ? 

10. Wliat is the gradient of the line x/a+y/b = 1 1 

11. What is the gradient of the line (y - 3) = m(x - 2), and of the 
line y—y l = m(.v-.r t ) ? 

12. Use the gradient formula, viz. 7:! ~ 7l = m, to establish the equation 

7 = mx -f c. x 2 x i 

y —c 

r _Q = gradient of the line joining (0, c) and (a*, ?/) ; hence ——- =m 

x 

or y = m.r + c. 

13. Draw the graphs of 

(i) 2.r—y+l=0; (ii) 3u- + 4y = 7 ; (iii) 5a- = 2y + 3 ; 

(iv) 3.r+2y + 4 = 0. 


T 25. The Linear Equation. Every straight line, considered 
with reference to a system of rectangular axes and scale- 
units, has a definite gradient and makes a definite intercept 
on the y-axis. Hence every straight line may be repre¬ 
sented by an equation of the form y = mx + c, which is an 
equation linear in x, y (§ 15). Conversely, any equation of 
the form y = mx + c represents a straight line. To prove 
this we have only to reverse the steps of § 24. Thus, let 
P (Fig. 14) be any point on the graph or locus of y = mx+c. 
through the origin draw the straight line OQ of gradient m. 

Let 0 be the point (0, c) and let MP, the ordinate of P, 
meet OQ in Q. Then 

m = gradient of OQ 

MQ . 

“ OM ’ 

MQ = m.0M. 

But y = mx + c ; 

.-. MP=m.0M+0C; 

MP = MQ+0C; 


25-27J THE GENERAL LINEAR EQUATION. 


4? 


MQ+QP = MQ + OC; 

QP=00. 

Also QP is parallel to OC. 

.*. CP is parallel to OQ. 

Therefore the locus of P is the straight line through the 
fixed point C parallel to the fixed line OQ. 

Now the general linear equation Ax-\-By + C=0 may be 
written in the form 

i.e. in the form y = mx + c. 

Hence the conclusion: any straight line may be repre¬ 
sented by a linear equation in x, y , and , conversely , any 
linear equation in x, y represents a straight line. 

The cases of lines parallel to the axes may be treated 
separately; a similar conclusion holds. 


26. The equation y — jq = m(x — x x ). If we write the 
elation y-y t=M x- Xl) 

in the form ^ = m 

X.— Xf 9 

we see (§ 18) that the gradient of the straight line joining 
( x v 2/i) t° (%, y), any point on the locus or graph repre¬ 
sented by the equation, is the constant m. 

Hence (y — y 1 ) = m(x — x l ) 

represents the straight line , of gradient m, through the 
fixed point (x v yQ. 


27. The equation y — y x = ——— (x —x x ). If we write the 




equation 


(\ 

in the form 

W \ i 


y-yi=~z~^( x 


~ x i) 




y-Vijih-y\ 

X — Xy Xy — xl 


% 


V * 


V 
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we see (§ 18) that the gradient of the straight line joining 
the point (x lf y x ) to (x, ■//), any point on the locus or graph 
represented by the equation, is equal to the gradient of the 
hue joining (x, , y x ) and (x 2 , y 2 ). 


Hence 


__ _ Y] y*> / \ 

y-7i = ——- (x—x,) 
1 X. — x 0 v 


represents the straight line through the points (x y ,) 
and (x 2> y 2 ). 

Ex. 1. Find the equation of the straight line which passes through 
the point (2, 3) and rises 2 in 1. & 

In the equation .// -y x = m(x-x x \ 

put .r 1 = 2, y 1 = 3, m = 2/l=2. 

The required equation is y- 3 = 2 (.v - 2) 
or 2x-y-l=0 (Fig. 22). 



Fig. 22. 


Ex. 2. Find the equation of tlie straight line which passes througn 
the two points ( - 4, 1) and (7, - 5). 

In the equation y~Vi = ,? ^ 1 ~^ 2 (# - x x \ 

put x t = -4, y, = l, .r 2 =V, y 2 = - 5. 


§27] 

We get 
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•^ 1 = — 4 ^ (■<•'+ 4 ). 

i.e. y —1= — — (,r+4), 
which becomes 6.r+ll>/+13=0 (Fig. 23). 



Fig. 23. 


As a check, note that 6( - 4) +11.1 + 13 = 0, 

and 6.7-bll( —5)+13=0. 

EXERCISES VIII. 

1. Find the equation of the straight line which passes through 

(-5, —2) and falls 3 in 2. . B 

2. Find the equations of the two straight lines which both pass 
through the point (4, -5), one of gradient 3/4, the other of gradient 

O/ 

3. Find the equation of the join of (2, 3) and (7, 5). 

4. Prove that the join of (-3, 7) and (-1 , 5), and the join of 
(2, —4) and ( — 5, 3) are parallel, and find the equations of the lines. 

5. Prove that the line joining the points (-2, 6) and (0, 4) is 
perpendicular to the line joining (2, 4) and (-5, -3), and find the 
equations of the lines. 

G. A.G, 


D 
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6 . Through (0, 1) is drawn the parallel to the line joining (0, 0), 
(3, 4) ; find the equation of the parallel. 

[ U se y - //, = m (x - x x ). x x = 0, ?/, = 1, m = 4/3.] 

7. What is the gradient of each of the following lines? 

(i) ;>/ = 2x - 3 ; (ii) y - 3x = 1 ; (iii) 2y + 4x = 7 ; 

(iv) 2x — * r )//+1=0; (v) 3*r+2>/-2 = 0; (vi) a.r+&y + c = 0. 

8 . Prove that the following pairs of lines are parallel : 

(i) 2.r — 3// + 1 = 0 and 2x - 3y — 58 = 0 ; 

(ii) x + 2 y = 7 and 2.r + 4 y — 13 = 0; 

(iii) ax + by + c = 0 and ax+by + d = 0. 

9. Prove that the following pairs of lines are perpendicular: 

(i) 2.r + 3// +1 =0 and 3x-2y -f 17 = 0 ; 

(ii) bx — 2y + 3 = 0 and 2x + by- 11 =0 ; 

(iii) ax+by + c=0 and bx - ay + cl = 0. 

10. Find the equations of the sides of the triangle whose vertices 
are (3, 2), (5, 7), (9, 1). 

11. Find the equations of the medians of the triangle whose 
vertices are (-5, -2), (4, -6), (1, 7). 

12. If A , /?, C are the points (1, 5), (3, 1), (4,.8) respectively, what 
is the gradient of BC and of the perpendicular^/) from A to-/?C? 
Find the equation of AD. 

13. If A, B, C are the points (5, -3), (-5, 3), (4, 7) respectively, 
find the equation of the line joining the middle points of AB and AC. 

14. Find the equation of the perpendicular bisector of the join of 
(2, 3) and (5, -2). Poes the point (8, 4) lie on the bisector? 

15. Which of the following sets of points are collinear ? 

(i) (1, 1), (2, 2), (6, 6) ; (ii) (5, 4), (0, 1), (4, -4) ; 

(iii) (6, -2), (-4, 1), ft, 0); (iv) (1, 3), (-2, -6), (4, 12). 

16. Find the point of intersection of the lines 2x — 3y-fl=0, 
x+y — 2=0. 

(Solve the equations as simultaneous equations.) 

17. Find the point of intersection of the join of (5, —2) and 
( - 2, 4), and the join of (3, 7) and ( —11, — 2). 

18. Find the orthocentre (i.e. intersection of perpendiculars) of 
triangle ABC of Ex. 10. 

19. Find the orthocentre of triangle ABC of Ex. 11. 

20. Find the intersection of the medians of triangles ABC in 
Exs. 10, 11. 


PARALLEL AND PERPENDICULAR. 
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f 

* 

t 28. Parallel through (h, k) to ax + by + c = 0. In geometry 
it is frequently necessary to construct a parallel through a 
given point to a given straight line. If ( h , k) is any given 
point and ax-\-by + c = 0 is any given straight line, the 
following rule enables us to write down at once the 
equation of the parallel through ( h , k) to ax + by+c = 0 . 


x Rule. In the equation ax+by + c = 0: (i) delete the 
absolute term c\ (ii) replace x by {x — h) and y by {y — k) ; 
the equation a(x _ h) + b(y _ k) = 0> .(l) 

so obtained , is the parallel through (h, k) to 


ax + by+c = 0. 

Proof . The gradient of the straight line ax + by + c = 0 
is — alb. 

The gradient of the straight line a (x-h) + b(y-k) = 0 
is — a/b. 

Therefore the lines are parallel (§ 19). 

Again the line (1) passes through (h t lc) if 


a{h — A).+ b(k — k) = 0, 

and this is true. The rule is therefore proved. 


Ex. 1. Find the equation of the parallel to 3#-2y+4 = 0 through 
.(2, 7). 

By the rule, the equation is 

3(.r — 2) — 2(y — 7) = 0, 
that is 3a; — 2y + 8 = 0. 

Ex. 2. Find the equation of the parallel : 

(i) through (5, 3) to 2.r-y + l=0, 


(ii) 

55 

( 3 > i) .. y=3X+4, 

(iii) 

55 

O 

II 

1 

+ 

s* 

iO 

r*» 

#•» 

oT' 

o 

1 

(iv) 

55 

(2, -1) „ 3x-2y-3 = 0, 

(v) 

55 

(-3, -1) „ 1, 

(Vi) 

55 

the origin „ 2.*? - 7y + 5 = 0. 


* 29. Perpendicular through (h, k) to ax + by+c = 0. It is 

necessary to be able to write down the equation of the 

a given point to a given 
straight line. The following rule is used for writing 
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down the equation of the perpendicular from (h } lc) to 
ax + by + c = 0 : 


'Rule. In the equation ax + by + c. = 0: (i) delete the 
absolute term c ; (ii) change the sign before the term in y ; 
(iii) interchange the coefficients of x and y ; (iv) replace x 
by (x — h) and y by (y — Jc) ; the equation 


b(x-h)-a(y-k) = 0, .(1) 

so obtained , is the perpendicular through ( h , lc) to 


ax + by + c = 0. 


Proo/. The gradient of ax + by + c = 0 is —a/b = m v say. 
The gradient of b(x — h) — a(y — Jc) = 0 is b/a = m 2> say. 


And 


a 


m 1 m 2 = — T x - = 
1 “ b a 



therefore the lines are perpendicular (§ 19). 
Again, the line (1) passes through ( h , k) if 

b(Jt — h) — a(lc — lc) = 0, 

and this is true. The rule is therefore correct. 


EXERCISES IX. 

1 . Find the equation of the perpendicular through (5, 1 ) to 

2a*-3y + 4=0.‘ & v ’ 7 

Begin with 2a-3y + 4=0. 

Following (i) of Rule, we get 2a--3y = 0, 

» (ii) ,, „ 2.r + 3// = 0, 

» (iii) )> ?> 3a.’ + 2^ = 0, 

( iv ) „ » 3(.r — 5) + 2(?/—1)=0, . (a) 

i.e. 3a*+2y -17 = 0. 

With a little practice equation (a) can be written down at once. 

2. Find the equation of the perpendicular : 


(i) through (5, 2) to 3a* - 4?/-f 1 = 0, 

(ii) „ 

(3, 1) „ 2#+5^ + 7 = 0, 

(iii) „ 

(2,3) „ y = 2*4-1, 

(iv) 

(-2, 1) „ *4-3y = 4, 

( v ) 

(2,-3) „ 5* — 3y =8, 

( v i) 

(-1, -2) „ 7*4-2^-2=0, 

(vii) 

the origin „ 3* — iy—b. 
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3. Find the equations of the parallel and perpendicular through 
(-4, 1) to lx-2y + 3 = 0. 

4. Find the equations of the parallel and perpendicular through 
(-2, -5) to 3# + 8y — 4 = 0. 

5. Find the coordinates *of the orthocentre of the triangle whose 
vertices are (5, 2), (-1, 1), (2, 7). 

6. Find the coordinates of the foot of the perpendicular let fall 
from (1, 2) to 3.r+4y + 9 = 0. Find also the length of the perpen¬ 
dicular. 

30) Length of Perpendicular. 

If a 'perpendicular be let fall from the point (x v yf) to 
the straight line ax-\-by + c = 0, then the numerical value 
of the length of the perpendicular is 

ax x + hy x + c 

J a 2 + b 2 


Let (x 2 , y 2 ) in Fig. 24 be the foot of the perpendicular. 
The equation of the perpendicular from (x 19 yf) to 
ax+by-\-c = 0 is (§ 29) b(x — x 1 ) — a(y — y l ) = 0. 



Now ( x 2 , y 2 ) lies on this line; 

therefore b (x 2 — x x ) — ci(y 2 — y x ) = 0.(1) 

Again, ( x 2 , y 2 ) lies on the line ax + by + c = 0; 
therefore ax 2 + by 2 + c = 0. 

Subtract ax 1 + by 1 + c from both sides: 
then a (x 2 - Xl )+b(y 2 - yi )= -(ao: 1 + 6i/ 1 + c). ..(2) 

But, by (1), 6(332-*,)-a( 2 / 2 -^) = 0. 
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Square and add : 

then (a 2 + fc 2 ) { (x 2 - x,f + (y 2 -y,f} = (ax, + by l + cf; 

••• fe-» 1 y+fe- y ,) ! - f “' r| +S, +c) * 

.*. by Distance-Formula (§ 9), 

square of distance from (x„ y,) to (x.,, y 2 ) = ( - t 3 + / ' // . 1 2 +6 ' )2 ; 

(1/ u 

i.c. length of perpendicular from (x %> y,) to ax + by -\-c = 0 
is the numerical value of 

ax x + by^ -f- c 

J a 2 + 6 2 


EXERCISES X. 




1. Find the perpendicular distance from the point (-2. 3) to 4>he 
straight line 3.v - 4// + 2 = 0. 

Use the formula, perp. disfc. ==—jif. 

>/a* + 6* 


a = 3, 6=-4, c = 2; ^ = -2, y 1 = 3. 
Therefore perp. dist. = + 2 , numerically, 

16 


2. Find the distance from (4, 7) to 3.r-4?/ + 2 = 0. 

3. Find the distance from (4, 3) to the line x=y. Verify 
geometrically. 

4. Find the distance from the origin to x+y + 1=0. Verify 
geometrically. 

5. Prove that the points (1, 3) and (-7, —3) are equidistant from 
the line 3^-4?/ + 7 = 0. 

6. Find the distance between the parallel lines : 

(i) #+y+l=0, x+y — 1=0 ; (ii) 3o;-4y + 9 = 0, 3x-4y- 1=0; 

(iii) 2or - 3y + 4 = 0, 4.r - 6y -7 = 0. 

7. The straight line 3x+4y -5 = 0 touches a circle whose centre 
is (2, —3). Find the radius of the circle. 


8. Prove that the lines 4.r - 3 y + 5 = 0, 4r - 3?/ - 5 = 0, 3.r + 4y + 5 = 0, 

3.r + 4y — 5 = 0 all touch the circle whose centre is the origin and whose 
radius is unity. 
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9. Prove that one of the common tangents to the circle, centre (0, 0) 
and radius 2, and the circle centre (4, 0) and radius 1, is 

3*+</7.y-8=0. 

10. Show that 4x-Sy=2b touches the circles whose centres are 
(11, -2) and (-11, 2), and whose radii are 5 and 15 respectively. 

11. Find the value of c if 3x + 4y = c is a common tangent to the 
circles whose centres are (1, 3) and ( — 3, 1), and whose radii are 
1 and 3 respectively. 

12. Prove that the product of the perpendiculars from (c, 0) and 
(-c, 0) to the straight line bx cos 0 4- ay sin 0 — ab is b 2 , where 
a 2 = b 2 + c 2 . 

13. Prove that the point (2, 2) is equidistant from the lines 
2# - y + 2 = 0 and x - 2y + 6 = 0. 

14. Prove that the point (1, 1) lies on one of the bisectors of the 
angles formed by the lines 4.r-3y+l =0and 3a’ — 4?/ + 3 = 0. Illustrate 

a figure. 

5. If the point (x ly y x ) lies on a bisector of the angles formed by 
jfe^Sfie lines Ax + By+C= 0 and ax+by + c= 0, prove that * - 1 

and fy/ i_± £ are numerically equal. A +1? 

s/W+V 2 


16. If the point (.r l5 y x ) lies on one of the bisectors of the angles 
formed by the lines 7.r-5//+l=0 and 5x +7 ?/ + 3=0, prove that 
7.ri — 5y x +1 and 5x x + 7y x + 3 are numerically equal. 

17. If the point (x x , y x ) lies on one of the bisectors of the angles 
formed by the lines 4x-3y 4 - 2 = 0 and 3^+4y + 3 = 0, prove that 
4x x — 3 y x + 2 = ± {3x x + 4y x + 3). 

18. If the point (x Xy y x ) lies on one of the bisectors of the angles 
formed by the lines 3.r-y + 2=0 and .r+3y + 3 = 0, prove that either 
2x x - 4 y x = 1 or else 4x x + 2 \y x + 5 = 0. 

19. Prove that the equations of the two bisectors of the angles 
formed by the lines 5.r-3y + 2 = 0 and 3.r-5y + 5 = 0 are 

bx - Zy + 2 = ± (3x -5 y + 5). 

20. Prove that the bisectors of the angles formed by the lines 
2x+3y+l=0 and x-y + 4 = 0 are given by the equations 

2x + 3 y +1 x-y-\-4 

Vis _± Vl ' 

21. Prove that x+y = 3 and x — ?/ + l=0 are the bisectors of the 
angles formed by the lines 3x-2y+\=Q and 2x-3y + 4 = 0. 
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2. Prove that tlie bisectors of the angles formed by the lines 

a.v-\-!)t/ + c = 0 and A.v + B// + C=0 are the two lines specified by the 

equations , . 

a.v + bj/ + c . Ax + By+C 


do- + />- 


= ± 


d A - + B 2 


31. The Freedom-Equations of a Straight Line. 

Let A (Fig. 25) be the point (a, c). Let P(x f y) be any 
point on the locus specified by the equations x = a + bt> 
y = c + dt. Join AP. Let tlie parallel to X'OX through 
A meet the parallel to Y'OY through P in Q. Then 
AQ = x — a and QP = y — c. But x = a + bt, or x — a = bt \ 
and y = c + dt, or y — c = dt. 



Hence AQ = bt , QP = dt 

Therefore, gradient of AP = ^-^ = ~ = ~. 

AQ bt b 

Therefore the gradient of AP remains constant while P 
moves along the locus. Hence the locus of P is the 
straight line through A(a , c) of gradient d/b. 

That is, the freedom-equations 

x = a+bt, y = c + dt 

represent a straight line through the point (a, c) of 
gradient d/b. 


FREEDOM-EQUATIONS. 
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Ex. 1. Make a table to show corresponding values of t , x, y when 
ar = 2 + 4 t, y = l+3£. Draw a graph of x, y and find the constraint- 
equation connecting . v , y. 


* 

-2 

-l 

0 

1 

2 

X 

-6 

-2 

2 

6 

10 

y 

— 5 

-2 

1 

4 

7 



Corresponding values of .r, y are plotted in Fig. 26 ; the graph of 
.r, y is the straight line of Fig. 26. To find the constraint-equation, 

we have ^—~ = t and = t; hence or 3.r-4?/-2=0. 

Ex. 2. Prove that the straight line whose freedom-equations are 
■ v= -2 + 3^, y — 3-bt passes through the points (-8, 13) and (-1*4, 2) 
referred to axes OX, 0 Y ; and find the corresponding values of t. 

When x= -8, we have -8 = -2 + 3 1 or t= -2 ; 

When y=13, we have 13 = 3 -bt or t= -2 ; 

When x= -1*4, we have -1*4= -2 + 3£ or t=Q-2 ; 

When ?/ = 2, we have 2 = 3-bt or * = 0’2. 

Ex. 3. Find the equations of the parallel and perpendicular to 
x ~ -2 + 3^, y = - 5-4^ through the point .r=2, y= - 3. 

The gradient of the given line is =£- or —f y , by above section. 

Hence the required parallel is (y + 3)= - (x- 2) or 4.v+ 3#+ 1=0; 

and the required perpendicular is (>/ + 3)=f (x- 2) or 3.r-4y-18 = 0.' 
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EXERCISES XI. 

1. Prove that the straight line whose freedom-equations are 

rC 1 V = S + 2t parses through the point (1, 3) and has gradient 2. 

Draw the line. 

2. Write down freedom-equations for the straight line which 
passes through (3, 5) and has gradient y- Draw the line. 

3. Prove that ( — 1, — 1) is a point on the straight line 

•r = 2 + 3 t y ?/ = 1 + 2t. 

Draw the graph of the line. 

4. Prove that the straight line 

# = 3 + 2f, y = 5 — t 
is parallel to the straight line 

07=2 - 4?q y=l+2 u. 

5. Calcuhite the coordinates of the point of intersection of 

■v - .i + 2/, y = 2 + 3 1 and a-=4 + 5;«, Graph the two straight 

11 n gs. 

[We require -3 + 2^ = 4 + 5?4 and 2 + 3£=l — u simultaneously. 

\ rom the corresponding values of t (or u\ calculate a*, ?, from the 
given equations.] 17 

6. Find the point of intersection of 

o?=2 —3^, y=l ; and 07=1 — 2 u, y = 2 + 3 u. 

7. Prove that the three straight lines, specified by the following 
equations, are concurrent, and find their point of intersection : 


*= 2 + t 9 y=8 + 2 1 ; .( 1 ) 

07=1+^, y = 3 + lu; .( 2 ) 

a?=-4-3t;, y=5 + 3r.(3) 


8 . Find the constraint-equation of the line represented by 

07=4 + 3 1 9 y=-3 + 7 1 . 

[^From first equation, t = —; from second, Hence 

07 —4 y + 3 . 

l ' e ' '• r_ 3y=37 is equation required. 

9* Find the constraint-equation of the straight line given by 

07 =-2 + 3 1, y = \-t. 

10. Find the constraint-equation of the straight line 

u;=« + bt, y=c + dt. 
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11. Prove that the straight lines 

.v=a+bt, y = c-\-dt 

and x = a! + b'u, y = c'+d'u 

are (1) parallel if dlb = d'lb '; (2) perpendicular if bb' -\-dd'= 0. 

12. Find freedom-equations for (1) the parallel, (2) the perpen¬ 
dicular through (1, 2) to #=2 — 3 1, y=3 + 2t. 

13. Prove that the straight lines 

x=5 — 2£, y=4+3t ; x=7 + 6u, y=—ll + 4u 

are perpendicular, and find their point of intersection. Draw the 
graphs of the lines. 

14. Prove that the parallel through (A, h) to 

x—a-bbty y=c+dt 

may have its freedom-equations written in the form 

x=k + bu, y=Jc + du. 

15. Prove that the freedom-equations of the perpendicular through 

(A, k) to x—a-Vbt , y=c-\-dt 

may be written x =A + du , y = lc — bu. 
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CHAPTER Y. 


THE STRAIGHT LINE (Continued). 

. 32 ; Different Forms of the Linear Equation. The following 

six forms of the linear equation Ax + By + C= 0 are im¬ 
portant : 

(1) y = mx + c; 

y - yi y2 - yi x v 

( 4 ) - + ?=!; 


(2) y-yi = 


(x-xi); 


(3) 


x — Xi 


— Xi 


a 


(5) xcosa + ysina = p; 


( 6 ) = = r 

cos 0 sin 6 - 


an< ^ ^ ^ iave alread y been explained in §§24 26 
and 27 respectively. . ’ u 



(4) The equation -+- = l. 

a b 

Let a straight line not passing through the origin meet 
the jr-axis at A and the 7/-axis at B. Let OA=a t OB = b. 

Let P(x , y ) be any point on the line; then - + ^ = 1 

ah’ 


32, 33] 


FORMS OF THE LINEAR EQUATION. 
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Proof. Let M be the projection of P on the cc-axis 
(Fig. 27). 

Then As GAB, MAP are equiangular and therefore similar. 

M P M A 

Therefore ~Q~p = f° r positions of P^where MP, 
0B\ MA,X)A are all steps. 

MP OA-OM 


Hence 


that is, 


OB ~ OA 

% 

if a — x 


or 


5+»=i 

a b 


Ex. 1. If A , B are the points (2, 0) and (0, 3), find the equation 
of AB. 

Here a = 2, 6 = 3; hence -+‘|=1 becomes f+*| = l or 3#+2?/ = 6, 

(l 0 Z o 

which is the equation of A B. 

Ex. 2. If A, B are the points (-2, 0) and (0, 3), find the equation 
of A B. 


Here a— - 2, 6 = 3. 
3x-2i/ + 6 = 0. 


Hence the required equation is 



Ex. 3. Find the equation of the line joining (-3, 0) and (0, -5). 

Ex. 4. Find the equation of the line joining (2, 0) and (0, -4). 

Ex. 5. Find, in sign and magnitude, the intercepts on the axes 
of x and y made by the lines 

(i) 2# + 3y = I ; (ii) 3.r — 2y = 4 ; (iii) 5^+7y + 4 = 0; 

(iv) —5y+4=0. 


(i) 2#+3y=l maybe written |+|=1. The intercepts are \ on OX 

and J on 0Y. (Otherwise, put y=()in 2x+3y=l, then 2.r=l or x=h ; 
again put ^=0 in 2.r + 3y=l, then 3y = l or ?/ = £.) 


33. The Equation x cos oc+y sin a = p. Let a straight line 
cut the aj-axis at A and the y-axis at B (Fig. 28); let N be 
the foot of the perpendicular from the origin 0 on AB: 
let angle X0N=cl and 0N=p. If P(x , y ) is any point 
on the line, 

then x cos cl + y sin ot =p. 
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Let JST be the point (x x , y { )- then x, = 
Hence the gradient of PN (or AB)=- 


1 = V cos CL, y x 

?a 

X — 

__V~~V sin «. 

.x — p cos oc 


[ch. v. 


=p sin a. 



Fig. 28. 


But the gradient of ON = tan oc 


sin oc 

• 

cos oc ’ 

♦ 

therefore the gradient of PiV= - cos <x 
„ _ sin a' 


From ( 1 ) and ( 2 ), we get 


sin oc 


or 

since 


a) 


( 2 ) 


V —P sin oc cosoc. 
x — p cos oc — sin a ’ 

therefore a; cos a + y sin oc =p (sin 2 a + cos 2 a), 

or x cos CL-\-y sin oc ==p, 

since sin 2 oc + cos 2 oc = 1 . 

Coii. 1 . If ax + by = c (c positive) be put in the form 

x cos OL + y sin a =p, then p = 7 =^== and tan a = -. 

V a 2 + 6 2 a 

For if tana = -, we may put cos n— — a 

h a Ja 2 +b* 

sin oc = — 

s/a 2 + b 2 


and 
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THE EQUATION x cos a. + y sin oc =p. 


But ax + by = c. 

Divide both sides by Ja 2 + b 2 ; then 

a b 


x. 


Ja? + b 2 


+y- 


2 -\-b 2 Jci 2 + b 2 


Therefore x cos m + y sin a = 




or 


x cos a + y sin a. =p, 


( 3 ) 


• p * Is 

11 79 = ._ . 

^ L Ja 2 +b 2 

fx)R. 2^ The length of the perpendicular from (x 19 y x ) to 

x cos OL+y sin ol —p = 0 


x 1 cos a+ y 1 sin a —p. 



Fig. 29. 


1 First, let us find the equation of the parallel through 

( x i> yd a; cos oc+7/sin oc— p = 0, 

that is, the parallel CD through P(x lf y x ) to AB in Fig. 29. 
By § 28, the equation of CD is 

(x—Xj) cos OL + (y — a/i) sin a = 0 

x cos CL-\-y sin cl=x 1 cos a + y x sin a. 

Hence OK = length of perpendicular from the origin to CD 

= x x cos a+ y 1 sin a. 


or 
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But Oj\ = lengtli of perpendicular from the origin to AB 

=p: 

therefore HP = length of perpendicular from (x 1 , y) to A B 

= NK 

= OK — ON 

= x 1 cos a + y l sin a — p. 

C°R .*5. Going back to equation (3) of Cor. 1 we see 
that the length of the perpendicular from (x,, -i/.i to 
ax + by + c = 0 is , , V Jl ’ 

ux x + /»/, + c 

■Ja*+b 2 

Ex. 1. Write tlie equation 3.r + 4y = 7 in the form 

.r cos <jl +y sin ol = p. 

Let tan <x = g, so that we may write sina. = i and cos «. = -£. 

Now divide both sides of 3.t;^-4j/ = 7 by 5. 

We get r JL-_L 

© x . -5 -t -y . 5 — 5- 

or x cos a. + y si n ol = \. 

thf line 4^ + 3 ; / = 8 e le " St1 ' ° f the P er P endicular from the origin to 

i» n thrl,’rm d I,r ° Ceedin « as iu Ex ' '• "e write the equation 

x cos a. +y sin ol = f, 

where tancc.= f. Hence the length of the perpendicular from the 
ongm to 4r + 3y = 8 is f. (Cp. § 30.) 

Ex. 3. Write the equation 5.r-f 12// = 8 in the form 

x cos cl ~\~y sin ol = p> 

Ex. 4. Write each of the following equations in the form 
.r cos a-by sin a —p ; state the values of tan a and p. 

(i) 5.r-bl2y=13; (ii) 15.r + 20y = 54; (iii) 3.r-4y = 7; 

(iv) 12^-5^ = 10; (v) 2* + 3y = 4; (vi) 3*+y-b2 = 0; 

(vii) px+qy=r ; (viii) Ix+my + ?i = 0. 


34. The equations -—~ = - _^ = r 

cos 6 sin 6 

,, Let A be the point (x v Vl ) (Figs. 15, 16, pp. 28, 29); 
through A draw the straight line of gradient tan d; then if B 
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33-3o] 


is any point ( x , y) on the line and AB = r , we have 


x - x i = y-Vi =r 
cos 9 sin 9 


Let H , K be the projections of A, B on X'OX ; let C be 
the projection of B on the parallel to X'OX through A. 


Then 


. AC HK OK-OH x-x . 

COS i jj A W y i F) • 

AB AB AB r 


Therefore 


Similarly, sin 9 = = 


x — x, 

- n= r - 

cos 9 


CB KB-KC KB - HA 


( 1 ) 


AB 


AB 


y-v i 

r 


Therefore V -—= r 

sine . 

From (1) and (2), we have 

x-x x jy-y x _ r 

cos 9 sin 9 



Ex. 1. Through the point A( 3, 1) is drawn the straight line making 
an angle of 45° with the x-axis. It meets the line # + y=lO at B : 
find the length of AB. 

Ex. 2. A, B are the points (a, 0), (6, 0), and P is the point above 
the,*r-axis such that the triangle PAB is equilateral; find the co¬ 
ordinates of P. 


35. Angle between Two Lines. If the equations of two 
lines are given, the lines could be graphed and the angle 
between them measured. Hence from the equations it is 
possible by calculation to find the angle between the lines 
represented by the equations. The rule is as follows: 

If and m 2 are the gradients of two straight lines, 
and 9 is the angle between the lines, then 

tan0 = ^^, 

1 + 

9 being measured from the positive direction (§9) of the 
second line to the positive direction of the first line. 

Let OP be the positive direction of the line of gradient 
m i (Fig. 30) and let angle X0P = 9 V 

G.A.G. E 





ANALYTICAL GEOMETRY. 


[CH. V. 


Let OQ be the positive direction of the line of gradient 
m 2 , and let angle XOQ = Q 2 . 

Then 0 = QOP = XOP - XOQ = 6, - 0 2 . 

Therefore tan 0 = tan (0. — g \ _tan 0 t — tan 0 2 

V 1 U2) 1 + tan 0 X tan 0 2 * 

But tan0 1 = m 1 and tan 0 2 = m 2 , so that 



* 


Fig. 30. 


The numerical value of (m 1 "-?7i 2 )/(l+m 1 m 2 ) is equal to 

the tangent of the acute angle between the lines of gradients 
m, and m 0 . 

Cor. If 0 is the angle between the lines whose equations 
are ax + by + c = 0 and ax + b'y + c' = 0, 


then 


tan 0 = 


a&' — a'6 
aa' -f- 66' * 



gradient of ax + by + c = 0 is — a\b = m 2 , say; 
gradient of ax + b'y+c' = 0 is - a/b' = m l , say 


Hence 


tan 0 = 


m 1 — m 2 
l+m^ 



a&' — a'6 


-. a.' a aa'+bb r 

1+ b'b 
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Ex. 1. Find the tangent of the angle between the lines y — 2# —3 

and ?/=57 + 5. With the help of tables, find the angle. 

, , „ 772 , — m 2 2 — 1 1 

Here m, = 2 and m., = 1 ; therefore tan # = —-= 0 -r = y 

-n M , 1 , n i ctn> ’ l+TWiOTo L+4.L O 

From the tables, 0= 18 26. 1 1 

Ex. 2. Find the tangent of the angle between the lines 2# — y = S 
and 3d?+4y = 5. Also find the acute angle between the lines. 

Put vti-y —gradient of 2x — y = 3, so that m l = 2 ; and 7W 2 = gradient of 
3#+4y = 5, so that w 2 = — f. 

Then tan 0=3-^ = r 2 - + X = 

l+OTljOTlg 1-2.J 2 

The acute angle is roughly 79° 42'. 

Ex. 3. Prove that the two lines y = 2x4-4 and y = 3#+ 4 are 
inclined at the same angle as x — y + 2 = 0 and 3.r — 4y +1 = 0. 

Let Oy — angle between lines 7/ = 2.r + 4 and y=Zx + 4. 


Then 


, 771 , - m 9 2-3 1 

tan() i- l +m x nu ~I + 273 ~~T 


Let ^ 2 =angle between lines x—y + 2 = 0 and 357 — 4y +1 = 0. 


Then 


tan Q l ~i -1 

-“l4-7rt lW i 2 ~l + l.|-7 


Hence tan 0 X — tan 6 .,, numerically; that is, the first pair of lines 
is inclined at the same angle as the second pair. 

Ex. 4. If P( t v, y) is a point above the axis of .r, and A and B are 
the points (1, 0) and ( — 1, 0) respectively, prove that 

d7 2 +^ 2 = 27/+ 1, 

if the angle APB is half a right angle. 

Let m x — gradient of PA — ~~i 

Let m 2 =gradient of PB — ^^ u ' 

If 6 is the angle measured from the positive direction of PB to the 
positive direction of PA, then tan 0=1. 


Also 


„ 772, — m 9 

tan0=z-J- 

1 + 772j772 2 


y 


y 


1 = 


X-\ 57+1 


1 + 


y 


y 


this reduces to 


57-1 57+1 

# 2 +y 2 =2y + l. 
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Ex. 5. If P(.v, ?/) is below the axis of and A and B are the 
points (1, 0) and (- 1, 0) respectively, prove that 

x 2 + y 2 + 2^=1, 

if the angle APB is half a right angle. 

Ex. 6. If A, B , P have coordinates (1, 0), (-1, 0) and (x, ?/) 

respectively, and if the angle APB is a right angle, prove that 
x~+y~= 1. 

Ex. /. From the formula tan 0=rr—~ -— deduce the condition 

that two lines of gradients m x and m 2 should be parallel, and also the 
condition that they should be perpendicular. 

Ex. 8. Find the tangents of the angles of the triangle whose sides 
are the lines 2x - 3y - 5 = 0, 5.r-y-3=0, and x+y + 5 = 0. Also 
calculate the angles of the triangle. 

. Ex. 9. Find the equations of the lines through (2, 7) which are 
inclined at an angle of 45° to the line x + 2y = 4. 

Ex. 10. Find the equations of the sides of an isosceles triangle 
whose vertex is the point (a, />), whose base is the line lx -f- my + n = 0, 
and each of whose base angles is <x. 

Ex. 11. If the angle measured from the positive direction of the 
line 2x + 3// = 7 to the positive direction of a line passing through 
(3, 7) is 45", find the equation of this line. 

Ex. 12. If the angle measured from the positive direction of the 
line y=mx + c to the positive direction of a line through (x- , ?/,) is ol, 
prove that the equation of this line is 


m + tan a. , 

^ 1 = r — 


36. Bisectors of Angles between Two Lines. If any two 
intersecting straight lines are drawn, then two angles are 
formed, each of which has a bisector. We know from 
elementary geometry that any point on either bisector is 
equidistant from the two lines. 

Let ax + by + c = 0 ...(1), Ax+By + C=Q ...(2) 

be two intersecting straight lines; it is required to form 
the equations of the bisectors of the angles between them. 
If ( x i> lh) is a point on either bisector, then 

length of perpendicular from (aq, y x ) to line (1) 

= length of perpendicular from (aq, y t ) to line (2). 


35, 36] 
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is, by § 30, 


is 


But length of perpendicular from (x ly y x ) to ax + by + c = 0 

ax \ + %! + g 

Ja*+b 2 

And length of perpendicular from (x x , y x ) to Ax + By + (7=0 

Ax^ + By | + 0 
~ 's/Af+B 2 


Hence 


0*1 + 6y 2 +c_ ,Ax 1 +By 1 + (7 

\/a 2 + 6 2 - v/Z^KS 2 ’ 


the double sign being necessary, since the left-hand and 
right-hand expressions may be either positive or negative. 
For x v y x write x, y, and we obtain 

ax + by + c Ax + By + C 

Va 2 + b 2 \/A 2 +B 2 

as the equations of the two bisectors. 

The reader should revise Exs. 13-22 on p. 55. 

Ex. 1. Find the equations of the bisectors of the angles between 
the lines 2x — # + 2 = 0 and x + 2# + 7 = 0 ; and draw the four lines in 
the same diagram. 

Length of perpendicular from (x y y) to first line = 2 - r ~. ? / + 2 . 

v 5 

and length of perpendicular from (x , y) to second line = —h^ + 7 . 

. . \/5 

Hence equations of bisectors are 


that is, 
or 


2x-y + 2 f #+2?/ + 7 

V5 “ n/5 ’ 

2^-# + 2 = ±(.r+2#+7), 

x — 3y = 5 and 3.r+#+9=0. 


Ex. 2. Find the equations of the bisectors of the angles between 

the lines 7#-3# + l=0 and 3.r-7# + 2 = 0; and draw the four lines 
in the same diagram. ' 

Ex. 3. Find the equations of the bisectors of the angles formed bv 
the axes X'OX and TOY. 

Ex. 4. Find the equations of the bisectors of the angles between 
the lines 3a?-4y+l=0 and 5.r+12#+4 = 0. 

Ex. 5. Find the equations of the bisectors of the angles formed bv 
the lines 8#— 15y+20 = 0 and 5#+12#=20. 
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Ex. 6. Find the intercepts made on the .r-axis by the bisectors of 
the angles between the lines 15.r + 8>/ + 30 = 0 and l2x+5?/ = 25. 

Ex. 7. Find the equations of the bisectors of the angles between 
the 1 ines 3x -y + 2 = 0 and 2x + 4?/ = 7. 

Ex. 8. Prove that .r + ?/=l is equally inclined to the lines 

Ax — 3y + 2 = 0 and 3.r — 4?/ + 3 = 0, 
and passes through their intersection. 

Ex. 9. Prove that 12.r —2y + 7 = 0 is equally inclined to the lines 

5x — 7?/ + 4 = 0 and 7.r + 5y + 3 = 0. 


» 37. Intersection of Lines : Concurrency. If two straight 
lines be specified by equations in x , y , referred to rectangular 
axes, then as far as the coordinates of their point of inter¬ 
section are concerned, the two equations may be regarded 
as simultaneous equations. For example, if we solve the 
simultaneous equations 

2x — y = 7 ; 4x + 3y + 1 = 0, 

we find x = 2 , y=— 3. This shows that (2, —3) is the 
point of intersection of the lines specified by the equations 
2x — y = 7 and 4x + 3 y + 1=0. 

Again, if we have the three equations, 


2x — 3y = 12, .(1) 

3x + 2y = 5, .(2) 

7x + 10y = l, . (3) 

and solve (1) and (2) as simultaneous equations, we find 
x = 3, y = —2. If we now substitute x = 3, y = — 2 in 
7x+l0y, the left of (3), we find 7x + 10y = l y so that the 
three equations are simultaneous equations for x = 3, y = — 2. 
This means that the three straight lines represented by 
equations (1), (2), and (3) are concurrent at the point (3, — 2). 

More generally, the intersecting straight lines specified 
by the equations 

ax + by + c = 0 and ax + b'y + c = 0 


. ... . . (be — be ca — c a 

meet at the point ( 7/ — —n - tt 

r \ab —ab ab —ab. 
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Further, the three straight lines specified by the equations 

<h x + \y +Ci=o, 
a 2 x + b 2 y + c 2 = 0, 
a 3 x + \y + c 3 = 0, 

are concurrent if 

a i (Vs ~ Vs)+6j ( c 2 a 3 - c 3 a 2 )+c x (a 2 b s - a.Jj 2 ) = 0. 


Ex. 1. Find the point of intersection of the lines 

x+y = 3 ; 2x-3y=ll. 

Ex. 2. Prove that the following equations represent three con¬ 
current straight lines, and find their point of intersection : 

3x+4y4-2 = 0; x-3y + o = 0; 2x+7y = 3. 

Ex. 3. Draw the straight lines y=mx + 2, when m — 1, m= — 2, 
m=3. Find their common point. 

Ex. 4. Draw the lines y — 3 = m(x-2), when m = \,m= — 1, m — —2. 

Prove that these three lines are concurrent, and find their common 
point. 

Ex. 5. Draw the two lines represented by 

(2x + y - 7) + k(3x - 4y - 5) = 0, 
when k=2 and k = — 3. Find their point of intersection. 

Ex. 6. Draw the three lines specified by 

%x — 3y—12 + k{7x+ 10y — 1) = 0, 

when k~ 1, k— -2, k=3. Prove that they are concurrent, and find 
their point of intersection. 


Ex. 7. Prove that the two straight lines 

(2x-y-\)+p(x-y+\) = 0 

and (2*-y-l) + q(x-y+l) = 0 

intersect at the point (2, 3). 

Ex. 8. Prove that the two straight lines 

(x+y-l)+p(4x+3y-G)=0 
an( * (^+y -\) + q(4x+3y-G)=0 

intersect where .r-J- f y-l = 0 and 4x + 3y -6=0 intersect. 

Ex^JJ- Prove that the straight lines obtained from the equation 

( x-y-a + b)+k(x+y-a-b) = 0 , 

by giving k various values, will pass through the same point, and find 
the coordinates of the point. • r ’ 
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Put k—p, then k=q. We obtain 

(.v - y - a + b) + p (x + y - a - b) = 0 .(1) 

ancl (#-.y-a + b) + q(.v+?/-a-b) = 0 .( 2 ) 

To solve these equations, first subtract: 
then P {*+?/ — ci — b) — q {.v + ij -a-b) = 0, 

(p - q) (x+y - a - b) — 0 

or x+y - a - b = 0.( 3 ) 

Now substitute from (3) in (1), and obtain 


x-y-a + b = 0.(4) 

We have now to solve (3) and (4). 

Add : then 2.r-2a = 0 or ,v=a. 

Subtract: then 2// -2b = 0 or y = b. 

Hence, whatever value k has in the given equation, all the lines 
represented by the equation pass through the same point (a, b). 

Ex. 10. Prove that all the lines represented by the equation 

(.r —y + a- b) -\-k(x+y — a — b) = 0, 

by giving k various values, pass through a fixed point, and find its 
coordinates. 


Ex. 11. If the two straight lines ax-\-by + c 
meet at the point (ju, q), show that (w, q) 

represented by ax + b,, + c+k{a' x+ b'y + c') 
where k is a varying constant. 


0 and a!x + b'y -f c' — 0 
lies on all the lines 


= 0 , 


Ex. 12. Find where the lines 2.r+y-3 = Q and a'-3v + 2=0 meet. 
Prove that all the lines represented by 

(2x+y-3) + k(x-3y+2)=0, 

where k is a varying constant, pass through the point. 

Ex. 13. Prove that, if k is a varying constant, the system of lines 
(3.r-2>/-f 4)-f k(2x + 4y — 5) = 0 passes through the intersection of 
3.r - 2?/ -f 4 = 0 and 2.r + 4y - 5 = 0. 

Ex. 14. Interpret geometrically the equation 

(2.r-y - 3) + £(* + 3y + 2) = 0, 

where k is a varying constant. 


38. System of Concurrent Lines. If two intersecting 
straight lines are specified by the equations 

ax-\-by + c = 0 and a'x + b'y + c' = 0, 

then all. straight lines through their point of intersection 
are specified by the equation 

ax + by + c + k(a , x + b / y + c')=« 0 , 
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where lc is a varying constant (parameter). The parameter 
lc is constant for any one line of the system, but varies as 
the line varies. 


Proof. Let the straight lines 

ax + by + c = 0 and ax + b'y + c' = 0 
meet at the point (p, q), so that 

ap + bq + c = 0 and a'p + b'q + c' = 0. 



course, p stands for 


be — b'c 
ah' — a'b 


and q for 


ca' — c'a \ 
ah' — a b ) 


Then, whatever constant value lc has, 

ap + bq+c + lc(ap + b'q + c) = 0. * 

Therefore, whatever constant value lc has, the line 

ax + by + c + lc(ax + b'y + c) = 0 

passes through the point (p, q), that is, through the 
intersection of the lines 

ax + by-\-c = 0 and ax + b'y + c' = 0. 


Again, let the three equations 

a iX + bjy + c x = 0, .(1) 

ap + b 2 y + c 2 = 0, .(2) 

a z x+b 3 y+c z = 0 .(3) 

be such that 


l(a 1 x+b 1 y+c x ) + m(a 2 x + b 2 y + c 2 ) + n(a 3 x + b 3 y + c 3 ) = 0 .. .( 4 ) 

for all values of x and y , where Z, m, n are constants other 
than zero; then the three straight lines (supposed not 
parallel)^ represented by (1), (2), (3) are concurrent. For, 
let the lines (1) and (2) meet at the point (p, q), so that p 

stands for and q for 

Then a x p + \q +c, = 0 and a,p + b 2 q + c 2 = 0. 

But, by (4), 

l(a 1 p + b 1 q + c 1 )+m(a 2 p + b 2 q + c 2 )+n(a :i p +' b 3 q + c 3 ) = 0 . 





74 


ANALYTICAL GEOMETRY. 


[CH. V, 


Therefore n(a 3 p + b 3 q+ c 3 ) = 0, 

that is, a 3 p + b 3 q + c s = 0, since n =\= 0. 

Hence the line a s x + h. A y + c 3 = 0 passes through the point 
\P’ ?)• Hiat } s > through the intersection of lines (1) and (2). 
*ience the lines (1), (2), (.’1) are concurrent. 

Ex. 1. Find the equation of the line joining the origin to the noint 
of intersection of Sa-.y-f 2 = 0 and S*+» + 3 = 0 P 

! q '; ati0n 3.r-y + 2 + t-(2.r + . v + 3)=0, for varying values of the 
constant £ represents all straight lines through the intersection of 

.ft f 2 r? v , an , d 2 5+.'/ + 3 = 0. It remains to find the particular 
V ' lle of 1 " h,ch ? lves the line through the origin. Put j=0, y=0 
m the equation containing /• ; then ^ 

2 + 3£=0 ; 

Hence 3.r - y + 2 - § (2.r +y + 3) = 0, 

that is, 5.v — 5f/=0 or x—?/ = 0 

is the line required. 

Ex. 2 Find the equation of the straight line joining (3, -2) and 
the point of intersection of 3ar + 5y-7 = 0 and 2.c-3y-f 1=0 ' 

Let the equation be 

3.v +5i/ - 7 + l-('2x - 3y +1)=0.( 1 ) 

The point (3, -2) lies on the line. 

Therefore 3.3 + 5(-2)-7 + F{2.3-3(-2)+l} =0, 

that is, -8 + 13X;=0 

or — 

rc — yj . 

Going back to (1), we see that the required equation is 

3.r + 5y-7 + ^ T (2.r-3y+l) = 0 , 

or 55.r + 41y- 83 = 0. 

Ex. 3. Find the equation of the line joining the origin to the point 
of intersection of 5.r—7y + 2 = 0 and 2.r + 8 //=ll. 1 

Ex. 4. Find the equations of the lines joining the following points 
to tne intersections of tlie following lines i 

(i) Point: (1, - 1) ; lines : x-y+\ =0 ; 2a*-y=l ; 

(ii) Point: (0, 0) ; lines : 3x+4y = 7 ; 2.r-5y = 8 ; 

(iii) Point: (3, 2); lines : 3.r-5y=12 ; ^+y + 3=o/ 

Ex. 6/ Find the equation of the parallel to 2.r-3>/+l=0 through 
the intersection of .r+y-f 1=0 and 2a*-?/ + 5=0. 

Let the line be x +y +1 + /c(2x-y+b)=0 . 

Then gradient of the line = \"t^. 

fc-\ 
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But gradient of 2.r-3y+l=0 is §. 


Hence 


1 + 2 k 0 

T-l=3’ 


that is, 1c = — {. 

Going back to equation (1), we obtain 

x+y + l -J(2.v-y + 5)=0, 
that is, 6.r —9y + 21=0 

or • 2x — 3?/+ 7 = 0. 

Ex. 6: Find the equation of the line drawn through the inter¬ 
section of the lines 3.r-f-4y = 7 and 4.r - 5?/-f 11 =0, (i) to pass through 
the point (-2, -5) ; (ii) parallel to 3.r-2y=l ; (iii) perpendicular to 
3x-2y=l. 

Ex. 7. Straight lines are drawn through the vertices of the triangle 
formed by the lines 2.r - ?/ +1 = 0, 3.r + 2// = 4, x—y = 2, (i) parallel to 
the opposite sides ; (ii) perpendicular to the opposite sides. Find the 
equations of the two systems of lines. 


EXERCISES XII. 

. 1. Find the intercepts made on the axes by the line 2x — 3?/ = 4. 

2. Find the intercepts made on the axes by the line joining the 
points (x u l/\) and (x 2 , y>?)- 

3. Find the intercepts made on the axes by the line whose freedom 
equations are x=a + bt , y = c + dt. 

4. Find the coordinates of the point of intersection of the two 
lines x=a + bt 1 y = c+dt and x=d + b'u , y = c' + d'it. 

5. Find tana, and p if the line ax + by + c =0 be expressed in the 
form x cos cL+y sin cn=p. 

6. Prove that the line x — 5y + 6 = 0 passes through the point of 
intersection of the lines 3x — 2y + 2 = 0 and 2x-\-3y — 4 = 0, and Insects 
the angle between them. 

7 . Prove that the equation (x - x Y )(y—y 2 ) ={x — x 2 )(j/ - y 1 ) repre¬ 
sents the straight line joining (.iq, y x ) and (.To, y 2 ). 

8. Prove that the equation 

C{ax + by + c) = c(Ax+By + C) 

represents the line joining the origin to the point of intersection of 
ax+ by + c = 0 and A x + By + C= 0. 

9. Represent graphically the lines of the system 

y-2.r-f %-3 + £=0, 

for k= 1, —2, 3, —4. Show that all the lines pass through a common 
point. 
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10# Find tli g conditions that tlie two systems of equations 

.v = a + bt y ?/ = c + dt and a; = a + b'u y ij = d + d'u 

should represent (i) parallel lines ; (ii) perpendicular lines ; (iii) one 
and the same straight line. 

11* Find the condition that the lines x = a + bt. y = c-\-dt and 
Ax+By+C=0 should be (i) parallel; (ii) perpendicular. 

12. Find the point of intersection of the intersecting lines 

% x=a + bt, y = c + dt and Ax+By + C=0. 

13. One line of the system 

2x-y + 4 + l-(x+4y + b) = 0 

leets the x-nxis at A find the y-axis at B. If OA= - 2, find OB. 

^ ^ se a kook °f Tables to find the angle formed by the lines 
4.r-2y + 3 = 0 and 2x - 4y + 7 = 0. What are the equations of the 
bisectors of.the angles so formed ? 

15. If b is positive, prove that ax x + by x -\-c is positive or negative, 
according as [x u y x ) is above or below the line ax -f by -f- c =0. 

16. Is the origin above or below the line a + 2?/ = 3 ? 

. Prove that the origin and the point (-1, —2) are on opposite 

? fch® kne 2.r+3// + 5 = 0. Find the point where the -join of 

(0, 0) to ( -1, - 2) meets 2x + 3y + 5 = 0. 

IS* b is positive, prove that the point ( a — b , a-f-6) lies above the 
line ax + by + 1=0. 

19. Prove that the origin lies below the line a 2 x.+ b 2 y^c 2 . 

20. Prove that the origin lies within that angle, formed by the 
lines 2^’—y + 3 = 0 and.r — 2y + 5 =0, in which lies the bisector x+y= 2. 

21. Prove that the three straight lines 

x+y = 2, 

(b-c)x+(c-a)y+(a-b)= 0, 
a(b - c)x + b(c - a)y + c(a - b) = 0 

are concurrent. 


22. Verify that 

2(2 x-y +1) - 3(x+y -1)- (x- by + 5) = 0 
for all values of x and y ; and deduce a property of the three lines 

2x-y+ 1=0, x+y= 1, x + b = by. 

23. Find the equation of the lito^ joining the intersection of 

bx — 3y + 4 = 0 an d x 4 - 7y — 2 = 0 to cnrf, intersection of 2x 4 - y —*1 = 0 
and 3x + 2y = 0. V * - 

24. The equations y=ax-\- h >, y = cx + d represent two lines. Express 
c in terms of a, (i) when the lines are parallel ; (ii) when the lines are 
perpendicular ; (iii) when the lines form an angle of 45°. 
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25. Find the equation of the straight line OP which passes through 
the origin and also through P , the point of intersection of Ax — 2^ = 3 
and by— 3.r=4. Write down the equation of the straight line through 
the origin at right angles to OP ; and find the coordinates of the 
points in which it intersects the given lines. 

26. Prove that the lines of the system y = (\—1c)x+{\+k) all pass 
through a fixed point, and find the coordinates of the point. 

27. If, in an isosceles triangle ABC, the angle at A is a right.angle* 

and if (2, 7), (6, 1) are the coordinates of A and B, find the coordinates * 
of each possible position of Ol ^ ^ 

28. The coordinates of A.\b, P are (a, 0), ( b , 0), (x, y). Prove that ’ • 
the tangent ofjjie ^gle^ l is 

, ( a - Q.y 

(x — a)(x - b) +y 2 '' 

29. Find the condition-.that the three lines 

• ux'A-byytc= 0 ,' * 



H - 


'bx+<%/■+&= 0 , 
cx + ay + b = 0 





meet in a point. O 

30. Perpendiculars are drawn from tlie^origin to the straiglrUCpies 

whose equations are .r+2// = 3 and 2.r-f3>/ = 5 ; find the equation of/' 
the straight line which joins the feet of the perpendiculars. * 

31. Find the tangent of the angle between the lines joining (x, y) 
to (a, b ), (c, cl). 

32. Find what value p must have in order that the straight lines 
px+4y= 6, 3x + 4 y = 5, 2.r+3 y = 4 may meet in a point. 

33. A, B are the points (9, 0), (0, 12). Find the coordinates of the 
point of intersection of the medians of the triangle OAB, where 0 is 
the origin. 
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39. The Equation uv = 0. Certain equations in x and y 
of higher degree than the first can be graphically repre¬ 
sented by means of two or more straight lines. 

For example, consider the equation 

12.r 2 - 2xy - 10// 2 - 6.r +1 ly - 6 = 0.(i) 

Put x= — 2 in (i) ; 

then 48 + 4y — 1 Of + 12 + 17?/-6=0, 

which reduces to 1 Of - 21 y - 54 = 0, 

that is, (2y + 3)(5y-18)=0, 

so that 7j= - 1-5 or 36. 

Hence x— —2, y — — T5 and x= —2, y=3’6 are points on the graph 
of (i). To obtain an idea of the graph of (i), construct a table as 
follows, noting that to each value assigned to x in (i) there 
correspond two values of y : 


X 

-2 

-1 

0 

1 

2 

y 

-1*5 
or 3*6 

-0*5 
or 2'4 

0-5 

or T2 

1-5 
or 0 

2*5 

or —1*2 


giving A , A' B , B' C, C D , D' E, E' of Fig. 31. 

Since the points A, B, ( 7 , D, E lie on one straight line and the 
points A\ B\ C\ D\ E' lie on a second straight line, it is possible that 
all the point-pairs belonging to equation (i) also belong to one or 
other of these lines. It is easy to show that this is true. 

For 12.r 2 - 2 xy - 10 y 2 - 6x + 17 y - 6 

can be factorised and expresssed as a product thus : 

(2x - 2y +1) (6x +5 y - 6). 
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If then ( x, y) is any point on the graph of (i), it follows that 

(ix - 2y + l)(6.r + by - 6) = 0. 

Hence 2x-2y+l=0, .(ii) 

or 6x+5y-6=0, .(iii) 

°r both 2x-2y+l=0 and 6.r+5y-G = 0.(iv) 



Fig. 31. 

* s ^ rue » (#> y) niust lie on the straight line AE of Fig 31 • if 
( 111 ) is true, (.r, y) must lie on the straight line A'E' ; if (iv) is true 
(.r, y) must be the point of intersection of AE and A'E'. Hence the 
graph of equation (i) is completely represented by two straight lines. 

• More ] generally if u = 0 and v = 0 are linear equations 
m x and y , then the equation 

uv = 0 

represents the two straight lines u — 0 and ?; = 0. 

+L =0 ’ V T- W= ° are Iinear equations in x and y, 
then the equation uvw=0 J 

represents the three straight lines u = 0. v = 0, w = 0. 
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Ex. 1. Find an equation which represents the lines 

•r-2//+l=0 (i) and 2.r + 3y +1 =0 (ii). 
Multiplying .r-2// + l by 2.r + 3?/ + l, we obtain 


2.r 2 - xy - G// 2 4- 3 x+y +1. 

j/”\ iatl0n ^' v2 ~' v !/ ~% 2 + 3^+y4-l =0 represents the two lines 
(i) and (n). 


Ex. 2. Factorise 2.r 2 
lines represented by 


X }J —,y 2 + 4.r 4- by — 6; and find the two straight 

% 


2j: 2 -xy - y 2 + 4x + by - 6 = 0. (a) 

First Step: Factorise 2«r 2 -.ry-y 2 ; we get (2x+y)(x-y). 

Second Step : Form the product (2 x+y+ m)(x-y+ n). 

Third Step : Multiply out: 


2.r 2 xy—y 2 -f (m 4- 2n) x + ( — m 4- n) y + mn. 

Fourth Step : Comparing the coefficients of .r and ;/, and also the 
absolute term in this expression with those in the given expression, 

PU m + 2« = 4(i), -m+w=5(ii), mn^-6 (in). 

Ftfth Step : Solve (i) and (ii) as simultaneous equations in m and n , 
getting m= -2, n = 3 ; and verify that (iii) is then satisfied* 

We find 2x 2 -xy~y 2 + 4.v + by-6 = (2x+y-2)(x-y + 3). 

The two straight lines represented by (a) are 2.r-fy-2=0 and 

& ” y +3—o. 


Ex. 3. Factorise 6x 2 + ISxy + by 2 - 16x-22^ + 8. 

Ex. 4. Factorise 77a' 2 - 65,r?/ - 88y 2 - 52.r +1 07y - 9. 

Ex. 5. Show that the following equations represent two straight 
' lines, and find their equations : 

(i) (x+y-l)(x-y+l)= 0 ; (ii) X 2 _ y 2 +X _y =0 .' 

(iii) 2xt-xy-y*-3x+l=0; (iv) 6.r 2 + 5xy - 6y 2 - 3.r + 28y - 30 = 0; 

(v) 15x 2 + 19xy-10y 2 +7x+22y-4=0; 

(vi) 84x 2 -e6 xy- b4y 2 + 61 x + 93y - 40 = 0 ; 

(vii) 3x*-10xy + 3y*=0 ; (viii) abx?-(a? + b 2 )xy+aby 2 =0 ; 

(ix) a(6-c)^ + 6(c-a)^+c(a-6)/= 0 ; (x) ax 1 + 2hxy + by 2 = 0. 

/ 

*If the last term in the given expression viz., -6, be replaced by any 
other number, then (iii) would not be satisfied for m= - 2, n = 3. This 
shows that it is exceptional for such expressions to have factors. 
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§§39,40] CONDITION FOR FACTORISATION. 

, 40. Condition that ax 2 + 2hxy + by 2 + 2gx + 2fy + c = 0 should 
represent two Straight Lines. The necessary and sufficient 
condition that the equation 

ax 2 +2hxy + by 2 + 2gx-{-2fy + c = 0 .(1) 

should represent two straight lines is that 

ahc + 2fgh — af 2 — bg 2 — ch 2 = 0.(2) 

Proof, (i) If aH=0, instead of equation (1) we may con¬ 
sider the equation 

a 2 x 2 + 2 ahxy + aby 2 + 2agx + 2afy + ac = 0; .(3) 

for (3) may be derived from (1) by multiplying both sides 
of (1) by a, and (1) from (3) by dividing both sides of (3) 
by a, since a =1= 0. 

From (3), we have 

a 2 x 2 + 2 ahxy + 2agx = — aby 2 — 2 afy — ac. 

Add h 2 y 2 + 2ghy + g 2 to both sides in order that the left 
side may be the square of ax + liy + g ; then 

a 2 x 2 + h 2 y 2 +g 2 + 2ahxy + 2agx + 2 ghy 

= (h 2 - ab ) y 2 + 2 (gh - af) y + (g 2 - ac ), 

that is, 

' (ax+hy+g) 2 -{(h 2 -ab)y 2 +2(gh-af)y+(g 2 -ac)}=0. (4) 

Now ( h 2 -ab)y 2 + 2(gh-af)y + (g 2 -ac) is a perfect 
square as regards y (that is, is the square of an expression 
of the first degree in y) 

if 4 {gh — af) 2 = 4 (h 2 — ab)(g 2 — ac ), 

which reduces to 

a 2 bc + 2 afgh — a 2 / 2 — abg 2 — ach 2 = 0 

or, since a =1= 0, to 

abc + 2fgh — af 2 — bg 2 — ch 2 = 0. 

This is the condition that the left-hand expression of (4) 
can be factorised. Hence it is the condition that equation 
(1) should represent two straight lines. Since the steps or 
the argument are reversible, the condition is both necessary 
and sufficient. 


G.A.G. 
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(ii) If a = 0 and 6=1=0, by interchanging a and 6, and 
x and y , we see that the same condition holds. 

(iii) If a = 0 and 6 = 0, but 7t=|=0, then (1) becomes 

2 hxy + 2 gx -f- 2 fy + c = 0 

c 


or 


x y+i x +&+ih= 0 ’ 


since h =|= 0. 

Since the left-hand must factorise, there must be numbers, 
p and q say, such that 

/• 

xy+j L X+ty + ^ = (x+p)(y + q) 


that is, such that 


= xy + qx+py+pq 


a f 

l = * n=p 


2 h 


=pq 


Hence 


c 9 f 

2Tr'h'h 


or 2 fgh - ch 2 = 0. 

But this is what (2) becomes when a = 0 and 6 = 0. 

Hence condition (2) still holds. 

(iv) If a — 0, 6 = 0, h = 0, equation (1) becomes linear in 
x and y , and therefore drops out of the discussion. 


41. The Equation ax 2 + 2hxy -f by 2 = 0. Equation (1) of the 
preceding section, when # = 0, /= 0, c = 0, takes the form 

ax 2 + 2 hxy + by 2 = 0, 

which is of special interest. This equation always represents 
two straight lines through the origin; if /i 2 — ab is positive 
the lines can be graphed and are real, if h 2 — ab is negative 
the lines cannot be graphed and are imaginary, if /i 2 — a6 
is zero the two lines consist of the same line twice over. 


For example, the equation 

3^ + 7^-6y 2 = 0 


can be written in the form 

(3#-2y)(.r+3y)=0, 
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and therefore represents the two lines 

3.r —2y = 0 and #+3y=0, 
that is, the lines through the origin of gradients g and 

The equation a?+xy+y *=0 .. 

can be written in the form 

where i=\! -1, and therefore represents the two lines 


-b 


x+ 


l+z’\/3 


y = 0 and x-\- 


1 - tV3 
2 


y = 0; 


( 2 ) 


these are two imaginary lines through the origin. 

The equation 4a 2 +1 2xy + 9y 2 = 0 .(3) 

can be written in the form 

(2.37 + 3y) (2# + 3y) = 0, 
and therefore represents the line 

2^7+3y=0, twice. 

If the equation ax 2 + 2 hxy + by 2 = 0 

represents the two lines through the origin of gradients 
m 1 and m 2 , then the lines are 

y — m 1 x =0 and y—m 2 x = 0. 

These are both represented by 

(y-m 1 x)(y-m. 2 x) = p, 


that is, ?/ 2 — (mj +m 2 )xy + m l m 2 x 2 = 0.(I) 

But ax 2 +2hxy -\-by 2 = 0 

can be written in the form 

+y. ay + g . a 2 = 0.(II) 


Hence (I) and (II) must be the same equation. Therefore 

2h .. (X 

mi+m 2 =—y and m{m 2 = ^ .(HI) 

These relations are important, as the following exercises 
will show. 
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PM C ? n o lition tl,at tJie two Iines represented by the 
equation ax- + 2kvi/ + b r = Q may be perpendicular to one another. 

Let the gradients of the lines be ?/i, and m 2 . 

Then either m . = - — or m n = - — 

that is > 'm ) rn 2 + 1=0. 


a 


5 + 1=0 


Hence, from (III), 
or ci + b = 0. 

nece^u-y! 16 ^ "* revelsible > the condition is sufficient as well as 
Ex. 2 Find the condition that the gradient of one of the lines 

e ra^e"ta + ^t^° Sh0Ukl " e d ° Uble that ° f the ° ther - 


Then either 
that is, 
Therefore 
or 
or 

or, by (III), 
or 


w,=2»i 2 or m 2 = '2m u 
m i ~ 2t/i 2 = 0 or m 2 - 2 m 1 = 0. 
(™i - 2in.,)(jn 2 - 2™ 1 ) = 0, 
b?)l^?n 2 - 2(771,2 + Ttto2) = 0, 

97>l 1 77l 2 -2(?7? I +m 2 ) 2 = 0, 

9a _8/* 2 
b b* 


8/t 2 = 9«6. 

ni™ 6 .,* 6 ste P s are rev ersible, the condition is sufficient as well as 

Ex. 3. Prove that the condition that the gradient of one of the 

b radie r nt P n e f H ed + 2/ ^ + ^ 2 = 0 should be the square of the 

fuffidfint ? h hel ’ 13 h “ 6 (“ + i )=6«W-843. Is the condition 

' 4 \ Eil ! d the necessary and sufficient condition that of the lines 
i ^presented by ax + 2/t.ry + bf = 0, twice the gradient of *>ne with 
tlu ice the gradient of the other should equal 5. - V^. 

• Ex ‘ 5 ‘ , E i nd the necessary and sufficient condition that one of the 
lines ax + Vixy + by 1 =0 should coincide with one of the lines 

a'x 2 + 2 h’xy + b’y 2 = 0. 

Ex. 6. Prove that the equation 

6j? 2 -f- 5 xy — 4y 2 =0 

represents the parallels through the origin to the lines 

6^ 2 + 5 xy - 4y 2 - lx +9y - 5 = 0. 

Ex. 7. Find the equations of the parallels through the origin to 
the lines 6^ + 5^-6/-7.r-4y + 2 = 0. 



•8*41/42] S ANGLE BETWEEN LINE-PAIR. S5 

V 

Ei.fS. Prove that the pair of lines 

bx 2 - 2 hxy 4- «?/ 2 = 0 
are the perpendiculars through the origin to the pair of lines 

ax 2 4- 2 hxy 4- by 2 = 0. 

Ex. 9. Find the equations of (i) the parallels, (ii) the perpendiculars 
through the origin to the lines represented by 

ax 2 4- 2 hxy 4- by 2 4- 2 gx + 2/y + c=0. 

42. Angle between the Lines ax 2 + 2hxy + by 2 = 0. Let the 
two lines represented by 

ax 2 +2 hxy + by 2 = 0 

be y = m 1 x .(1) and y = m 2 x .(2); 

then m l +m 2 = — ^.(3) and m{m 2 = g.(4), 

by equation (III) of § 41. 

Let 6 be the angle between lines (1) and (2); then, by § 35, 

tan Q = .(5) 

1 + m x m 2 

But (m 1 — m 2 ) 2 = (m x +m 2 ) 2 — 4m 1 m 2 

4/i 2 4<z 4 (h 2 —ab) c /ox i/., 

= -p-—y = - A -p-from (3) and (4). 

Therefore m, _ m 2 = ± a ~ . 

A Iso, from (4), 1 + m x m 2 = 1 + ^= 

Hence, = + 2 ^ 2 ~ a6 , 

1 + ?n 1 m 2 “ a + b 

and therefore, by (5), tan 6 = —, X 

3b —p D 

if the ambiguity in sign be dropped. 

- Cor. The lines are perpendicular if oj- 6 = 0. 

Ex. l.^Find the tangent i>f the acute angle between the lines 
;iven by the equation Sx 2 — Wxy 4- Zy 2 = 0. Find the angle from a 
ook of Tables. 


i 
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Ex. 2. Prove that the angle between the pair of lines 

3 x l - 7 .vy + 4 ?/ 2 = 0 

is equal to the angle between the pair Or 2 - 5.?y/ + if- = 0. 

Ex. 3. Prove that the angle between the pair of lines specified by 
the equation 2.r 2 - 5r„ - 3y 2 + .r+ 11;/ - 6 = 0 is equal to the angle 
between the pair specified by 2.r 2 - 5./://- 3// 2 = 0. 

- + + + 2gw + 2f'/ + c = 0 represents a pair of 

stiaight lines inclined at an angle 0 , prove that 

tan 0 = -=—. 

a + b 

n ^ 6.?; 2 - 11 xy - lO?/ 2 - 19y + c=0 represents two straight lines, 

theni 6 e ^ uatlons ie ^ nes an d tangent of the angle between 

a /•' 

v 43. The Bisectors of the Angles between the Lines 

ax 2 -f- 2hxy -|- by 2 = 0. 

Let the lines represented by the equation 

ax 2 + 2 hxy + by' 2 = 0 

k e y — m x x = 0 and y - m 2 x = 0, 

so that m 1 + m 2 = —2h/b and m 1 m 2 = a/b, by (III) of § 41. 

Let m x = tan 6 1 and m 2 = tan 0 2 .... 

Then if tan 0 is the gradient of a bisector, we may write 

tan 20 = tanT0 1 T^TX ' . $ ? 

therefore JL tan 6 = tan 0, + tan ft, V 

1 — tan 2 @ 1 — tan 6 1 tan 0 2 C* 

__ Wi + m 2 _ - 2A/6 2/t 

1 — mjn .2 1 — ct/6 a —6' 

Hence (a, - 6) tan ftse /t( 1 - tan 2 0) 

or /ttan 2 0 + (a — 6) tan 6 — /(. = (). .(1) 

If the equations of the bisectors are 

y — n 1 x = 0 and y — n 2 x = 0, .;.(2) 

n i and n 2 are the roots of (1), so that* 

n i + n 2 = ~ °J > and n x n 2 = — 1.(3) 
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Bfifc, from (2), the equation of the bisectors is 

(y-n^Xy-n^^O 

or . y 2 —(n 1 -\-n 2 )xy + n 1 n 2 x 2 = 0. 

Hence, from (3), the equation of the bisectors becomes 

o, a—b: 2 A 

y 2 -\ — ^—xy-x 2 = 0, 
hx 2 — (a — b)xy — hy 2 = 0, ^ 


or 


or 


_0/2 


r_ 


(6 — 6 


xy 
it * 


Ex. 1. If (.r, is a point on a bisector of the angles between 
y — m l x =0 and y show that 

(y-m v v) 2 (y-m^v) 2 
l-f-wq 2 l+m./ 

and deduce the equation of the bisectors of the angles between the 
line-pair ax 2 -f- 2kxy 4- by 2 = 0. 

Ex 2. If m is the gradient of a bisector of the angles formed by 
the lines y-m 1 x=0 and y—m 2 x=0 J show that 

+ mm 1 ~ 1 + mm^ ) ' 

and deduce the equation of the bisectors 'of the angles between the 
line-pair ax 2 + Zhxy + by 2 =0. V 

44. Harmonic Ranges. If A, B, C, D are four points oh 
an axis such that AC AD 

CB~ ~T)B’ . (1) 

that is, such that AB is divided internally and externally 
in the same ratio at C and D (Fig. 32), then AB is said to' 

- 1 - 1 - 


C 


B 

Fig. 32. 


D 


be divided harmonically at C and D, 
also be written in the form 


Equation (1) may 


CA 


CB 


AD~ BD 9 
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so that CD is at the same time divided harmonically by 
A and />. A, B, C, D form a harmonic range; A and B 
torm one pair of conjugate points of the range, C and D 
torm another pair. We also say that ( A BCD) is a harmonic 


range. 


If A, B, C, D lie on an .r-axis, origin 0, and if their 
abscissae are x v x 2 , .r,, x 4 respectively, then 

AC=OC-OA=x s — x 1 ; CB = x 2 -x 3 ; 


AD = x 4 — x,; 


DB = x 2 — x 4 . 


Hence 

e 


- r 3-fti = x A -x x 

x 2 x. 


( 2 ) 


^2 "" ^3 

which may be written in the form 

( x i + x 2 )(x 3 + x 4 ) = 2(x 1 x 2 + x 3 x 4 ). . v-/ 

Since these steps are reversible, relations (1) and (2) are 
equivalent. * 7 v 7 

The relation (2) has three important forms as follows. 

?• + If /4 is a harmonic ran » e > and 0 is the middle 
point of AB, then 0 A*=OC.OD, 

and conversely. 

Take 0 to be the origin of the axis on which lie the 
points A B , C, D Then we may put x, = - x, or x, + a. = 0 
ln (2), when we obtain, after division by 2, 

0= ““^i 2 + ^3^4 

OI* nr* 2 —. /v» /v, 

• 

But Zj 2 = CM 2 , x 3 = OC, x 4 = OD. 

Hon ce 0A-=0C.0D. 

o Since the steps are reversible, the converse holds. 

II. If ( ABCD ) is a harmonic range, then 


2 


JL 

4 


AG^AIf 

and conversely. 

Take A to be the origin of the axis on which lie the 
obtain’ Phen ^ may PUt 3:1 = 0 in e< l uation (2), when we 


^2 ('^3 *^ 4 ) — 2 X ^ Xa • 
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§ 44 ] 


Divide both sides by x 2 x 3 x 4 ; 


then 


i + l = 2 


x 


x 3 X, 


But 


Therefore 


x 2 = AB, x 3 = AC, x, = AD. 


2 


a nA~ 


AB~ AC ABi 


Since the steps are reversible, the converse'holds. 

III. If the roots of the equations 

ax 2 + 2bx + c = 0 and ax 2 + Zb'x + c' = 0 

are the abscissae of A and B, and C and D, where ( ABCD) 
is a harmonic range, 

then ac + ac = 2bb', 

and conversely. 

2 b c 


For 


x 


x n = — 


a 


X 1 X 2 = ~ > 
1 z a 


Xo + X A = - 


2b' c' 

a’ ~ a 


Substitute in (2); 


then 


4 bV 


aa 


=2(-+i) 

\a a J 


or ac' + a'c = 2 bb'. 

Since the steps are reversible, the converse holds. 

Ex. 1. If (ABCD) is a harmonic range and O’ bisects CD. prove 
that BC . BD=BA . BO, and conversely. 

Ex. 2. If (ABCD) is a harmonic range, 0 and O the middle poirts 
of AB and CD, prove that 

(i) AC. AO — AD. OC; (ii) AB 2 + CD 2 =400 ' 2 ; 

(iii) AB.CD+2AD.BC=0 ; (iv) CA . CB+DA . DB— CD 2 . 

Ex. 3. If (ABCD) is a harmonic range and P any point on the line 
of the range, prove that 

(i) PA.BC+PB.AD+PC.DB+PD. CA= 0; 

(H) 2 PB_PC PD 

( ) 2 AB~ A C + AD' 
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45. Fundamental Theorem. The following theorem is of 
fundamental importance. 

Let (ABCD) be a harmonic range , avd let lines be drawn 
from any 'point 0 outside tire line of the ranqe to posts 
through A, B, C, D (Fig. 3.3). If any line A'B'C'D' be 

• °, B - B, C, V respectively, 

uceti {a n c JJ ) is also a harmonic range. 



Fig. 33. 


Through C and C’ draw XCY and X'C'Y parallel to OD 
to meet OA and OB in X and Y, and X' and Y' 
respectively. 


Then 


AC__AD 

CB~ DB’ 


since (ABCD) is a harmonic range; 


therefore 


AC _ CB 
AD~ DB ' 



But 


AC XC 
AD OD 


since triangles ACX, ADO are similar, 
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and 


OB YC 
1)B ~ OD’ 


since triangles CB Y, DBO are similar. 

Substituting these values in (1), we obtain 

XC YC . 

0D~ OD’ 

therefore XC= — YC. 

Hence C is the middle point of X Y . 

CX 


( 2 ) 


OC YC OC 

But ^ and = ^, from similar triangles. 


Therefore 


CX YC 


CX' Y'C 


/ 5 


hence CX'= Y'C', since CX = YC, by (2). 

We may now reverse the steps from (2) to (1), using 
dashed letters, whence we obtain 

A'C A'D '. 


C'B' 


- F'v/ 71/5 


D'B 


or (A'B'C'D') is a harmonic range. 


46. Harmonic Pencils. If four straight lines OA , OB , 
OC, OD are drawn from a point 0 to four points A, B, 0, D, 
which are such that ( ABCD) is a harmonic range, ( the 
four lines, called rays, form a harmonic pencil ; and if any 
line, called a transversal, be drawn to meet the rays, the 
four points of intersection with the rays form a harmonic 
range, by the theorem of § 45. O(ABCD) is called a 
harmonic pencil; OA and OB form one pair of conjugate 
rays, OC and OD the other pair. Certain forms of the 
equations of the rays of a harmonic pencil are important; 
these we proceed to investigate. 

I. The lines y=±kx are harmonically conjugate with 
respect to the lines x = 0 and y = 0 for any value of k . 

Consider the four lines 

y = kx (i), y=—kx (ii), x = 0 (iii), y = 0 (iv). 
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(?) f : ! + a P 0lnt A ( x i . ?/i); through A draw a line to 
meet (in) in 6 and (iv) in D. Mark on the line the point 

2 / 2 )> ^e harmonic conjugate of A with respect to 
C and I). 

A0_ AD 
CB ~ D B 


Then 


m 

= n ’ Say 


so that 0 is the point 

'mx 2 + nx 1 my 2 +nyA 
m + n 9 m+n ) 

and D is the point 

ix 2 — nx 1 my 2 -ny, \ 
m — n 9 m — n ) 

It remains to show that B lies on (ii). 

C lies on (iii), therefore nXl = 0 Q r 

m + n 


c 

t 

c 


m 

n 

m 


_ / X 

= .(v) 


X 


D lies on (iv), therefore VlHi—Villi _ q or 

m — n n 

Hence, from (v) and (vi), 


Vi 

2/2 


(vi) 


But & 

x. 


Vs + Vi = Q or 

X 2 V 2 


y_\y_2 

X \ 



— Jc, since A lies on (i); therefore 


/c+ l ? = 0 or 2/2 =- /ot 2> 

2 

that is, B lies on (ii). 

The proof does not assume that the axes are rectangular, 
so that we have at the same time an analytical proof of 
the Fundamental Theorem. If the axes are rectangular, 
there is an easy geometrical proof depending on Euc. VI. 3, 
which is left to the reader. 


II. The lines ax + by + c = + lc{a'x+b'y+ c) are harmoni¬ 
cally conjugate with respect to the lines 

ax + by + c — 0 and ax + b'y + c = 0, 
for any value of h. 
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Consider the four lines 

ax + by + c = Jc(a'x + b'y + c'\ .(i) 

. . ax + by + c = — k(a'x + b'y+ c'), .(ii) 

ax + by + c = 0,.(iii) ax + b'y + c' = 0.(iv) 

On (i) take a point A(x lf y x ) (Fig. 33, p. 90); through A 
draw a line to meet (iii) in C and (iv) in D. Mark on the 
line the point B(x 2 , y 2 ), which is the harmonic conjugate of 
A with respect to C and D. 

rni AO AD 1TI 

rh6n CB=~m = n’ Say ’ 

and therefore the coordinates of C and D have the same 
form as in Case I. 

It remains to show that B lies on (ii). 

G lies on (iii); therefore 

a («; + nx-,) b(my 2 + ny x ) g Q 
m+n m + n ’ 


that is, 


m 


_ _ax 1 +by 1 +c 

ax 2 -\-by 2 + c .' ' 


(vi) 


D lies on (iv); therefore 

a(mx 2 -nx x ) b'(my 2 -ny ,) Q 
m — n m — n , 

that is, m a x 1 + b'y, + c' 

n a'x 2 + b'y 2 + c . (V1) 

Hence, from (v) and (vi), 

ax l + by l + c ax x + b'y 1 + c ' _ Q 
ax 2 + by 2 + c~*~ ax 2 + b'y 2 + c 

or ax x + by,+c ax 2 + by 2 +c 

a’x x + b'y 1 + c /_r a'x 2 + b'y 2 + c' 

But = since A lies on (i); therefore 

CCCC 1 u^lf 1 o 

k+ Jxl+b : y 2 + c' = ° ° r + by 2 +c=- k(a'x 2 + Uy 2 + c'), 

that is, B lies on (ii). 


or 
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Note that this is also an analytical proof of the Funda¬ 
mental Theorem. 

, III. The lines 

ax 1 + 2hxy + by 2 = 0 , (i) and (ii), 
are harmonically conjugate with respect to the lines 

a x 1 -f 2h'xy + b'y- = 0 , (iii) and (iv), 
if ah' + ah = 2hh'. 

Let the transversal y = l meet the lines (i) and (ii) in 
points denoted by their abscissae x x and x 0i and the lines 
(in) and (iv) in a 3 and a- 4 (Fig. 34). Then (i), (ii), (iii), (iv) 



form a harmonic pencil if (x x x. 2 x 3 x^) is a harmonic range. 
But x x and x 2 are the roots of ax 2 -f- 2hx~{~b = 0 ; and x 3 and 
x 4 are the roots ci x 2 -}-2h'x-l-b / = 0. Therefore (x^^XoxA is 
a harmonic range if ab'+a'b = 2hh\ by §44, III. 

I he method of proof used in I and II may be used here 
also, and is left as an exercise to the reader. 

EXERCISES XIII. 

1. If the line joining A(x lf y,) and B(x 2i y 2 ) meet the line 

ax -\-bt/ + c =0 
A C__ _ a.r ] 4 - b?/ l 4 - c 
CB ax 2 + by 2 + c 


in C, prove that 


CONJUGATE PAIRS OF LINES. 


95 


$46l 


2. If a transversal DEF meet the sides BC , (7A, AB of triangle 
ABC in D, P, F respectively, prove that 

BD CE AF 
DC ' EA * FBT ’ 

and conversely (Menelaus’s Theorem). 

3. If the line joining A{a? ly y 2 ) and B(x 2i yi) be cut i n C by the 
line joining (x 3i y 3 ) and (.r 4 , y A \ prove that 

AC = x^, 3 -.r.,//, + .r, i y 4 - x 4 y 3 + x t y x - x lt y 4 
VB x 2 >/ 3 -x 3 i/ 2 + x 3i / i -x t y 3 + x i y i - .r 2 y 4 ‘ 

4. If the lines joining the vertices A, B, C of triangle ABC to any 

point S meet the opposite sides BC , CA, AB respectively in D, E, F\ 
prove that PZ> CE A F 

UC'EA'FB~ +l ' 

and conversely (Ceva’s Theorem). 

5. (ABCD) is a harmonic range on the .r-axis. The abscissae of 
A and B are the roots of the equation x l — 7a* + 5 = 0 and the abscissa 
of C is — 1 ; find the abscissa of D. 

6. The points on the .r-axis denoted by # 2 + 3.r — 2 = 0 are harmoni¬ 
cally conjugate with respect to the pair denoted by x 2 + 5x + q = 0 ; 
find the value of q. 

7. The points P, Q are harmonic conjugates with respect t6 the 
points x 1 =4 and x 2 = 7, and also with respect to .r 3 = — 5, x A = — 2, 
where all the points lie on the .r-axis ; find the abscissae of P and Q. 

8. The three pairs of points x=2 and .r = 6 ; x=Z and .r = 4 ; 
— 1 and x=k have a common segment of harmonic section ; find the 

value of k. 

9. Prove that the pair of points denoted by 

{ax + b){b'x -f- c') = ( a'x + b')(bx 4- c) 

is harmonically conjugate with respect to both pairs of points 
denoted by ax 2 + 2 bx+c = 0 and a'x 2 + 2 b'x -f c = 0. 

10. If the points x ly x 2 , x 3 , x 4 on the .r-axis form a harmonic range, 
so do the points y l9 y 2 , y 3 , y A on the y-axis, where 

ax+b 

y =- 

J cx + d 

11. Prove that the lines 

2x 2 — 2xy — y 2 = 0 and x 2 + 3xy —y 2 =0 
form a harmonic pencil.. 

12. The lines 

5 x 2 -xy- y 2 =d) and 4x 2 + kxy - 3 y 2 = 0 
form a harmonic pencil ; find k. 
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13. The equations of three rays of a harmonic pencil are 

2.r-?/ + 3 = 0, 3x — Ay + 7 = 0, x-y+2=0 ; 

find the equation of the fourth ray, the first two rays being conjugate 

14. Prove that the four lines 


5.c - 2y +1 =0, x+ 2y -4 = 0, 

13.r - 1 0 ?/ +11=0, 1 lx - 2 y - 5 = 0 

form a harmonic pencil. 

15. The lines y = m x x and y — m 2 x are harmonically conjugate with 
respect to y=m 3 x and ?/ = m 4 .r, if 


~ m 3 m 4 -m 2 _ _ l 

m z — m 2 m l —m i 

16. The lines y = m v v and y—m^c are harmonically conjugate with 
respect to the lines ax z + 2/txy + by 2 = 0, if 

a + h (m x + m 2 ) + bm 1 m 2 = 0 . 

17. If y=m 1 x , y=m^v, y = m^x, y = m A x form a harmonic pencil, so do 


where 


y = n v v , y = n.yx, y = n^ y y = n k x, 

_ a + bin 
c + dm 


18. If one pair of conjugate rays of a harmonic pencil are at right 
angles, they are the bisectors of the angles formed by the other pair, 
and conversely. 


47. Three or More Lines through the Origin. 

Let y TTiyC = 0 (1), y — m 2 x = 0(2), y — m 3 cc = 0 (3) 

be three lines through the origin. Then the equation 

(y — m 1 x)(y — m^c)(y--rri 2 x) = 0 .f4) 

represents the lines (1), (2), (3). 

If (4) be expanded, it takes the form 
2 / 3 — (m 1 + m 2 + m s )y 2 x + (m 2 m 3 + yx 2 

— m.in^n^c 3 = 0 . 

This is of the form 


ax 3 •+ 0x l y + cxy 2 + dy 3 = 0, 
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so that (5) represents three straight lines through 
origin of gradients m ly m 2 , m 3y where 


m l + m 2 + m 3 = 



b 


m 2 m 3 + m 3 m 1 + m{in 2 = ; 


the 


m 1 ra 2 m 3 = 

Similarly, the equation 




ax 4 + bx 3 y + cx 2 y 2 + dxy 3 + ey* = 0 
represents four straight lines through the origin ; and so on. 


Ex. 1. Find the condition that two of the three lines 

ax 3 + bx 2 y 4- cxy 2 -f- dy 3 = 0 

should be at right angles. 

Let the gradients of the lines be m l9 m *, m 3 . 

Then either (l+m l m 2 ) = 0 or (l+m 2 m 3 )=0 or (1 +m 3 m x )=0. 
Therefore (1 +m 2 m 3 )(l + m 3 m 1 ) = O y 

that is, 1 + (^ 1^2 + , m 2 m 3 + rn 3 m{) -f- + m 2 + m 3 ) +=0; 

therefore, by (6) above, 



i , c a* 

1 T “} + • ^> + “7^ = 0 

a d d d l 


a 2 + ac + bd+d 2 = 0. 


Since the steps are reversible, the condition is sufficient as well as 
necessary. 


Ex. 2. Find the necessary and sufficient condition that the gradient 
of one of the lines S23ecified by the equation 

y 3 “ P\V 2 ' V + Pi?/* 2 - P&? = 0 

be equal to the product of the other two. 

Ex. 3. If the gradient of one of the three lines 

V 3 ~ P\V 2x + PM* 2 - p^ = 0 

be equal to the sum of the other two, prove that 

Pi 3 - *PiP% + 8^3 = 0 ; ' 

and show that the condition is sufficient. 


Ex. 4. If the gradients of the four lines specified by the equation 

+ p*y 2 x 2 -p 3 yx 3 +p A x A = 0 

fslufficien?° r ^ I0D5 pr ° Ve tliat Pz^PiP i 2 ; ancl P rove that this condition 


G.A.G. 


G 
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48. Change of Origin. Let X'OX, Y'OY be a rectangular 
system of reference, and let tj'wq be another rect¬ 

angular system of reference, the x- and £-axes being 
parallel and the y- and */-axes also parallel (Fig. 35). 

Let (x,y) be the coordinates or a point P referred to 
A r OX, Y'OY; let (£ rj) be the coordinates of P referred 
to £' 0) £> \ ^ (h, k) be the coordinates of co referred to 

X'OX, Y'OY • 

^ ien x = ^+h and y = ^-f-k. 

Proof. Let fcorj meet X'OX in H , and let MP, NP be 
the ordinates of P referred to the two systems, M lying on 
X'OX and N on £'tog. 



Fig. 35. 


Then x = OM = 0H+ HM = OH + wN= h +£= £+ h ; 
y = MP = MN + NP = Ho) + NP = k + rj = tj-{-k. 

For example, if the bisector of the angle XOY be referred to parallel 
axes through ( 2 , 1 ), its equation referred to the new axes 7 /( 077 is 

t?=£+i. 

For y=x (i) is its equation referred to the first axes ; put 

z = £ + h = £ + 2 and y = 7/-f £ = 77 + 1 
in (i) ; then we obtain 

77 + I =£ + 2 or T7 = £-fl 

as the equation of the line referred to the new axes. This is easily 
verified from a figure. 


48, 49] 


CHANGE OF ORIGIN AND AXES. 
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49 Rotation of Axes. It is sometimes useful to change 
from one system of rectangular axes of reference to 
another formed by rotating the old axes through an ang , 
we proceed to find the formulae necessary foi the tians 

^Let'g'Og rj'Ot] be rectangular axes obtained by rotating 
the rectangular axes X'OX, TOY through an angle 0 
(Fig. 36); let (x, y) and (£ >,) be the coordinates of a point 

p referred to the two systems. 

Then x = £cos 0 — r) sin 0, 

v = £ sin 6 + v cos 0. 



Fig. 36. 


Let angle £OP = <f>. 

Then x = OP cos (0 + (j>) 

= OP (cos 0 cos <j> — sin 0 sin <j>) 

= (OP cos <p) . cos 0 — (OP sin cf>) . sin 6 
— £ cos 0 — y\ sin 0. 

Also y — OP sin (0 + (f>) 

= OP (sin 0 cos <j> + cos 0 sin cj>) 

= (OP cos <j >). sin 0 + (OP sin <p) . cos 0 
= £sin 0 + ^cos 0. 
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Ex. 1. What is the equation of the line 2.r-3?/ = 5 (i) referred to 

parallel axes £'£ and j/tj drawn through the point ( — 1 , - 3 ) referred 
to the x- and ?/-axes ? 

Put x = £ + h = £— 1 and y = r] + k = 7) — 3 in equation (i). We obtain 
2(£ ■“ 1) — 3 (tj — 3) = 5 or 2^ — 3//+ 2 = 0 as the equation of line (i), when 
referred to the £- and 77 -axes. 

Ex. 2 . Find the equation of the line 3.r — 2?/ = 5 referred to parallel 

axes and 77'77 through the point (1, -1) referred to the old axes. 
Proceeding as in Ex. 1, we obtain as the equation 

3(£ + l) — 2(77 —1) = 5 or 3$ = 2rj .(ii) 

It appears that the line passes through the new origin, as it must, 
since (1, —1) lies on 3.r-2// = 5. Since the gradient in each case is 
3/2, it is clear that equation (ii) is correct. 


EXERCISES XIV. 

1. The two lines 3x — 4?/ + 2 = 0 and x-y-\- 1=0, when referred to 

parallel axes £'£ and 77 * 77 , are represented by the equations 3£ = 4rj and 

£ = 77 respectively. Find the coordinates of the new origin referred to 
the x- and ?/-axes. 

2. The lines (x -y + 2)(x + y + 4) = 0, 

when referred to parallel axes through the point (A, 1c\ are represented 
by the equation £ 2 _^ 2 _o. 

Find h and Jc. 

3. Prove that the parallels through the origin to the lines 

2x? + 5 ocy — 3 y 2 — 3x + 5y — 2 = 0 
are the lines 2 .r 2 + 5 xy — 3y 2 = 0 . 

4. Find the equation of the parallels through the origin to the lines 

ax 2 + 2 hxy + by 2 + 2 gx + 2 fy + c = 0 . 

5. If 6 is the angle between the lines 

ax 2 + 2 hxy + by 2 + 2 gx + 2 fy + c = 0 , 

prove that tan 0 = 2 \!h 2 - ab/(a + b). 

Prove also that the lines are perpendicular if a + 6=0. 

6 . Prove that the equation 

a(x — p) 2 + 2 A (x - p)(y - q) + b{y — q) 2 = 0 
represents two straight lines passing through the point (p , q). 

7. Prove that any pair of perpendicular lines through the point 
( p , q) can be represented by the equation 

(x - p) 2 + 2 h (x -p) (y - q) - (y - q) 2 = 0 , 

where A is a varying constant (parameter). 
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If such a pair intersect the ir-axis in A and A', and the y- axis in 
B and B', prove that 

(i) OA.OA'-p(OA + OA')+p* + q 2 =°» 

(ii) OA . OA'/OB .OB=- 1. 

8. If the line-pair , „ 

ax 2 + 2hxy + by 2 + 2gx+ Vfy + c= 0 .t > 

be referred to parallel axes through (p, q) so that their equation takes 
the form af 2 4- 2A£77 + brf 2 = 0, 

find p and q in terms of the coefficients of (i). 

9. Parallels to the lines 

ax 2 + 2 hxy 4- by 2, — 0 

instead of parallels, find the equation of the bisectors of the ang 
so formed. 

10 If a given line be referred to parallel axes through any point 
on a line parallel to the given line, then the new equation of the line 
is of the P same form whatever be the position of the origin on the 

parallel line. 

11. Find the equation, referred back to the x- and y-axes, o 
a straight line whose equation referred to parallel axes ££ and rjp 
through the point a-=3, y= -2 is 12£ — 7?/ = ll. 

12 Through the point ar=l, y=-l are drawn and 17-axes 
parallel to the x- and y- axes. The equation of a line-pair referred to 

the £- and 77-axes is 

4^ 2 4- 4^77 — 3t7 2 — 2 J 4- 577 — 2 = 0. 

What is the equation of the line-pair referred to the x- and y- axes? 

13. Find what the equation 2.r-?/4-3 = 0 becomes when the axes 
are turned through 45°. 

14. Find what the equation 

x 2 - y 2 - 2 J2x - 10 J2y 4- 2 = 0 

becomes if the axes are turned through 45°. 

15. Transform the equation 

(x 2 -y 2 ) 2 = a 2 (x 2 +y 2 ) 

to an equation referred to axes which bisect the angles between the 
original axes. 

16. Transfot^ the equation x?+y 3 =a? to another set of rectangular 
axes’which have revolved in a negative direction through an angle 

^ from the given axes. 
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17. Transform the equation 

(a 2 -f- b 2 )(.v 2 +y 2 ) + 2(a 2 - 0 2 )ay = 2a 2 6 2 

it “SS 3 if f SS, Rn « ,e - f0 ™ ed *• -g-l and reduce 

18. Transform the equation **-a*ycot &.-,«-«* by turning the 
axes through an angle («.-?), and thence graph the equation. 

19* Transform the equation 

‘* 2 ~?/ 2 ~ 4 x /2.r - 8 N /% + 4 = 0 

D 0 intf ni 2 S th A iUX f t,1 ;' OU " 1 ’ 45 ° and then moving the origin to the 

H n H ~ 8) ,ef r ,ed fco the axes so turned. Show tffilVec, ua- 

on then becomes £7 = 14, and thence graph the given equation. 

20. If the expression 

tf.r 2 + 2/t.vy + by 2 + 2gx + 2fy + c 

bjr . .* u “ *»* <§ .. ^ $, i„,„ 

a '£ 2 + 2/t '€v + &V + 2g*£ + 2/t; + c\ 
prove that a ' = a cos 2 0 + 2 A sin 0 cos 0 +&sin 2 0 , 

b'=a sin 2 0 — 24 sin 0cos 0 + 6cos 2 0, 

4' = (^ _ a ) 8 i n Q cos 0+A(cos 2 0 - sin 2 0), 
and then show that a + & = «' + £', ab-h 2 =a'b'-h'\ 

whatever be the angle 0. 

Show tK^TXr^lf ,S 2 8 +iV rotation of axes, 
a'=_ 2 7 f beconies «'f’ + 6V. show that a'= 6, 6'=-7 or 


22 . 


If the axes are turned through 45°, show that the equation 

x 3 +y 3 = 3 axy 

3? ? 2 (\/2. a + 2£) = 3«/2. a£ 2 - sjg 3 . 


becomes 



CHAPTER VII. 


THE CIRCLE. 

50. Equation of a Circle. A circle is specified when we 
know the position of the centre and the length of the 
radius. 

Let axes X'OX , Y'OY be drawn, and scale-units fixed. 



I. Suppose the origin 0 is the centre of the circle. 
Let r = radius of circle. 
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Let P(h, k) be a point on the circle (Fig. 37), M the 
projection of P on X'OX. 

Then Oil/ 2 + MP 2 = 0 P 2 , 

that is, h 2 + 7»: 2 = r 2 . 

V\ riting x for Ji and y for k to indicate a variable point 
on the circle, we get 

x 2 + y 2 = r 2 

as the equation of the circle. 

II. Suppose 0, the origin, is not the centre of the circle. 

Then the centre of the circle, as well as the radius, must 
be specified. 



Let (a, b) be the coordinates of the centre. 
Let r = radius of circle. 

Let P(A, lc) be any point on the circle. 









EQUATION OF A CIRCLE. 
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We have to translate the defining property of a circle 
into an equation connecting h and k with the constants 
a , b y r which specify the circle. 

Let C be the centre of the circle. 

Let H y M (Fig. 38) be the projections of C , P on X'OX . 

Let the parallel to X'OX through C meet MP in N. 

Then 0H=a, HC=b } 0M = h, MP = k. 

Hence CN=HM = 0M- 0H=h-a; .(1) 

and NP = MP - MN= MP -HC=k-b .(2) 

But the defining property of the circle gives the equation 

CP 2 = r 2 . 

Therefore ON 2 + NP 2 = r 2 , 

or {li — a) 2 -\-(le — 6) 2 = r 2 , by (1) and (2). 

Writing x for h and y for k to represent a variable point 
on the circle, we get 

(;x — cc) 2 -f (y — b) 2 = r 2 . 

If then a system of rectangular axes be chosen, so that a 
circle, radius r, has its centre at the point (a, 6), the circle 
can be represented by the equation 

(x — a) 2 + (y~b) 2 = r 2 . 

If (x — a) 2 y (y — b) 2 be expanded, we shall obtain an 
equation containing terms in x 2 } y 2 y x y y and an absolute 
term; but the coefficients of x 2 and y 2 will be equal , and 
the equation will contain no term in xy. Hence a circle, 
specified with reference to rectangular axes, can be repre¬ 
sented by equations of the three forms, 

(x - a) 2 +(y - b) 2 = r 2 , 
x 2 +y 2 + 2gx + 2fy + c = 0, 

Ax 2 + Ay 2 + 2Gx + 2Fy + C = 0. 


Ex. 1. Find the equations of the circles specified as follows : 

(i) centre (0, 0) ; radius 2. 

.r 2 +?/ 2 = r 2 becomes # 2 +y 2 = 4. 

(ii) centre (0, 0) ; radius 4. (iii) centre (0, 0) ; radius 5. 
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O' 1 ') centre (-3, 1) ; radius 2. 

(.r— </)- +(y — b) 2 = r 2 becomes (.r-f 3) 2 + (?/- l) 2 = 2 2 
t iat is ’ a- 2 4-;/ 2 + G.r - 2// + 6 = 0. 

(V) centre ( -2, 2) ; radius 2. (vi) centre (2, 1) ; radius 3. 

(vu) centre (0, 1) ; radius I. (viii) centre (0, -1) ; radius 2. 

Ox) centre (2, 0) : radius 3. (x) centre (-3, 0); radius 5. 

(xi) centre (2, -3) ; radius 1. (xii) centre (-3, 4) ; radius 7. 

(xi.ii) centre (2, - f) ; radius £. (xiv) centre (-§, -£) ; radius ■>. 

n! wfch pasls'^hrolglf tLpoS (??> Wb ~ is tb * 

(-t'-I) andthich ^ 

n E f n 4 ; r ,J"\ d 4 e ec > uafci , on the circle whose centre is the point 
( , ) and which passes through the point (9, ]4). ^ 

cutatht' JS the P ° i,ltS in Whicb tbe circle > centre (2- -3), radius 5, 
cufs X the4-a£ the P ° infcS ‘ n Wbicb tbe circle > centre ( 5 > 1), radius 13, 
2i E cutethJ'line S1 =0. tS “ tbe Ci,de ’ Centre ("1. 4X radius 

tre is (a> *> 

51. The equation x 2 + y 2 + 2gx + 2fy + c = 0 represents a circle. 

The converse of the preceding section is as follows : 

Any equation of the form 

a: 2 +2/ 2 +2 S ra: + 2/y + c = 0 .(1) 

or Ax>+Ay*+2Gx+2Fy + C=0 .(2) 

referred to rectangular axes, represents a circle. 

For (1) and (2) are equivalent to 

(x+gY+{y+f?=g* + p- c . (1 y 

and (., ;+ |; +(y+ |; =( |; +( ry c. w 







107 


50, 51] GENERAL EQUATION OF A CIRCLE, 
and therefore represent circles whose centres are respectively 

( Q_ Jj T\ 

— j-> — 2 [J,and whose radii are respectively 
J ( f +p-c and JG* + F*-AC/A. 


Ex. 1. Prove that the equation x 2 + y 2 + 2x + 2y +1 = 0 represents a 
circle whose centre is the point (—1, — 1) and whose radius is 1. 
Collecting the terms in x, and the terms in y, we get 

(x 2 + 2x) -f (y 2 + 2y) +1 = 0. 



Completing the squares, we have 

(.r 2 + 2.r +1) + (y 2 + 2y +1) +1 = 2, 

that is, (^-hl) 2 + (y + l) 2 =l 2 , 

or distance of (.r, y) from ( — 1, — 1) is 1. 

Hence locus of (x, y) is the circle centre (-1, -1), radius 1. (See 
Fig. 39.) 
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Ex. 2 . Find the centre and 
(i) x' + ?/ 2 - G.r - 8y = 0 ; 
(iii) x 2 +y 2 — 2 .r + 2y = 23 ; 


radius of each of the following circles : 
(ii) x 2 -\-y 2 + 6 .v + 8 y-f 9 = 0 ; 

(iv) x 2 +y 2 + 4x-6y = S. 



Fig. 40. 


. ®?■ 3 ; Choose axes and scale-units, and draw the circles represented 
by the following equations. Specify the centre and radius of each. 

(i) x 2 +y 2 =4 ; (ji) , t . 2 + ^ 2_ 9 = 0 . 

(iii) x 2 +y 2 — 2^+4y + l =0 ; (iv) x 2 +y 2 — 4x- 6y-3 = 0 ; 

(v) ,r 2 +y 2 + 2 ,r — 2y = 2 ; (vi) 2 .r 2 + % 2 - 6 .r- 2 y + 3 = 0 ; 

(vii) + 2y 2 +10^; — 6 y — 1 =0 ; (viii) 3.r- + 3y 2 - 2 .r + 4 y = 0 ; 

(ix) 5x 2 +5y 2 +5x+5y = 8. 

Note-, (vi) may be written in the form (x -») 2 + ( v _i ) 2 = i which 
represents the circle of Fig. 40. - -) > 


Ex. 4. Find the equation of the circle described on the line ioinine 
( - 1, - 1) and (2, 5) as diameter. 8 

Let {h, k) be a point on the circle (Fig. 41). 
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The gradient of join of (/*, k) to ( - 1, — 1) is ^ ^ 


k+l 


And gradient of join of (k, k) to (2, 5) is j —5, 

^ fl — 2 



But these lines form an angle in a semicircle, or a right angle. 


Hence 


therefore 


^“l* 1 & 5 l/Q I A\ 

A+i-h= 2 =- 1 (§ 19 >; 

h 2 + k 2 -h-±Ic-7=0. 


Write x'y y for k y h to represent a variable point on the circle ; 
the required equation is 

x 2 +y 2 — x — 4y = 7. 


52. Worked Examples. We shall now work some examples 
on the mode of translating into an analytical equation the 
conditiops that specify a circle geometrically. 

Ex. 1. A and B are the points (2, 0) and (-2, 0) respectively. 
A variable point P moves so that PA 2 + 2P5 2 = 22| ; prove that the 
locus of P is a circle of radius 2, whose centre is C, the point of 
trisection of AB nearest to B. 

Let (ky k ) be a point P on the locus (Fig. 42). 

Then PA 2 =(k- 2) 2 + k 2 ; PB? = (h + 2) 2 + R 



110 

But 

therefore 
that is, 
or 
or 


ANALYTICAL ('. KOMKTRY. 


/M 2 + 2/7*2 = 225 ; 

(4-2) a + /■-' + 2(4 + 2) 2 + 24 2 
34-'+ 34-' + 44 = 10 2 , 
4 2 + 4-+ ^4 = 3{j, 
(h + ‘if + 4* = 4. 
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o 2 2 
— • 1 
o 





Writing .r, ?/, for h , £ to denote a variable point on the locus, we get 

C*+§) 2 +.y 2 =4, 

which is the equation of the locus, and represents a circle, radius 2 
and/centre (— 3 , 0 ) or C. 

o m If ^. an , d B a V e the P oints («> 0) and (6, 0), and /> is 

P 0lllfc ^? ve tlie A’-axis such that angle APB is 45 °, prove 
that the locus Ci / is an arc of a circle passing through A and B. 

-Let ±\/ty k) be a point on the locus. 

k 

h —a 

_ m x — m 2 


The gradient of PA is -A- and the gradient of PB is k 


h—b' 


Hence, using the formula tan 0 == ^— Vh. (s 35 \ 
, 1 +m.m 9 7 ’ 

we have 4 . , 


h — b li — 


a 


1 + 


= i; 


h — b h —a 
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Ill 


therefore 

that is, 
or 


k(Ji — a) — k(Ji — b) 

(h-b)(k-aj+T*- 1 ' 

h 2 -h(a + b) + ab + k 2 =k(b-a) 
h 2 + k 2 — h(a 4- b) 4- k(a - b) 4- ab = 0. 


Writing x\ y for h , k to indicate the variable point P, we get 


x 2 4 -y 2 - x(a 4- b) +y(a — b) + ab = 0. 


The locus of P is therefore a circle, passing through (a, 0) and (b y 0). 


Ex. 3. Find the equation of the circle which passes through the 
three points (1, -1), (1, 4), (4, -2). 

Let the required equation be 

x 2 +y 2 + 2 gx 4- 2/y + c =0, 

so that it remains to determine g,f, c. 

Since (1, — 1) lies on the circle, we have 


1 4-1 4-2</- 2/4-c = 0 

or 2<7 — 2/*4-c 4-2=0,.(1) 

Similarly, since (1, 4) and (4, -2) lie on the circle, 

% + 8/+c4-17=0 .(2) 

and 8 g - 4/4- c 4- 20 = 0.(3) 


0)> (2), (3) are three simultaneous equations in g , f y c. 
From (2) subtract (1) ; then 

10/4-15 = 0 or /=-§. 

From (3) subtract (2) ; then 


6g — 12/4-3 = 0, 

that is, 6^ + 184-3 = 0 or g=-\. 

Go back to (1) and substitute g— -1,/= -# ; then 

—7+3+c+2=0 or c = 2. 

Go back to x 2 +y 2 -\-2gx-\- < 2fy + c=0 and substitute g = 
c— 2 ; then the required equation is found to be 

x 2 +y 2 -7x-Zy + 2 = 0. 

The centre of the circle is (|, %) ; the radius is 5v ^ . 

2 


- 1 f= - 3 
2’ J 2> 


Oi> 


\ EXEEp 


ISES XV. 


s\ 


1. Find the equation of the circle which passes through the points 

v^> ~ 1 )j ( 2 > 3) and (4, -1). Find also its radius and the coordinates 
or the centre. 
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2. Find the equation of the circle which passes through the origin 
and makes an intercept 2 on eacli of the axes. 

3. Find the equation of the circle which passes through the origin 
and makes intercepts of 2, —6 on the axes of x and y respectively. 

4. Find the centre of the circle which passes through the points 

(2, 1), (-2, 5), (-3, 2). 6 1 

5. Find the equation of the circumcircle of the triangle whose 

vertices are ( 2 , — 1 ), (5, — 4), ( — 1 , — 1 ). What is the radius of the 
circle ? 


6 . Find the coordinates of the centres of the circles which pass 
through (7, 1) and (9, 5) and have a radius 5. 

7. Trace on the same diagram the loci whose equations are 

2x+y = 3, x 2 +y 2 = 2y (a-2)2+0/- 1) 2 = 1. 

Find the two points common to the three loci. 

8 . If A and B are the fixed points ( 1 , 0), (- 1 , 0 ) and Pis a 
variable point (.r, ?/), such that angle APB is half a right angle, prove 
that the equation of the locus of P is x 2 -\-y 2 -2y— 1 or x 2 + ?/ 2 + 2y = 1 
according as P is above or below the #-axis. Draw the loci. 

9. A and B are the fixed points (3, 2 ), (7, - 1 ) ; find the equation 
of the circle described on AB as diameter. 


10. Prove that the equation of the circle described on the join of 
(* r i> V\) and (*^ 2 > V'i) as diameter is 

(x - x,){x - x 2 ) + (y -y x )(y- y 2 ) = 0 . 

*11 • • . ^ ^ P are (a, 0), ( 6 , 0), ( x , ?/), where P is 

a variable point such that angle APB is ol, prove that the two loci of 
P are given by the equations 

(x — a)(x- b)+y 2 ±(a - b)y cot a. = 0 , 


and assign each locus to its equation. Draw the loci. 

12. A variable point P moves so that the sum of the squares of its 
distances from the points ( 2 , 0 ), (- 2 , 0 ) is 16 ; prove that the locus 
of P is a circle, centre the origin, radius 2. Draw the circle. 


13. A variable point P moves so that 2PA 2 + ZPB i is 10, where 
A y B are the fixed points ( 1 , 0), ( — 1, 0) respectively ; prove that the 
locus of P is a circle whose centre is at C in AB , where AC=$AB. 
Draw the circle. 


14. A variable point P moves so that PA 2 -2PB 2 is 4 , where Ay B 
are the points ( 1 , 0 ), (-1, 0) respectively ; prove that the locus of P 
is a circle whose centre is the point obtained by producing AB its own 
length through B. Draw the circle. 
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15. A, B , C are the points ( 1 , 0 ), (-1, 0 ), ( 0 , 3) respectively, 
and the variable point P moves so that PA 2 + PB 1 + PC 2 is 11 ; prove 
that the locus of P is a circle whose centre is the point ( 0 , 1). Draw 
the circle. 

16. A variable point P moves so that PA/PB= 3/2, where A and B 
are the points ( — 5, 0) and (5, 0) respectively ; prove that the locus 
of P is the circle, centre (13, 0), radius 12. Draw the circle. 

17. A point moves so that the square of its distance from the origin 
is twice its ordinate ; find the equation of the locus of the point and 
discuss the equation. Draw the locus. 

18. A point P moves so that the rectangle contained by its distances 
from the lines x—y = 0 and x+y = 0 is equal to the square of its 
distance from the line x = 2 ; find the equation of the locus of P and 
discuss the equation. Draw the locus. 

19. Prove that the intersections of x— 2// —1=0 and x+y — 2 = 0 
with 2 x+y - 3 = 0 and x-y - 1 =0 lie on the circle x 2 +y 2 - 2x-y +1 =0. 
Draw the lines and the circle. 


20. Prove that the two lines specified by the equation 

(2x-y + 3)(5x+3y — 29) = 0 
intersect the two specified by 

(x - 3y + I4)(x+4y + 1) = 0 
on the circle whose equation is 

9 (.r 2 +y 2 ) — 58.r — 15y-101 =0. 

21. Solve graphically the simultaneous equations 

x 2 +y 2 = 5 ; 

3x+2y = 4. 

22. Solve, graphically and algebraically, the simultaneous equations 

x 2 +y 2 — 4x — 2y +1 = 0 ; 
x 2 +y 2 — bx+y — 6 = 0. 

23. Find the equation of the common chord of the circles 

% 

x 2 +y 2 + 4x — 4y + 7 = 0 ; 
x 2 -hy 2 — 6#+ 2y — 3 = 0. 


53. Equation of the Tangent to a Circle. We proceed to 
find the equation of the tangent at a given point on a 
circle specified by an equation with reference to rectangular 
axes. 


G. A* G» 


H 
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I. Leij' x 2 + y 2 = r 2 specify a circle whose centre is the 
origin Q J > and whose radius is r. 

Let 'P(x ly y x ) be a point on the circle and draw PT at 
right- angles to OP ; then PT is the tangent at P. 


We have gradient of 0P = —. 

2/i 


But PT is perpendicular to OP ; 
therefore. gradient of PT= — 

Vi 



Hence PT is the line through (x ly y x ) of gradient - xJy , 
Therefore the equation of PT is 


y-v 1= 

y i 

that is, xx 1 + yy 1 = x x 2 + y 2 

or xx : + yy 1 = r 2 . 

II. Let x 2 + y 2 + 2 gx + 2fy + c = 0 represent the circle whose 
centre is C, ( — g, —/). 

Let P(x x , y x ) be a point on the circle and draw PT per¬ 
pendicular to OP; then PT is the tangent at P. \ 

Now gradient of OP = ; 

x i+9 

an d PT is perpendicular to CP. 

Therefore gradient of PT= — - 1 ^ , 

yi+f 

Hence PT is the line through (aq, y x ) of gradient — 
Therefore the equation of PT is 1 


that is, 
or 


x,+q, 

y - y '=-t$ {x - xA 

(x — x l )(x l +g) + (y — y 1 )(y 1 +/) = 0 
+ 2/2/x +gx +fy = X 2 + y 2 +gx x +fy v 




EQUATION OF TANGENT. 
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Add to each side gx 1 -\-fy 1 + c ; then the equation of the 
tangent at (x lf y x ) becomes 

+yy i+ y(x + x x ) +f( y +y 1 )+c 

= x 1 2 + y* + 2gxi + 2fy 1 + c 

or xx 1 + yy 1 + g(x + x 1 ) + f(y + y 1 ) + c = 0. 

It is useful to note that the equation 

* 2 + y 2 + 2gx + 2fy + c = 0 

may be transformed into 

xx 1 + yy x + (x + Xj) +f(y + y 1 ) + c = 0, 

by writing xx l for x 2 , yy x for y 2 , (x + Xj) for 2x, and (y + y x ) 
for 2 y. 


Ex. 1. Prove that 3.r + 4y = 25 is the tangent at (3, 4) to a?+y 2 = 2b. 

Ex. 2 . Find the equation of the tangent 

(i) at (2, 3) to x 2 +y 2 =\Z ; (ii) at (-1, 1) to x 2 +y 2 = 2 ; 

(iii) at (2, — 1) to x 2 +y 2 = b ; (iv) at (3, 5) to x 2 +y 2 - 2x-4y = 8 ; 

(v) at (1, -2) to x 2 +y~ — 4.r + 6 y +11 = 0 ; 

(vi) at (2, -3) to x 2 + y 2 -f- 4y = 1 ; 

(vii) at (-3, -2) to x 2 +y 2 + I0x+2y + 2l = 0 ; 

(viii) at (3, g) to 2x 2 + 2y 2 + %x + 6 ?/ = 21 ; 

(ix) at (§, -},) to 36(.r 2 +?/ 2 ) + 24r-36y=167. 

Ex. 3. Show tliat the equation of the tangent at the point (x \, y x ) 
on the circle whose equation is 

(x - a) 2 + (y — b) 2 = r 2 

may be put in the form 

(xy - a)(x-x 1 )+(y 1 -b)(y-y 1 )=0 . 

Ex. 4. Show (i) that the point (a + rcos0, £> + rsin0) lies on the 
circle given by the equation 

(x — a) 2 + (y — b) 2 = r 2 , 

whatever be the value of and (ii) that the equation of the tangent 
at the point is (x — a) cos 0+(y — b) sin 0=r. 


54. Equations of Secant and Tangent. We may obtain the 
equation of the tangent to a circle without assuming that 
it is the perpendicular to the radius to the point of contact, 
but we must in that case have some other property of the 
tangent on which to base our reasoning. 
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Suppose the secant PAB (Fig. 43, p. 121) to turn about 
P until it takes the position of the tangent PT ; in this 
position the two points in which the line cuts the circle 
have become coincident. We may therefore define the 
tangent at T to be the straight line which meets the circle 
in two coincident points at T. 

We shall find the equation of a secant in two ways, 
taking the circle whose equation is 

x 2 -\-y 2 = r 2 .(1) 

Gradient Method. The equation of the line joining 
( x i> Vi) and (x 2 , y 2 ) is 

y-yi=~~( x ~ x i) . (2) 

^1 ** / 2 

Equation (2) is true whether the points lie on the circle 
(1) or not; we must transform equation (2) so that the 
points (x ly 2/ x ), (x 2 > V't) ma y restricted to the circle. The 
conditions that these points lie on the circle (1) are 

x \ + V\ = 7,2 an d x 2 2 + y 2 2 = 7,2 ;.(3) 

and therefore, by subtraction, 


x 1 2 - x 2 2 +y 2 -y 2 2 =o 

°r (x, - x 2 )(x l + x 2 ) + ( Vl - y 2 )( Vl + y 2 ) = 0 

so that the gradient of the secant is given by the equation 


VxZVj. = _ x 1 ±x 2 

x i - x 2 Vi + y* 

Equation (2) now becomes 



x, +x 9 , 

- = -L_!- L(rp - 


y-y 1 


2/1+2/ 




or (x x + x 2 )x + (y x + y 2 )y = r 2 + x x x 2 + y x y 2 , .(5) 

since x 2 + y 2 = r 2 . 

It is easy to verify that equation (5) represents the line 
through (x v y x ) and (x 2 , y 2 ), provided tliese points lie on 
the circle (1); apart therefore from the particular process 
by which the equation has been reached, we know that it 
represents the required secant. 
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If we now suppose (x 2 , y 2 ) to become coincident with 
(x x , 2/i)> we the equation of the tangent at (x lf y x ), 

2x x x + 2y{y = x 2 + ^i 2 + 2/i 2 = 2 r2 > 

that is, + V\V = r2 . 

Burnside s Method. The following ingenious method is 
due to Burnside (Salmon’s Conic Sections , § 85). . 

The equation of the secant through the two points (x 19 y x ) 
and ( x 2> y 2 ) on the circle (1) is 

(x-x x ){x - x 2 ) + (y - 2/0(2/ - Vo) = x 2 + V 2 —r 2 .( 7 ) 

This equation, though apparently of the second degree 
in x , y , is really of the first, because the terms in x 2 and y~ 
cancel; it is therefore the equation of some straight line. 
Next, since (x l} y x ) lies on the circle (1), the right side of 
equation (7) will be zero when x = x x and y = y x \ but the 
left side is also zero when x — x x and y — y^, and therefore 
the straight line passes through (x x , y x ). Similarly it may 

be proved to pass through (a* 2 , y 2 ). 

Equation (7) when simplified is the same as (5); if in (7) 

we put x 2 = x x and y 2 = V v we g e ^ e q ua ti° n (6)- 
When the equation of the circle is 

x 2 + y 2 + 2gx + 2fy + c = 0, .(1') 

we find for the gradient, instead of equation (4), the equation 

V\ y 2 _ x i + x 2 4- 2g ./ 4 '\ 

x x X 2 2/i + 2/ 2 + 2 /’. 

and then, instead of equation (5), we obtain 

(x l +x 2 +2g)x + (y 1 + y 2 +2f)y 

= X 2 + y 1 2 +2 gx l +2 fy x + X& + y x y 2 


= -c + x 1 x 2 + y 1 y 2 .(5') 

We then deduce the equation of the tangent 

x x x + y x y +g(x+x x ) +f(y + y 1 )+c = 0 .(6') 

Instead of equation (7), we take now 


(x - x x )(x - x 2 ) + (y- y x )(y - y 2 ) = x 2 +y 2 + 2 gx +2 fy + c, (7') 
which is readily seen to give the secant through (x l9 y^), 
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(x 2 , y 2 ). Put x 2 = x x and y 2 = y 1 , and wc get the equation of 
the tangent. 


55. Coincident Points. The idea of coincident points may 
be utilised in other ways when treating of problems on 
tangents. For example, consider the equations 

y = 2x-\-c, .( 1 ) x 2 + y 2 = 20 .( 2 ) 


The line (1) intersects the circle ( 2 ) in points whose 
coordinates are obtained by solving ( 1 ) and ( 2 ) as simul¬ 
taneous equations. In equation ( 2 ) put 2 x + c for y , and we 
find for the abscissae of the points of intersection the 

equation 5 .x 2 + 4cx + c 2 -20 = 0 .( 3 ) 


Equation (3), being a quadratic, gives two values, x l and 
x 2 say, for x, and then equation ( 1 ) gives two corresponding 
values y 1 and y 2 for y ; the line is therefore, in general, a 
secant which cuts the circle at the points (x lf y x ) and 
( x 2 > 2 / 2 )- The values of x lt y lt x 2 , y 2 are 

_ -2c + V(100-c 2 ) _ -2c-V(100-c 2 ) 

*1 5 ’ * 2 - 5 ’ 


_c+ 2 S /(100 —c' 2 ) 0-2^(100-02) 

V] 5 ’ y 2 - 5 • 

If c 2 <100 these values are real and unequal, and the 
secant cuts the circle in two real and distinct points. 

If c 2 > 100 the values are imaginary and the line does 
not meet the circle at all; but just as equation (3) is said 
to have two imaginary roots rather than to have no roots, 
so it is convenient to say in this case that the line intersects 
the circle in two imaginary points . The conception of 
imaginary points of intersection often simplifies the state¬ 
ment of theorems. 

There is, however, another case, namely c 2 = 100. 
Equation (3) is still a quadratic, but its roots are now 
equal and the points (x lt y Y ), (x 2) y 2 ) are coincident, the 
point in which they coincide being 

( 2c c\ 
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the line (1) is now a tangent and ( — 2c/5, c/5) is its point 
of contact. The solution x = — 2c]5 and y = c/o may be 
called a repeated solution, since x = — 2c/5 tivice an 

y = c/5 twice. 

When c 2 = 100, we have c= 10 or -10 ; we thus have two 

tangent lines. 7 

When c=10, the solution x= — 4 and y = 2 is a repeated 

solution, and the line (1) becomes 

y — 2x-j- 10, 

which touches the circle (2) at ( — 4, 2). # 

When c= — 10, the solution cc = 4 and y=—2 is a re¬ 
peated solution, and the line (1) becomes 

y = 2#-—10, 

which touches the circle (2) at (4, — 2). 

We have thus solved the problem of finding the tangent 
to the circle (2) of gradient 2; there are two solutions, as is 
geometrically obvious. 

Again, consider the question : what relation must hold 

between the constants m and c if the line y = mx + c is a 

tangent to the circle x 2 -)-y 2 = r 2 '! _ # 

The equation for the abscissae of the points in which the 

line cuts the circle is 


(1 + m 2 )x 2 + 2 cmx + c 2 — r 2 = 0. 

The two points will be coincident, and the line will there¬ 
fore be a tangent if this equation have equal roots. But 
the condition for equal roots is 

4c 2 m 2 = 4 (1 + m 2 )(c 2 - r 2 ) or c 2 = r 2 (1 + m 2 ). 

Thus the line y =mx + rj(l +m 2 ) is a tangent whatever 
be the value of m, and since the root may have either the 
positive or the negative sign there are two tangents for 
any one value of m. 


Ex. 1. Find the equation of the tangents from the point (7, 9) to 
the circle x 2 +y 2 = l3, ..(i) 

and state the coordinates of their points of contact. 

The equation of any line through (7, 9) is of the form 

•y _ 9 = m(.r- 7) or y = mx + {§ - 1m) .(ii) 
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The abscissae of the points in which the line and circle intersect 
are given by the equation 

(1 4-m 2 ).r 2 + 2m(9 - 7m).r + (9 - 7m ) 2 - 13 = 0, .(iii) 

and the roots of this equation are equal if 

4m 2 (9 - 7m ) 2 = 4(1 + w 2 ){(9 - 7m ) 2 - 13}, 
that is, if 36m 2 - 126m 4 -68 = 0, 

that is, if m = 2 or Y- 

When w = 2 equation (ii) becomes ,y= 2 .r+\j 3 , which is one tangent. 
To find its point of contact, note that when m = % equation (iii) gives 
,v= -2 twice, and then (ii) gives y = 3 twice, so that the point of con¬ 
tact is ( — 2, 3). 

When m = ^ 7 the tangent is y = ^ x — fi gp, and the point of contact is 

(u _ a\ 

Ex. 2. ) Show that?/ = .r — 1 is a tangent to the circle 

x 2 4- y 2 — 8 .r - 2y +15 = 0, 

\and find the coordinates of its point of contact. 

Solving these equations as simultaneous equations, we find for 
the abscissae the equation 

x 2 - 6 .r 4- 9 = 0, 

that is, (.r — 3 )(.r- 3 )= 0 . 

The two values of .r, and therefore also, since y — x — 1, the two 
values of y, are equal. The line is thus a tangent, and (3, 2) is its 
point of contact. 


Ex. 3. Show that the tangent at the origin to the circle 

x 2 +y 2 + 2 gx+ 2fy = 0 

i s g, v 4 -fy = 0 . 

If these equations be solved as simultaneous equations ,we see that 
the solutions are x = 0 twice, y —0 twice ; the line therefore meets the 
circle in two coincident points and is therefore a tangent. 

, Ex. 4. Find the relation between the constants of the equation 

• x ^ x 2 +y 2 + 2yx + 2fy + c=0 

if the .r-axis is a tangent to the circle. 

The circle meets the .r-axis where 


.r 2 4- 2gx 4- c = 0 ; 

if the .r-axis is a tangent, the two roots of this equation must be equal, 
and therefore c=y 2 . This is the required relation, and 

x 2 4- y 2 4- 2 gx + 2fy-\-g 2 = 0 

is the equation of a circle which touches the .r-axis at ( — < 7 , 0 ). 

Ex. 5. Find the equations of the tangents to the circle 

x 2 4- y 2 - 6x - 8 y 4-23 = 0 

that are parallel to the line x+y = Q, and give the coordinates of their 
points of contact. 
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The two tangents are 

x+y=5 and x 4- y = 9, ( A 

and the points of contact are (2, 3) and (4, 5). . y \ . ! • - v - 

rTlx. 6 . 1 For wliat values of a will the circle \ \ 

\y ’ x 2 + y 2 — 2 ax — 4 = 0 

have the line x= 2 ?/ - 6 as a tangent ? 

The ordinates of the points of intersection are given by the equation 

(2y — 6) 2 +y 2 — 2a(2y — 6 ) — 4 = 0 
or 5 /- 2 ( 2 a 4 - 12 )?/ 4 -( 12 tf + 32) = 0 ; 

the points of intersection will be coincident if this equation in ,?/ has 
equal roots, that is, if 

(2a 4-12 ) 2 = 5 (12a + 32), 

or if (a-4)(a+l) = 0, or finally if a= 4 or -1. 

The line x — 2y-6 is therefore a tangent to each of the circles 

x 2 -\-y 2 — 8x — 4 = 0, x 2 + y 2 + 2x — 4 = 0. 

The points of contact are (2, 4) and ( -2, 2) respectively. 


56. The Square on the Tangent from a Point. Let P(x l} y x ) 
be a given point outside the given circle 

x 2 _j_ y 2 _j_ <2g X + 2 fy + c = 0 

whose centre is C ; it is required to find an expression for 
the square of the tangent FT from P to the circle. 



Fig. 43. 


The angle PTC (Fig. 43) is a right angle, so that 

PT 2 = CP 2 - CT 2 . 
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Now 

OP 2 = square of distance between (x v y x ) and ( — < 7 , —/) 

= ( x \ + f/f +(?/i +./) 2 
= * 1 2 +Vx+ 2 !Fi + 2 fy !+, 7 2 +/ 2 ; 

CT i = square of radius of circle 
= ( .) 2 +/ 2 - c ; 

so that CP- - CT 1 = x 2 + y 2 + 2gx l + 2fy l + c. 

Hence : the square of the tangent from (Xj, y t ) to the circle 

x 2 +y 2 +2gx+2fy+c = 0 

is x 1 2 + y 1 2 + 2gx 1 + 2fy 1 + c. 

If a secant PAB through P cut the circle in A, B 
(Fig. 43), then 

PA.PB = PT 2 = x 2 + y 2 + 2 gx l + 2fy x + c. 


N 



Fig. 44. 


If P lie within the circle (Fig. 44) and a secant PAB be 
drawn to cut the circle in A y B, and also the chord MPN 
be drawn perpendicular to CP, then (attending to sign) 

PA . PB = PM . PN = - PM 2 = - (CM 2 - CP 2 ) 

= CP 2 - CM 2 

=Oh + ( j) 2 +(Ui +ff - (g 2 +f 2 - <0 

= x 2 +y 2 +2gx x + 2 fy x +c. 
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POWER OF A POINT. 


When P is within the circle x l ~ + y 1 ' + ^i) x i +-fJi + . 

negative ; when P is on the circle x 2 + y± + 2 iPh + + , 

zero; when P is without the circle ay + yr + Pp\ + Vlh + 

1S Th^ 1 boundary for which this important expression 
vanishes separates the region in which it is positive ho 

the reo-ion in which it is negative. Tins is an example 
of a general principle of sign; for instance ax x -\- ?/i 
changes from positive to negative as (o h , y x ) crosses the 

boundary line ax + by + c = 0. . 

If then a secant through a point P (ay y Y ) to the circle 

x 2 +y 2 +2gx+2fy + c = 0 

cut the circle in A and B, the product PA. PB is equal m 
sign and magnitude to 

x* + Vi + 2 0 x i + V)h + c ; 

and PA PB is known as the power of the point P with 
respect to the circle. When P is outside, the power of the 
point is equal to the square on the tangent from P, and 
indeed the phrase “square on the tangent from a point is 
commonly used instead of “ the power of a point, even 
when the point is inside the circle. 

Cor The square on the tangent from P(x 1 , y x ) to the 
circle Ax 2 + Ay 2 + 2Gx + 2Fy + C = 0 is 

G F C 
^i 2 + Vi+ 2 ^ x i + 2 A yi + A' 


Ex. 1. Find the square of the tangent from (2, 1) to .r'-+y 2 -l-0. 

Ex. 2. Find the square of the tangent from (1, 3) to 

a- 2 + y 2 — 2.r — 2 y + 1=0. 

Ex. 3. Find the length of the tangent to the circle 

2.r 2 + 2 y 2 — x +3 y + 1=0 

from (1, -1) ; and show that the other point on the iine x + % + l=0, 
from which a tangent to this circle has the same length, is ( - 2/5, - 6/ 1U). 

Ex. 4. Prove that the lengths of the tangents to the two circles 
>r 2 + ^2 + 2 ^-4 = 0 and x 2 +y 2 -3x-4 = 0 from (0, 5) are equal. 

Ex. 5. Prove that the point (1, 2) is tangentially equidistant from 
the two circles 

^ 2 +y 2 +2.r+3y+l=0, a?+y 2 +x + 2y+4:=0. 
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Ex. 6 . Prove that all points on the //-axis are tangentially equi 
distant from 

x 2 + y 1 — a’+ 4=0 and a* 2 + y 2 + 5 x + 4 = 0. 

Ex. 7. Prove that all points on the line .r +//+1 =0 are tangen 
tialiy equidistant from the circles 

x 1 + y 2 + lx - y + 5 = 0 and x 2 + y 2 + 6 .r - 2 y + 4 = 0. 


EXERCISES XVI. 


1. Find the equation of the circle which touches the .r-axis at the 
point (4, 0 ) and passes through the point (0, 2) on the //-axis. At 
what other point does the circle intersect the //-axis? 

2. Find the equation of the circle which touches the //-axis at the 

point ( 0 , 3) and passes through the point ( 2 , 5). What is the equation 
of the tangent at ( 2 , 5) ? 

3. What is the equation of the circle which touches the .r-axis at 
the point (a, 0 ) and also touches the line // = h ? 

4. Find the equations of the circles which touch the .r-axis at the 
point (3, 0) and also touch the line 3//-4.r=12. 

5. hind the equations of the circles which touch the coordinate 
axes and the line 3.r + 4y = 12. 


6 . M is the projection of a point P on the line .r+13 = 0 and T is 
the point of contact of a tangent from P to the circle x 2 +y 2 = 25; 
if PI 2 —AMP, find the equation of the locus of P and draw the locus. 


7. M is the projection of a point P on the line .r + a = 0 and T is 
the point of contact of a tangent from % P to the circle x 2 +y 2 = r 2 \ 

if PT- = 2p. MP, where 2 p is a given length, find the equation of the 
locus of P and draw the locus. 


8 . M and N are the points of contact of tangents from P to two 
circles whose centres are ( 0 , 0 ) and (c, 0 ) and whose radii are a and b 
respectively ; if P moves so that PM is to PN as a is to b (a=\=b). 
show that the locus of P is a circle and draw the circle. 

9. If the tangents from P to two concentric circles are inversely 
as the radii of the circles, show that the locus of P is a concentric 
circle. 


10. A point P moves so that the length of the tangent from it to 
the circle x 2 +y 2 — 2 ax+p == 0 

is k times the length of the tangent from it to the circle 

x 2 + y l - 2b.v + p = 0 ; 


show that the locus of P is a circle. Draw the circles for the case 
a = - 7, 6 = 5, p = 9, k= 2. 
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11 Find the equations of the common tangents to the circles 
whose equations are 

x 2 +y 2 = 25, (x - 12) 2 + y 2 =9. 

12. Show that one pair of common tangents to the circles whose 
equations are (a 2 > 6 > 0 ) 

.v 2 + y 2 - 2 ax +6 = 0 , .r 2 +y 2 - 2 kax + k 2 b = 0 


g °I 3 f Sse g circlls 0 cu S t the x-axis at A, D and A, B respectively, show 
that OA . OB' = OA' . OB, where A is the point of the first circle and .1 

the point of the second circle nearest to the origin 0. 

13. The line joining the points P(x } , y x ) and y 2 ) c J l ^ s 

circle x 2 + ?/ 2 = r 2 at ^1 and B ; show that the ratios and 

PZ? : BQ are the values of the ratio m : n given by the equation 

m 2 (x 2 + y 2 2 - r 2 ) + 2mn(x l x 2 +y 1 ?j 2 - r 3 ) + n 2 {x 2 +y x 2 - r 2 ) = 0 . 

If PQ is a tangent to the circle, then 

(*yr 2 +y ^ 2 - ** 2 ) 2 =(*i 2 +Vx ~ r 2 )(* r 2 2 +y/ -O- 

Deduce that the equation of the pair of tangents from P to the 
circle is + yiy _ r 2)2 = (x 2 +y 2 - r 2 )(.r 2 +y* - r 2 ). 
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CHAPTER VIII. 


COAXAL CIRCLES. POLE AND POLAR. 

57 . Radical Axis. Definition: If a variable point move 

so that the squares on the tangents from it to two circles 

are equal, the locus of the point is called the radical axis of 

tlie circles. Note that the phrase “square on the tangent 

110111 a point to a circle” is to be understood in the sense 
explained at the end of § 50 . 



Fig. 45. 


Let 

and 


x 2 + y°-+2gx +2 fy +c =0 .( 1 ) 

x* + y* + 2g'x + 2f'y + c' = 0 .(2) 

represent any two given circles; it is required to find the 
radical axis of the two circles. 

Let (A, k) be a point on the radical axis. 












RADICAL AXIS. 


127 


g gyj rv-A-xu. 

Then the square of the tangent from ( h , k) to (1) is 

h 2 + k 2 + 2 gh +2 fk + c ; 

and the square of the tangent from (h y k) to (2) is 

h 2 + k 2 +2cjh + 2fk-\-c. 

Therefore 

}i 2 + lc 2 + 2 gh + 2fk + c = 1 l 2 + k 2 + - 9 'h + 2f'lc-f c, 

that is, 2 (g — g , )h + 2(f—f')k + (c — c) = 0. 



Writing (x, y) for (h, k) to denote the coordinates of any 
point on the radical axis, we get 

2(g-g / )x+2(f-f')y+(c-c') = 0 

as the equation of the radical axis. 

The radical axis is therefore a straight line perpendicular 

to the line of centres. 

For example, draw the two circles 

\fx 2 + y 2 +7x + 6 = 0 and x 2 + y L - 6x + 6 = 0 (Fig. 45). 
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The radical axis is given by the equation 

x 2 + y 2 + 7x + 6 = x 2 -\-y 2 — 6.x + 6, 
that is, x = 0. 

Again draw the two circles 

x 2 + y 2 — 4 = 0, x 2 + y 2 — 3x — 4 = 0 (Fig. 46). 

The radical axis is 

x 2 + y 2 — 4 = x 2 + y 2 — Sx — 4, 
that is, x = 0. 

Note. When two circles intersect their common chord is 
the radical axis; because each point of intersection lies on 
the radical axis, and the radical axis is a straight line. 
Even when the circles do not intersect, the radical axis is 
a real line and is still called the common chord. 


EXERCISES XVII. 

1. Prove that the radical axis of the circles 

x 2 +y 2 — 7y + 6=0 and x 2 +y 2 — 5y + 6 = 0 
is the .r-axis. Draw the figures. 

2. Find the radical axis of 

(i) .r 2 +y 2 + 3.r— y + 2 = 0 and x 2 + ?/ 2 + 2x — y - 3=0 ; 

(ii) x 2 +y 2 — 2x - 3 y = 5 and x 2 +y 2 — lx + 2y - 4=0 ; 

(iii) x 2 +y 2 -3u; + 2y-4 = 0 and 2»r 2 + 2y 2 — x+y— 1=0; 

(iv) 3a.* 2 + 3// 2 — 4x — 6y — 1=0 and 2x 1 + 2y 2 — 3x- 2y - 4 = 0. 

3. If N is the foot of the perpendicular from any point P to the 
radical axis of the two circles, centres A and B, whose equations are 

x 2 + y 2 —px — a = 0, x 2 +y 2 - qx - a = 0, 

prove that the difference of the squares on the tangents from P to the 
two circles is 2 AB. NP. 

4. Prove that the radical axes of three circles, taken in pairs, are 

concurrent. The point of concurrence is called the radical centre. 

| 

» 

5. Prove that the three circles » 

x 2 -\-y 2 — 4 = 0, x 2 4- y 2 — 3.r — 4 = 0, x 2 +y 2 + 5x — 4 = 0 \ 

all pass through the points (0, 2) and (0, —2). Draw the circles) and 
find their common radical axis. i" '' 
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6. Draw the circles 

x 2 +y 2 — 5.r+6 = 0, x 2 + ?/ 2 + lx + 6 = 0, x 2 + y 2 — 9 v +6 = 0. 

Prove that they have a common radical axis. What two imaginary 
points on the ?/-axis are common to all the circles ? 

7. Draw the circles represented by the equation 

x 2 + y 2 — ax — 4 — 0, 

for a = 0, 1, — 2, 3, — 4. Prove that they all pass through two fixed 
points, and find the coordinates of the points. 

8. Draw the circles represented by the equation 

x 2 +y 2 — ax + 4 = 0, 

for a = 3, —4, 5, —6. Prove that they all pass through two fixed 
(imaginary) points, and find the coordinates of the points. 

9. Draw the system of circles represented by the equation 

x 2 + y 2 - 5a* — 6 + k (.r 2 + y 2 + x — 6) = 0, 

for varying values of the constant k. Prove that they all go through 
the points of intersection of 

x 2 + y 2 — 5x — 6 = 0 and x 2 + ?/ 2 + x — 6 = 0. 

What line is their common radical axis? 

10. Draw the system of circles represented by the equation 

x* + y 2 — 4x + k(x 2 + y 2 + 2x) = 0, 

choosing various values of the constant k. What line is the common 
radical axis of the system ? 

11. Draw the system of circles represented by the equation 

x 2 + y 2 — 9x + 8 + Jc (x 2 + y 2 + Ox + 8) = 0, 

choosing various values of the constant k\ Through what two fixed 
(imaginary) points do all the circles pass? What line is the common 
radical axis ? 


58. Coaxal Circles. A system of circles, every member 
of which passes through t>yo.fixed...points, is called a coaxal 
system of circles. The line joining the two fixed points is 
the radical axis of every pair of the circles. 

I. The equation 

x 2 + y 2 — ax — b = 0, .(1) 


where b is a fixed constant and a a varying constant or 
parameter (§ 88) represents a system of coaxal circles, 
which all pass through the two fixed points (0, Jb) and 
(0, — Jb). • These points are real and distinct if b is a 
positive number; they are real and coincident if b is zero; 


Q» A* G. 
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they are imaginary if b is negative. The common radical 
axis is the y- axis. 

Fig. 47 represents the system for the case in which 6 = 9 
and a has the values 0, 2, —4, 6, —7. 



Fig. 48 represents the system for the case in which b = —4 
and a has the values 5, G, 7, 8, —5, —6, — 7, —8. 



Fig. 48. 


When b is negative, say b= — c 2 , equation (1) may be 
written n 2 

(X - lay+y* ^ - c* .( 2 ) 

When a = 2c the radius of the circle is zero; the circle 
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has become the point (c, 0). Similarly, when a— 2c tl 
circle reduces to the point (— c, 0). These two points 
(c o) (— c, 0) are called the limiting points of the system ol 

coaxal circles given by (1) when b is negative and equal to 
_c 2 . The points (2, 0), (-2, 0) are the limiting points ol 
the system represented in Fig. 48. Evidently the limiting 
points of the system given by equation (1) are real when, 
and only when, b is negative. 

II. The equation 

x 2 q- y 2 + 2gx + 2 fy+c + k(x 2 + y 2 + 2 cj'x + 2 f'y + c) = 0, 

where 1c is a varying constant and g, /, c, g', /', c fixed 
constants, represents a system of coaxal circles which pass 
through the fixed points in which the fixed circles 

x 2 + y 2 + 2gx + 2fy+c = Q, x 2 +y 2 + 2g'x+2f'y + c' = 0 

intersect. (Compare § 38.) 


Ex. 1. The equation .r 2 + y 1 - ax - 4 = 0 represents a system of coaxal 
circles ; find the equation of the circle of the system which passes 

through the point ( 1 , 2 ). 

Ex. 2. Find the equation of the circle coaxal with 

x 2 y* _ q -12 = 0 and + 12 = 0 

which passes through the point ( — 2, 3). 

Ex. 3. The equation x*+y 2 - ax- 9 = 0 represents a system of 
coaxal circles ; find the equations of the circles of the system which 
touch the line .r + 3y=ll. 

Ex. 4. Find the equation of the circle coaxal with 

2 .r + 2 y + l =0 and x 2 +y 2 + 8x-6y = 0 

which passes through ( — 1 , — 2 ). 

Ex. 5. Find the equations of the circles coaxal with 

x 2 -h y 2 — 6 - 2 ? -{-4 = 0 and o ; 2 + ?/ 2 + 5.r-l-4=0 

which touch the line 3# — 4y = 15. 

59. Orthogonal Circles. Let P be any point on a circle, 
centre A (Fig. 49), and let B be any point on the tangent 
at P. With B as centre and radius BP describe a second 
circle. The radii AP, BP to the point of intersection of 
the circles are at right angles; the two circles are said to 
cut orthogonally at P. 
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If d denote the distance AB between the centres A and B 
of two orthogonal circles of radii a and b, then clearly 

d 2 = a 2 + 6 2 , 

and conversely. 

Let x 2 -f y 2 -f- 2gx 4- 2fy +c =0 

and a 2 4- y* + 2g'x + 2 f'y 4-c' = 0 

be two circles ; it is required to find the condition that they 
be orthogonal circles. 

Let d = distance between centres. 

” a2==S( l uare radius of first circle. 

„ b 2 = square of radius of second circle. 



Fig. 49. 


Now the coordinates of the centres are ( — a 

Hence d 2 = (g-g'f+(f-ff. 

Also a 2 = g 2 +/ 2 — c 

and 6 2 =gf' 2 +/' 2 —o'. 

The condition that the circles be orthogonal is 

d 2 = a 2 + b 2 , 

that is, (g-gy + (f-f') 2 =;g 2 + f 2 - c + g' 2 + f' 2 _ c ' 


-/) and 


or 


2 gg'+ 2ff=c_+c' . 


Ex. 1. Prove that the circles 

.r 2 +y 2 =4 and •r 2 +y 2 -5 < r+4=0 

are orthogonal. 
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Ex. 2. Prove that the circles 

x 2 +y 2 = 4 and x 2 +y 2 — ax + 4 = 0 

are orthogonal. 

Ex. 3. Prove that every circle through the points (2, 0) and ( — 2, 0) 
is orthogonal to every circle of the system x 2 +y 2 -ax + 4 = 0. 

Ex. 4. Prove that the circle x 2 -\~ y 2 — ax + b 2 = 0 is orthogonal to the 
circle through the points (5, 0), ( - b, 0), (0, c). 

Ex. 5. Find the equation of the circle orthogonal to the two circles 

x 2 -\-y 2 — 9.r -t- 14 = 0, x 2 +y 2 + 15^+14 = 0, 

and passing through the point (2, 5). 

Ex. 6. Give geometrical solutions of the questions in Exs. 1-5. 

Ex. 7. Prove that every circle of the system 

x 2 +y 2 — 2ax+d 2 = Q 

is orthogonal to each circle of the system 

x 2 +y 2 — 2by — d 2 = 0, 

where a and b are varying constants. Draw diagrams of the two 
systems referred to the same axes. 


\ 60. Inverse Points. Definition. If O is the centre of a 
circle of radius r, and P and P' two points lying on a line 



Fig. 50. 


through 0 such that OP. OP' = r 2 , then P and P' are called 
inverse points with respect to the circle. The constant 
OP. OP' is sometimes called the constant of inversion. 
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P, P' are inverse points with respect to a circle, radius 
r, whose centre is the origin, and (x, y) are the coordinates 
of P; to find the coordinates (x\ y') of P'. 

Let M, M' be the projections of P, P' on X'OX (Fig. 50). 

OM' OP' OP. OP' 

OM ~ OP “ OP 2 ‘ 


Then 


But 0M' = x, 0M=x , OP. 0P' = v\ OP 2 = x 2 +y 2 . 


Therefore 


x r 2 , r 2 x 


x x 2 -f- y 2 


or x = 


x 2 + y 2 


-1 ! ?/ ilPP' OP' OP. OP' 

Similarly, 


r 


2 


y MP OP OP 2 x 2 +y 


or 


V =~> 


7,2 y 


We may also show that 


af- + 2/ 


2* 




r 2 #' 


. and T y 

x 2 + y 2 anc !J ~x' i +y' 2 ' 


If P ( x , 7 /) and P' (a:', ?/') are inverse points with respect 

to the circle * . o . 0 ~~ 

x- + y 2 + 2gx + 2fy + c = 0, 

then r 2 =g 2 +f 2 — c , 0 is the point (— g, — /), and 

0M'=x'+g, 0M=x+g, OP 2 =(x+g) 2 +(y+f) 2 , 
so that x'-+ g _ g 2 -|- f 2 — c y' -\-f 

x+g~(x+g) 2 +(y +ff ~ y+f 


Ex. 1. Find the coordinates of the point inverse to (2, 3) with 
respect to x 2 +y 2 — 1. 

Ex. 2. If a point P trace out the straight line .r = 2, find the 
equation of the locus traced out by P\ the inverse of P with respect 
to the circle x 2 +y 2 =l. 

Ex. 3. If a point P trace out the straight line .r=a, find the 
equation of the locus of P\ the inverse of Pwith respect to x 2 +y 2 =k 2 . 

Ex. 4. If a point P trace out the circle whose equation is 

x 2 + 1/ 2 — 2.v =0, 

find the equation of the locus of P\ the inverse of P with respect to 

x 2 + y 2 = 6. 
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Ex. 5. If a point P trace out the circle ,r 2 +?y 2 —4.r + 3 = 0, find the 
locus of P\ the inverse of P with respect to the circle x 2 +y 1 = 12. 

Ex. 6. If P, P' are inverse points with respect to a circle, prove 
that every circle through P and P' is orthogonal to the given circle. 

Ex. 7. If a point P trace out the circle 

(x — a) 2 +y 2 —r 2 , 

prove that the inverse of P with respect to the circle x 2 + y 2 = k traces 
out the circle 2aX- 

X L _|_ y -- X 4* —r> - 9 = u. 

J a 2 - r 2 « 2 - r 2 

61. Pole and Polar. Definition. The perpendicular to the 
line OP through P', the inverse of P with respect to a 
circle, centre 0, is called the polar of P with respect to the 
circle. 

Let P (Fig. 50, p. 133) be the point (aq, y^)\ to find the 
equation of the polar of P with respect to the circle whose 
equation is x 2 -\-y 2 — ^.2 

V 

The gradient of OP (where 0 is the origin) is 


x 


Hence the gradient of the polar = ——. 

V i 

The coordinates of P', the inverse of P, are 


9 

nrx 


i 




o • o y 9 i 9 

Xi+yi* x i+yi 

Hence the polar of (aq, y a ) is the line through 

' r 2 x , r 2 y , \ c , aq 

- o , » 9 , - — ) of gradient --h 

‘®i +?/r x i +yi' Vi 

Therefore the equation of the polar is 


y _ tlx 

y ™ 2 


x i + Vi 


_ aq 






that is, 


9 9 9 9 

g«i+yyi= z - 2 ■ >+ ■>' 


+ Vi ‘ »i' + ?/i 2 

or XX, + yy 1 = r 2 . 

The point P{x x , 2 / 1 ) is called the pole of the line 

xx 1 + yy 1 = r 2 . 
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Similarly, it may he shown that the polar of (x i9 y x ) 

with respect to 9 , 9 , 0 . 0 / , 

e x- + y 2 + 2ffx-\-2fy + c = 0 

is b # +yyi+g(x+x 1 y+f(y + 2 / 1 )+c=o. 

. is important to notice that if (x 1} y x ) lies without a 

circle, its polar is the chord of contact of the tangents 

drawn from the point to the circle; QR in Fig. 50 is the 
polar of P. 

Hence, if (x x , y x ) lies without the circle 


+ t / 2 = r 2 , 

the equation of the chord of contact of tangents from (x 1} y^) is 

xx i+yyi=^\ 

if (x x , y x ) lies without the circle 

x 2 +y 2 + 2gx + 2fy + c = 0, 

the equation of the chord of contact is 

**1 + 2/2/x +0(x+ x i) +f(V + Vi) + c = 0. 


62. The Polar as a Locus. Let any secant of the circle 
x 2 + y 2 = r 2 through the point P(x v y x ) meet the circle in 
A and B, and let the tangents at A and B meet in Q ; to 

prove that the locus of Q is 
the polar of P. 

Let Q be the point (h } k) 
(Fig. 51). 

Then AB is the chord of 
contact of tangents from 

( h , k). 

Therefore the equation 
of AB is 

xli + ylc = r 2 . 

But P(x j, y x ) lies on this 
line; therefore 

Fl(i - 5l - hx x +ky 1 = 9 >2 . 

Writing x, y for h y k to denote a variable point Q, we get 

+ 2/2/i = r ' 2 

as the equation of the locus of Q. 
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But this is the equation of the polar of P. 

Hence the locus of Q is the polar of P. 

In Chapter XXII. the polar is discussed from a different 
point of view by methods which are applicable to the circle. 
See also Exercises XVIII., Example 41. 


63. Reciprocal Property of Pole and Polar. Theorem. If 

a point A lies on the polar of B with respect to a circle , 
then B lies on the polar of A (Fig. 5*2). 


Fig. 52. 



Draw rectangular axes of reference X'OX , Y'OY through 
0, the centre of the circle. Let r be the radius of the 
circle. Let the coordinates of A and B , referred to the 
axes, be {x x , y x ) and (cc 2 , y 2 ) respectively. 

Then the polar of B is the line 

xx 2 + W 2 = r2 - 

But A (x 1 , y x ) lies on the polar of B ; 
therefore x x x 2 + y x y 2 = r 2 .(1) 

Now the polar of A is the line 

^i + 2/2/i = r2 * 
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Hence B(x 2 , y 2 ) lies on the polar of A if 

*2*1 + y >ih = >' 2 ; 

and this is true by (1). Hence the theorem is established. 

I oints such that the polar of each passes through the 

other are called conjugate points; the polars are called 
conjugate lines. 


• Ex ' E Eind the equation of the polar of (2, 5) with respect to the 
circle x 2 +y 2 = 1. 

• E , x - 2 ; Eind the equation of the polar of (0, 6) with respect to the 

Lx. 3. Tangents to the circle x- + //- = 4 are drawn at the points 

where the circle meets the line x+y= 1. Find the coordinates of 
their point of intersection. 

( Ex '/o' ^ w nc \ equation of the chord of contact of tangents drawn 
from (2, 1) to the circle x 2 +y 2 + 2x + Sy =4. 

n v X f’ at ? d §(- r 2 > . ? / 2 ) are drawn perpendiculars PM, 

Qjy to the polars of Q and P with respect to the circle x 2 + ?/ 2 =r 2 - 

prove that OP / PM= OQ/QiV, 0 being the origin. 9 ’ 

Ex - 6 ‘ Ei " d t . , \ e coordinates of the point of intersection of the 
polars of (3, 2) with respect to the circles 

x 2 + f - +10 = 0 and x 2 + y 2 + 1 U* + 10 = 0. 

^ P ls ^ ie P°* nt 0» 7) and the intersection of the polars 
ot P with respect to the circles 

x 2 +y 2 - 8.r +12 = 0 and x 2 + y 2 + 7x +12 = 0, 

prove that the circle on PQ as diameter is orthogonal to the two 
given circles. 

Ex. 8. Prove that the polars of (.r,, y x ) with respect to the system 
or coaxal circles specified by the equation 

x 2 +y 2 — 2 ax + c = 0, 

where a is a varying constant, all pass through the fixed intersection 
of the lines xx 1 + yy l + c =0 and .r + .r I = 0. 


EXEECISES XVIII. 

•n ? y = ‘»ix+ 2£ touches ,r 2 + ?/ 2 = 4, find the values of m and 
illustrate by a figure. 

2. Prove that 3.?: +5?/= 34 touches x 2 + y 2 = 34, and find the co¬ 
ordinates of the point of contact. 

3. Find the equation of the line which touches ^-{-v 2 =Sx +6?/ 

at the point (8,0). * J 
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4 Find the coordinates of the points at which the straight line 
2 cuts x 2 + y 2 = 2(.c 4- 4). Find also the equations of the tangents 
at these points and the coordinates of their point of intersection. 

5. Find the equations of the straight lines parallel to x+y — 0 
•which touch x 2 +y 2 = 8. Illustrate by a figure. 


6. Prove that 

.r 4-1=0, y = b , 3.r + 4y=ll, 3y = 4,v+7 

are the four common tangents to the circles 

x 2 + 7j 2 -8y+lb = 0 


and x 2 +y 2 +8x-4y + ll = 0. 

7. Show that the angle between the tangents drawn from the 
point (3, 4) to the circle x 2 +y 2 - 2x- 4?/4-4 = 0 is cos" 1 j. 

Also show that y -x cot <£ = 24-tail ^ touches this circle for all 
values of <£. 

8 . Find the equation of the common chord of the circles 

(x - a) 2 4 -y 2 = a 2 ; x 2 4- ('/ - b) 2 = b 2 . 

Also find the length of the common chord, and show that the circle 
described on the common chord as diameter is 

{a 2 4- b 2 ) (x 2 + y 2 ) = 2 a b (bx 4- ay). 


9 . Prove that the length of the common chord of the two circles 


x 2 + y 2 _ 2px + b 2 =0 and x 2 +y 2 - 2qy - b 2 = 0 
is 2V { (p 2 - b 2 ) (q 2 4- b 2 )/(p 2 4- q 2 ) }• 

id. The straight line 3x—y = 2 meets the lines y — x and y = 2x 
in P and Q. Find the equation of the circle on PQ as diameter. 

11 The equation ax+by = c represents a line which cuts the 
circle x 2 +y 2 =r 2 in A and B. Prove that the coordinates of the 

middle point of AB ?.re ac/{a 2 + b 2 \ bcj(a 2 -\-b~). 


12 . Show that x = acosO, y = a sin 0 are the coordinates of a point 

on the circle x 2 +y 2 = a 2 for every value of 0. . 

If the extremities of a chord of the circle are (a cos 0, a sin (7) ana 

(a, cos (f)j sin c^>), prove that the equation of the chord is 

0 4 - </> • 0 @ & . 

xcos —^" 4 -ysin—g—=acos—^ ’ 


and deduce the equation of the tangent at the first point. 

13 . Find the equation of that chord of the circle x 2 +y 2 =8 which 
is bisected at the point ( — 1, 2). 

14 . Tangents TP and TQ are drawn from T{x 1 , >/,) to the circle 
x 2 +y 2 = r’ i ; find the equation of the circle circumscribing the 

triangle TPQ . 
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15. Trace the loci whose equations are 

2a;+?/ = 3; x 2 +y 2 = 2; (.r-2) 2 + (?/-1)2= 1. 

Find the two points common to the three loci. 

16. Find the square of the tangent from y,) to the circle 

a (• r ~ + //■) + 2 g.v -h 2 fy + c = 0. 

17. The square of the tangent from /' to the circle .r 2 + id _ 8.r + 4=0 
is imnus the square of the distance from P to the point'(2, 0) ; prove 

^ive,/, ! °I? °'| a c,re J e w l 10 f e centre bisects the line drawn from the 
given point to tlie centre of the given circle. 

18. A and B are the centres of the circles 

. r 2 +y 2 _ 2 px + ft 2 =0 ; x 2 + ?/2 + 2qx +b 2 = 0. 

frr^i fT mov . es 80 that the ratio of the squares of the tangents 

ppnh'o those circles is m/n ; prove that it describes a circle whose 

centre 6 divides AB so that AC[BC=ml?i. 

19. Prove that the equation 

•r 2 + ?/ 2 + 2 (jx +2 fy + c + k(lx + my + 7 i) = 0 
represents a circle through the points of intersection of 

x 2 -f-7/ 2 -f 2gx + 2/y + c = 0 and lx+my+n=0 
for all values of k. 

of M,Pc!, n cl^T 2C u tS i the C ( ir o le ' , f + . , / 2 = 9 in a, D - find the equation 
ot the circle described on AB as diameter. 

20. If l.v+m// + n ~0 is a tangent to the circle 

. . x*+tf + 2g. c + 2/y+c=0, 

then it is a tangent to the circle 

, r 2 + ?/ 2 + 2 r/ . r + 2/y + c + + my + re ) = 0 

for every value of k. 

pnuation ?u' V+2 fy +c and u = l*+mi/+n, interpret the 

equation 5+^ = ° with respect to the circle S = 0 and the line u = 0. 

W ~? ? = , 0 ln A and B ’ flnd the value of k when 5+ifca=0 

lepresents the circle on AB as diameter. 

22 \ , If A and B al ' e conjugate points with respect to a circle, prove 

* h ® f q " are , ° n An, iK , eqUal t0 the sum of the snares on the 
tangents from A and B to the circle. 

A ; V' d D ! ! r rf coa i u S ate points with respect to a circle, prove 
that the circle on AB as diameter cuts the given circle orthogonally. 

24. Find the equation of the circle passing through (1, 2) and 

orthogonal to the circles ° v ’ ’ 

+ ~ 5.r + 4 = 0, a’ 2 + i/ 2 + Rr + 4 = 0. 

25. Prove that every circle through the points (b, 0), (-b, 0) is 
orthogonal to all the circles of the system specified by the equation 
x +y-&*+6* = 0, where k is the parameter of the system. 
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26. Prove that (/>, 0) and ( - b, 0) are inverse points with respect to 
all the circles of the system x 2 + y 2 — kx + b 2 =0, where k is the 
parameter. 

27. Find the equation of the circle passing through the point 
(-1,*2) and orthogonal to the circles 

x*+y 2 — 4=0 and x 2 +y 2 — 3x — 4 = 0. 

28. Let x 2 + y 2 — a Y x—b = 0 and x 2 4- ?/ 2 — a 2 x -~b = 0 represent two 
circles. Show (1) that a circle can be described passing through 
(r ?/,) and orthogonal to the two given circles, and (2) that two 
circles can be described touching the line lx + my 4- n = 0 and orthogonal 
to the two given circles. Find the equation of the circle m (1), and 
also the equations of the two circles in (2). 

29 If ( h\ k') is the inverse of (/*, k) with respect to the circle 

(*-l)2 + (v/-2) 2 = 5, 

,, A 2 4- £ 2 4- 3 A — 4k ,, 2/t 2 + 2k 2 -4h-3k 

prove that h = A 2 + _ 2 h - 4k + 5 ; ” h 2 4- k 2 ~ 2 It - 4k + 5' 


30. Prove that the points (/i, k) and (h\ k'\ where 


Ji = a-\- 


r 2 (h - a) 


and k' = b + 


r 2 (k — b) 


(h-af + {k-W - (h-a) 2 + (k-b) 2 ' 

are always inverse to each other with respect to a fixed circle, and 
find its equation. 


31. Find the length of the least chord of the circle 

x 2 +y 2 + 2 gx 4- %fy 4- c =0 
which passes through an internal point (x l9 y x )- 

32. If a- = x-y- 1, /3=x-y- 2, y = ^+y-3, S = x+y -4, prove 

that a.B + y8 = 0 is a circle passing through the intersections of ol —0 

and y = 0, ol=0 and 8 = 0, f3 = 0 and y = 0, (3 = 0 and 8 = 0. 

33. If cl = 2# — ?/-f 3, (3 = 5.r + 3?/ — 29, y = x- 3y + 14, 8 = .r + 4y-f 1, 

prove that «./? = y8 is the equation of the circle circumscribing the 
quadrilateral whose sides, taken in order, are oc = 0, y = 0, p—0, o —0. 

34. Prove that constants p y q can be so chosen that the equation 
(c^v 4- b£) + c 2 ) ( a 3 x 4- b& 4- c 3 ) 4- p (ajv - J rb^j- 3 r c^{a x x 4- b x y 4- c Y ) 

+ q(a 1 x + b l y + c l )(a 2 x + b 2 y-\-c 2 )=Q 

shall represent the circle circumscribing the triangle whose sides are 

a x x 4- b$ + ^=0, a^v 4- b$ 4- c 2 = 0, a?x'-\- bgj 4- c 3 = 0. 


Prove that 

p (3x - 2y - 3) (x 4- 2y) 4- q(x 4- 2y){2x 4- 3y 4-3) 

4-r(2*4-3y4-3)(3tf-2^-3)=0 

is the equation of the circumcircle of the triangle whose sides are 

<2x+3y + 3 = i), 3# — 2y — 3 = 0, x + ty = 0, 

if jt? = 8, q= — 1, r—— 5. 
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35. If S=0 and S' = 0 be the equations of two circles, interpret the 
equation S — LS" = 0, where /• is a constant. 

If a line meet S = 0 in P and Q, S' = 0 in P' and Q\ and 

S—kS=0 in R y show that RP. RQ : UP' . RQ is constant for all 
positions of the line. 

36. The tangents from two fixed points to a variable circle are of 
given lengths ; show that the circle passes through two fixed points. 

37. The equation of the circle whose diameter is the line joining 
the points in which lx + ?ny = 1 cuts 

a (x 2 4- y 2 ) + 2gx + 2fy + c = 0 
is a(l 2 +m 2 )(.v 2 +y 2 ) — 2(al+flm — gm 2 )x 

- 2 (am +glm -fl 2 )y 4- 2 a + 2 gl + 2/m 4- c(l 2 4- m 2 ) = 0. 

38. Prove that the circumcircle of the triangle formed by the lines 

bx + cy + a = 0, cx + ay + b =0 , ax+by + c=0 
passes through the origin if 

(b 2 + c 2 )(c 2 + a 2 ) (a 2 4- b 2 ) = abc(b + c)(c + a)(a 4- b). 

39. If P(.v i, y,) is a point within the circle 

x 2 +y 2 + 2gx 4- 2 fy 4- c = 0, 

and AB a chord of the circle passing through P such that AP=2PB 
find the length of AB. If APlPB = m/n , find the length of AB. 

40. Through the point /^(l, 1) is drawn a line of gradient 1 to 
meet the circle x 2 +y 2 — 2x — 4// = 0 in A and B ; find the lengths of PA 
and PB, using the equation 

(x-x j)/cos (9 = 0/-. ? /i)/ sin 0=r. 

41. Through the point A(x j,y,) is drawn a line to meet the circle 
x 2 -\-y 2 ~a“ in P and Q , and to meet the polar of A in It ; prove that 

l/AP+\IAQ=2/AR, 

that is, prove that R is the harmonic conjugate of A with respect to 
the points P and Q in which any secant through A meets the circle. 
(§ 44, III.). 

[Use the equation (.r-.r,)/cos ^=(y-y 1 )/sin 0 = r.] 

42. Through the point (3, 4) is drawn a chord of the circle 

x 2 -\-y 2 =225, 

so that the given point is a point of trisection of the chord ; find the 
equation of the chord. 

43. Through the point A(l, 1) are drawn the two chords of the 
circle x 2 +y 2 =l0 which are trisected at A ; find the equations of the 
chords. 
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CHAPTER IX. 

CONCHOID. CISSOID. WITCH. PAEABOLA. 

ELLIPSE. HYPERBOLA. 

64. The Conchoid of Nicomedes. Let 0 (Fig. 53) be a 
fixed point (called the pole) and a fixed straight line 
(called the directrix); let OPQ be a variable line cutting 
AB in Q and let the distance QP (measured either way) be 
constant. The locus of P is called the Conchoid of 
Nicomedes. 



Let X'OX be drawn perpendicular to AB, meeting 
AB in C ; let X'OX, Y'OY be rectangular axes and let 
00—c, PQ = b. 

To find the equation of the conchoid . 

Let ( x, y) be the coordinates of any position of P, and let 
MP be the ordinate of P. 
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I he triangles OCQ , OMP are similar; therefore 

CQJJP CQ_y 

OC OM c ~x 

PI / 

so that CQ = — f and therefore the coordinates of Q are 


C JL\ 

’ x)' 



The defining property of the conchoid is 

PQ 2 = h\ 


{x - cf + (y - = b\ 


Hence 

which reduces to {x- + y 2 )(x — cf = b 2 x 2 

This is the equation of the conchoid. 
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The curve has three forms according as (1) b < c (Fig. 
53 (a)), (2) b = c (Fig. 53 (6)), (3) b > c (Fig. 53 (c)). A point 

0, a line AP, and a length (or parameter) b being chosen, the 
locus may be roughly sketched by hand, as a circle may be 
roughly drawn by hand instead of with a pair of compasses. 

The locus may be mechanically described, as a circle is 
described with a pair of compasses, with the instrument 
sketched in Fig. 54. The fixed point 
0 is a pin projecting from a small 
wooden board ; the variable line OPQ 
is a slot cut in a thin slip of wood, 
resting on the board so that the slip 
is movable about 0 in such a way 
that Q, a pin fixed on the under side 
of the slip, moves up and down AB , 
a straight groove cut in the board, 
while P, another fixed pin or pencil- 
point, traces out the conchoid on the 
board. 


65. Geometrical Problems. The Con¬ 
choid of Nicomedes may be used to 
solve problems, just as the straight 
line and circle (ruler and compasses) 
are used. Just as we say, with centre 
0 and radius r describe a circle, so 
we say with pole 0, directrix AB 
and parameter 5, describe a conchoid. 

Problems requiring the use of the 
straight line and circle only are called 
Euclidean problems ; problems requir¬ 
ing the use of other loci, such as 
the conchoid, are called Geometrical 
Problems. Indeed, loci like the conchoid were invented to 
solve problems beyond the power of the straight line and 
circle, such as that of trisecting an angle and that of finding 
two mean proportionals or duplicating the cube. 

66. Trisection of an Angle. Let ABC (Fig. 55) be a right- 
angled triangle having B a right angle. Describe a conchoid 
having A as pole, BC as directrix and 2 A C as parameter. 



Fig. 54. 


G.A.G, 


K 
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Let a parallel to AB through C meet the conchoid in E. 
Then AE trisects the angle BAG. 

o 



Fig. 55. 


Proof. Let AE cut BC in F , and let G be the middle 
point of EF. 

Then, since EOF is a right angle and EG = GF\ 



Fig. 56. 


GC=GE=GF . 

But 

EF= parameter of conchoid 
= 2 AC; 

therefore GA = CG = GE , 
and 

CAF= CGF= 2 CEF= 2 FAB, 

so that AE trisects angle BAC. 

O 

67. The Cissoid of Diodes. Let 
X'OX , Y'OY (Fig. 56) be rect¬ 
angular axes. Let A be a fixed 
point on the x-axis, and let 
OA = a. Describe the circle on 
0A as diameter; through A 
draw the perpendicular to OA . 
Let Q be a variable point on this 
perpendicular, join OQ cutting 
the circle in R and cut off 


OP = RQ. The locus of P is called the Cissoid of Diodes. 
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To find the equation of the Cissoid. 

Let the coordinates of P be (x y y) and let MP be the 
ordinate of P. 


Then 

and therefore 


AQ_MP AQ = y 
OA OM ax 


AQ = 


ay 


x 


( 1 ) 


But 


therefore 


OQ*=OA*-rAQ* = a* + ( ^f = a ' ( ^+ ^; 

oQ = aJx2+ y - . 

x 


( 2 ) 


Now OQ. EQ = AQ 2 , and therefore OQ. OP = AQ 2 . 
Hence, by (1) and (2), since OP = J(x 2 -\-y 2 \ 




that is, 


x{x 2 + y 2 ) = ay' 


or 


y 


2 _ 


X 


3 


a — x 


This is the equation of the Cissoid. The locus may be 
roughly sketched by hand; its form is shown in the figure. 

68 . The Duplication of the Cube. Let d denote the edge 
of a cube; it is required to construct geometrically so 
that d x 3 = 2 d 3 . This is the problem known as the duplica¬ 
tion of the cube. In Fig. 56, let B be the point on OY 
such that OB = 20A, and let AB cut the Cissoid in P. 

Then, from the equation 


we have 


y 2 = 


MP 2 = 


X' 


a — x 


Oil/ 3 


Oil/ 3 

OA - 0M~ MA • 


(i) 


But, by similar As MAP, OAB, 

MA OA 1 
MP~OB~ 2’ 

MA — | JfP. 


and therefore 
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Substitute in (1); 

then MP 2 = or MP 3 = 2 OAP. 

IMP 

Now construct d x so that 

OM:MP = d:d v 

Then d* = 2d*. 


69. The Witch of Agnesi. 

rectangular axes, A a fixed point 



therefore 

From similar 


Let X'OX , Y'OY (Fig. 57) be 
on X'OX , B the middle 
point of OA, CD the 
parallel through B to 
Y'OY. Let Q be a vari¬ 
able point on CD and let 
OQ meet the circle on 
OA as diameter in R. 
Let the parallel to OX 
through Q meet the 
parallel to OY through 
R in P. The locus of 
P is called the Witch of 
Agnesi. 

To find the equation 
of the Witch. 

Let OA = 2a; let P be 
the point ( x y y) and MP 
the ordinate of P. 

From similar triangles 

OMR , ORA , 

OR OM. 

OA ~~ OR ’ 


0R 2 =0A.0M=2ax .(1) 

triangles OBQ y OMR , 

OQ_OR . 

OB OM ’ 

0Q 2 _ OR 2 
OB 2 ~OM 2> 


therefore 



§69] 

that is, by (1), 


THE WITCH OF AGNESI. 

OQ 2 _ 2 ax 


or 


OQ 1 = — 3 
£ 


But OQ 2 = OB 2 +£(? = OB 2 + MP 2 

2 a 3 

therefore, by (2), a 2 +2/ 2 = — 

or aj(a 2 + i/ 2 ) = 2a 3 . 

This is the equation of the Witch, 
curve is shown in the figure. 


= a 2 + 2/ 2 ; 
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The form of the 



Fig. 58. 


70. The Parabola. Let 8 (Fig. 58) be a fixed point, called 
the focus, Z'Z a fixed straight line, called the directrix ; 
let P be a variable point which moves so that its distance 
from S is numerically equal to its (perpendicular) distance 
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from Z'Z ; the locus of P is called a Parabola. The form of 
the curve is shown in Fig. 58 when S is the point (1, 0) 
and Z'Z the line x= — 1 referred to the axes X OX , YOY. 

It was obtained by describing circles with S as centre 
and radii 10, 11, 12, 13... divisions in length to cut 
successively the vertical lines from 0 to the right; e.cj. the 
point P on the curve is such that radius SP =15 divisions 
in length = Pil/, the perpendicular from P to the directrix. 
The point 0 is called the vertex and the line OX the axis 
of the parabola. 

To find the equation of the parabola in Fig. 58. Let 
P (x, y) be any point on the curve. 

Then SP 2 = PM 2 ; 

therefore (x — 1 ) 2 + y 2 = (# + 1 ) 2 ; 

that is, y 2 = 4x 

is the equation of the parabola. 

Ex. 1. Find the equation of the parabola whose focus is the point 
(a, 0) and whose directrix is the line x= - a. 

Ex. 2. Find the equation of the parabola whose focus is the point 
(2, 0) and whose directrix is the y-axis. % 

Ex. 3. Find the equation of the parabola whose focus is the point 
(0, a) and whose directrix is the line y = - a. 

Ex. 4. Find the equation of the parabola whose focus is the point 
(2, 1) and whose directrix is 3.r+ 4y=5. 

71. The Ellipse. Let S and S' be two fixed points in a 
plane (called the foci) and let a variable point P in the 
plane move so that PS+PS' is constant; then the locus 
of P is called an ellipse with foci S, S'. The locus may be 
mechanically described by passing an endless string round 
two pins, placed at the foci S, S', and then keeping the 
string tight by a pencil moving in the plane and tracing 

out the locus. t 

Fig. 59 shows the form of the ellipse when the foci S , S 

are the points (2, 0), ( — 2, 0) and PS+PS' = 5. 

To find the equation of this ellipse. 
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Let P{x , y) be any point on the locus; thei*_ 

SF = - 2 f + y*, S'P = J(^+2?+V ; 

therefore %/(•'« +2) 2 + i/ 2 + \!{x— '2y + y —5 , 

or 7(7c+ 2) 2 + y 2 = 5- v/(x-2) 2 + 1- 

Squaring, we obtain ___ 

( x +2) 2 +y 2 = 25+(x-2) 2 +y 2 -10j(x-2Y+y i , 

which reduces to _ 

8* - 25 = - I0j(x - 2) 2 + y\ 



Fig. 5U. 


Squaring again, we get 

64x 2 - 400a; + 625 = 100a; 2 - 400a; + 400 +100 y\ 
or, 36a; 2 +100?/ 2 = 225. 

This is the equation of the ellipse. 

A A' is called the major axis and BE the minor axis of 
the ellipse; the points A and A' are called the vertices of 

the ellipse. 

Ex. 1. A point P moves so that the sum of its distances from the 
points (2, 0) and (-2, 0) is 6 ; find the equation of the ellipse traced 
out by P ; and draw the figure. 
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Ex. 2. A point P moves so that the sum of its distances from the 
points (c, 0) and (- c, 0) is 2«, where a > c ; prove that the equation of 
the ellipse traced out is 

7 ’2 7/2 7*2 7/2 

— + 9—9 = 1 or — + ,77 = 1 , 

a - a~-c 2 a- Ir 

where b 2 = a 1 — r 2 . 

Ex. 3. A line jl/A T , 7 inches long, slides with the end M on the 
.r-axis and the end A 7 on the //-axis ; P is the point on M A 7 , that is 
3 inches from M and 4 inches from N. If .r, ij are the coordinates 
of P, show that , o 2 ?/ 2 

x=ljOM, !/ = i0X, yc + i = 1 - 

If P is b inches from M and a inches from N, the length of MN 
being now (a + 6) inches, then 

d 2 ^b 2 ~~ 



Fig. 60. 


72 . The Hyperbola. Let S and S' be two fixed points in a 
plane (called the foci) and let a variable point P in the 
plane move so that the difference of PS and PS' is constant; 
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then the locus o£ P is called a hyperbola with foci S, S'. 
The locus may be mechanically described as shown m 
pio- 60. The rod S'K turns about S', while a string 
(whose length is less than that of the rod) connected to * 
and K is kept tight by a pencil P moving in the plane 

along the rod. ... . j 

If S is the point (4, 0), S' the point (-4, 0) and 

PS' ~ PS = 4>, to find the equation of the locus. 

Let P(x, y ) be any point on the locus (Fig. 60). 

SP = J(x - 4 y+y\ S' P = J(x + 4>f + y 2 . 

If S'P — SP = 4, . (1) 


V(a- + 4) 2 + i/ 2 -V(z-4) 2 + 2/ 2 = 4; 
therefore V(x + 4) 2 + y l = 4 4- f + y*. 


Squaring and reducing, we have 

2x — 2 = -J(x — 4) 2 + y 2 . 


Squaring again, we get 

4x 2 —8x + 4 = (x —4) 2 + j/ 2 

or 3x 2 y 2 = 12, 

which is the equation of the hyperbola. 

The same equation is obtained if we start from 

SP — S'P = 4 .(2) 

instead of from (1). The right-hand branch of the curve 
corresponds to (1), and the left-hand branch to (2). 


73. Conic Sections. If a right circular cone be cut by a 
plane 

(i) which is parallel to a generator, the section is a 
parabola ; 

(ii) which is not parallel to a generator and yet cuts 
only one sheet of the complete conical surface, the 
section is a circle when the plane is perpendicular 
to the axis of the cone, and an ellipse when it is 

not; 

(iii) which cuts both sheets of the conical surface, the 
section is a hyperbola. 
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Fig. 61 helps to explain these statements. The parabola, 
ellipse and hyperbola are often referred to as conic sections. 



{a) The Parabola. 



(6) The Ellipse. 



(c) The Hyperbola. 


Fig. 61. 

The definitions of parabola, ellipse and hyperbola given 
in §§ 70, 71, 72 do not show the connection between the 
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variable point P which moves so that SP ™ 
loeus of P is called a parabola if e=l, an ellipse ^ 
and a hyperbola if c>l, « being called the eccentricity. 


Ex I Find the equation of the conic section 
point (2, 0), whose directrix is r = yf and whose eccentucity I- 

P The equation is (.r- 2 ) 2 +*»-«(*- ^) 3 > 
that is, 38 ** +W- 825 . 

The conic is the ellipse of § 71 . 

Ex 2 Find the equation of the conic sect.on whose focus is the 
point (4, 0) whose directrix is r = l and whose eccentricity is 2. 

The equation is (a' - 4 ) 2 + if - 4 (.* 1 ) > 

that is, 3 .^-/= 12- 

The conic is the hyperbola of § 72 . 

P r % i -ns zsr 

are (i) h ; (h) 1 ’» 0*0 

(i) The equation is T ,*_ 2y + 3 \* 

— 2) 2 +(y — 1 ) 2 = ^ - ( ^5 )’ 

that is, 19.r 2 + 4.ry + I 6 /- 86 .r- 28 (/ + 91 = 0 . 

(ii) The equation is /,._9, / + 3\ 2 

(.r-2) 2 + (y-l) 2 =(H^ )’ 

that is, 4P + 4.ry+?/ 2 - 26.r+ 2 y +16 = 0. 

(iii) The equation is ^ / x -2y + 3 \ 2 


(a:-2) 2 + (y-l) 2 = 4( 


v/5 / 


that is, a- 2 + 1 6ry — 11,y 2 — 44.r+38y — 11 — 0. 

Ex. 4 . Show that the general equation of a conic section is of the 

^LettKcu^be’ fr, q), the directrix t* + «y+»=0 and the eccen¬ 
tricity 6 j then the equation of the conic is 

,(lx+my + ny 

{x-pY + ilJ -q ) 2 = e l -^ + m 2 

So uarinsr out collecting like terms and rearranging, we get an 
equation which^contains terms in P, m y\ *, y and an absolute term ; 

the equation is therefore of the form 

ax 2 + %hxy + by 2 + 2gx 4 - 2/?/ + c = 0. 
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74. The Equation of a Locus. A geometrical locus such 
as the straight line, circle, conchoid, cissoid, etc., is defined 
by a certain condition. A fundamental problem in Ana¬ 
lytical Geometry is to represent a defined geometrical locus 
by an analytical equation. This can be done in an infinite 
number of ways; for rectangular axes of reference can be 

o 

chosen in an infinite number of ways. If (.t, y) be the 
coordinates, with respect to chosen or assigned axes, of any 
point on a locus, the condition defining the locus can be 
translated into an e< nation in x , y, and certain constants 
required to specify t le locus. This equation is called the 
equation of the locus. 

75. Worked Examples. We shall now work some examples 
of the process of finding the analytical equations of 
specified loci. 

Ex. 1. If 0 is the origin of rectangular axes and Q moves round 
the circle x 2 4-?/ 2 — 4x + 3 = 0, find the equation of the locus of P, the 
middle point of 0Q. Draw the loci of Q and P. 

Let (/<, Jc) be the coordinates of a position of P (Fig. 62). 


Eiu. 



Then (2 h, 2 k) are the coordinates of the corresponding position 
of Q. 

But Q is a point on the given circle ; therefore the coordinates of Q 
satisfy the equation A .2 + , / 2_ 4r + 3= o ; .(i) 

.-. (2/*) 2 + ( 2 k ) 2 - 4(2/ i ) + 3=0; 

/. 4/r' + 4F-8/i + 3=0; 
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x .e. the coordinates of any point on the locus of P satisfy the 

equation 4.r 2 + Ay 2 - 8 x + 3 = 0, . 

obtained by writing x, y for h, k to indicate a variable point. 

Hence this is the equation of the locus or 1. 

We may write (i) in the form 

(x - 2) 2 +y 2 = l, 

and (ii) in the form (x - 1 ) 2 +/ = OjY- 

Hence the locus of Q is the circle centre (2, 0), radius 1 , and the 

locus of P is the circle centre (1, 0), radius 

*1Ex 2 A variable circle touches the x-axis and the fixed circle 
whose radius is a, and centre (0, a) ; find the equation of the locus of the 
centre of the variable circle , and sketch the Jorm of the locus. 

Let A (Fig. 63) be the centre of the fixed circle. 

Let P(h , k) be a position of the centre of the variable circle , 1 

MP be the ordinate <»f P. 



Draw PiV, the perpendicular from P to 0A. 

Then AP 2 = NA* + ..0) 

Also AP=sum of the radii of the two circles 

= a-\-MP—a + k ; 

N'A = 0A-0N=a-k ; 


and NP=h. 

Substituting in (i), we get 

(a + kf=(a-ky + h\ 

which reduces to h z —^ak. 

Writing x, y for A, k to denote a variable point on the locus, we get 

x 2 —4ay 

as the equation of the locus, the form of which is shown in the figure 
The locus is a parabola of which 0 is the vertex and 01 the axis (§ /0). 
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Ex. 3. A variable lhie passing through the point (1,1) meets the axes 
of x and y at M and N respectively. Parallels through M and N, to the 
axes of y and x respectively, meet in P. Find the equation of the locus 
of P, and draw the form of the locus. 

Let one position of the variable line through A(l, 1) be MAN of 
gradient m (Fig. 04), and let P(h, k) be the corresponding point on 
the locus. 



Fig. 64. 


Then the equation of MAN is 


y-l=m(x-l) .(i) 

Now M , whose coordinates are (h, 0), lies on the line (i); 

therefore — 1 = w (h - 1).(ii) 

Also N, whose coordinates are (0, k), lies on (i); 
therefore k — 1 = — m .(iii) 


We wish to obtain a relation between h, Jc, so divide (ii) by (iii), 
and get , 

that is, 1 =(/i — l)(it — 1) 

or hk=h+k. 

Writing x, y for k, Jc to denote a variable point on the locus, we find 

xy=x+y .(iv) 

as the equation of the locus, whose form is shown in Fig. 64. 

If we write equations (ii) and (iii) in the form 

h = l - 1/m, 1c—\—m, 

we see that x=l — 1/m, y = l —m are freedom equations of the locus. 
Equation (iv) is the constraint equation, obtained of course by the 
elimination of m. The locus is a hyperbola (§ 72). 
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Ex 4. A and A' are the points («, 0) and (-a, 0) ; and B and B 
are the points (0, h) and (0, - b). If Q and Q\ variable points in A A 
divide it externally and internally in the same ratio , and if By ana 
B'Q meet in P, find the equation of the locus of I\ and sketch the Locus. 

Let Q divide A'A externally in the ratio k : 1 (Fig. 65). 


Then 


therefore 


abscissa of Q = 5 

Q is the point 




■MM; 





isSssEisil 
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:::s: 





I UMBT* 


mui 

SSSn! 



SIMS 


Fig. G5. 


Also Q' divides A'A internally in the ratio k : 1 ; 
therefore abscissa of Q'= k + 


and 


Q' is the point \ 0^. 


The equation of BQ is 

x(k-\) y_ 

a(k + iyb . 

The equation of B'Q' is 

x (k+\) y_. 
a(k— 1) b 

If then ( p , q) is a point P on the locus, we have 

I-?, from (i), 
a(k-\-\) b 

=i + ?. f rom (if)- 

a{k — 1) b 


(i) 


(ii) 


and 
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Multiplying these equations together so as to eliminate k, we have 


a* b 2 ' 

This is an equation connecting p, q with the constants specifying 
the locus. Write .r, y for p, < 7 , and we obtain 

^4-?'- = I 

o I 7 o 


a 


b 2 


as the equation of the locus. A sketch of the locus is shown where 
« = 5 , b = 3 ; the value of k for the points Q, Q' in the figure is b. 

The locus is an ellipse (§71). 


Ex. 5. Q and R are variable points on the x and y axes , such that 
OR subtends a right angle at the fixed point A (a, b) ; and P is the foot 
of the perpendicular from the origin to QR. Find the equation of t ie 

locus of P. 



Let P(h, k) (Fig. 66 ) be a point on the locus, and let M, N be the 
projections of P on the x and y axes. 

Let OQ = t ; 

then gradient of AQ = -—- ; 


therefore 


gradient of AR^—j^- 


Hence the equation of A R is 

y — b—(F ~ °)- 


(i) 


But R lies on AR ; substituting #=0 and y = 0R in (i), we get 


b.0R=<i* + b 2 -at. 


(ii) 


or 
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Now, from the right-angled triangle OPQ , we get 

OQ.OM=OP 2 

A 2 + Jr 

that is t — —jr—. 



or 


From the right-angled triangle OPR, we get 

OR. ON =01* 

orJ^. ■ 


(iv) 


Substituting in (ii) the values of t and OR from (iii) and (iv), we get 

6(A 2 + A 2 ) 9 . ,* a(A 2 +A 2 ) 

——-- =ct~ + Ir - j -, 

A A 

that is, (A 2 + h~){bh + ak) = (a 2 + b 2 )hl A .(v) 

Writing x , y for A, k to denote a variable point on the locus, we get 

(.r 2 + y 2 )(bx + ay) = (a 1 + b 2 )xy 


as the equation of the locus of P. 

Note. From (iv), OR = (A 2 + k 2 )/k, so that (ii) may be written 

b (A 2 + A 2 )/A=a 2 + b* - at .(ii«) 

Equation (v) is found by eliminating t from (iia) and (iii). 

The method of solution thus consists in first choosing a suitable 
'parameter t, then forming two equations in A, A, t, and finally elimi¬ 
nating t. The last two steps again illustrate the connection between 
freedom and constraint equations. 


EXEECISES XIX. 

1. If A be the fixed point (0, 2a), and Q a variable point which 
moves along the ^r-axis, find the equation of the locus of the middle 
point of AQ, and draw the locus. 

2. P is a variable point lying within the angle XOY ; M and N 
are the projections of P on OX and OF respectively. If the perimeter 
of the rectangle OMPN is 4, find the equation of the locus of and 
draw the locus. 

3. If in Ex. 2 the area of OMPN is 1, find the equation of the 
locus of P , and sketch the locus. 

4. OABC is a variable rectangle of constant perimeter 2a, and the 
sides 0A and OG lie along the axes of reference ; find the equation of 
the locus of the middle point of AC, and draw the locus when a= 1. 

5. A is the fixed point (1, 1) and A B is any line through it cutting 
the .r-axis in B. If AC is perpendicular to AB and meets the y -axis 
in (7, find the equation of the locus of P, the middle point of BC, as 
AB varies. 


G.A.G. 


L 
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6. A and B are any two points on the axes of x and y respectively 
such that 2 OA +305=10 ; find the equation of the locus of the middle 
point of AB, and draw the locus. 

7. Q is a variable point on the circle x 2 +y 2 = a 2 ; QP is drawn 
parallel to the a’-axis so that QP= 2. Find the equation of the locus 
of P ; interpret the equation and draw the locus. 

8. Q is a variable point on the circle .r 2 + ?/ 2 = 9 ; QM and MP are 
drawn parallel to the x- and ?/-axes respectively so that QM— 2, 
MP= 3 ; find the equation of the'locus of P, and draw the locus. 

9. MQ is a variable ordinate of the circle x 2 +y 2 =l ; P is taken in 
MQ so that MP=2MQ. Find the equation of the locus of P, and 
sketch the locus. Find also the area enclosed by the locus. 

10. MQ is a variable ordinate of the circle ,r 2 + ?/ 2 = «-; QR, RP are 
drawn parallel to the y- and .r-axes respectively, so that MR = 2MQ 
and RP=0M , where 0 is the origin ; find the equation of the locus of 
P, and sketch the locus. 

11. If 0 is the origin and Q moves round the circle 

x 2 +y 2 - 4r+3 = 0, 

find the equation of the locus of P, the point of trisection of OQ 
nearest to 0. Draw the locus. 

12. A is the fixed point (6, 0); APQ is a variable secant of the fixed 
circle x 2 +y 2 =a 2 ; find the equation of the locus of the middle point of 
the chord PQ, and draw the locus. 

13. A variable point P moves so that its distance from the .r-axis 
is numerically equal to its distance from the point (0, 2 a) ; find the 
equation of the locus of P, and sketch the locus. 

14. A variable point P moves so that its distance from the point 
(0, 4) is numerically equal to its distance from the line y = \ ; find the 
equation of the locus of P, and sketch the locus. 

15. A variable point P moves so that its distance from the point 
(8, 0) is double its distance from the y- axis ; find the equation of the 
locus of P, and sketch the locus. 

16. A variable straight line cuts X'OX, TOY in P, Q respectively, 
and moves so that the area OPQ is constant ( = a 2 ) ; find the equation 
of the locus of the middle point of PQ, and sketch the locus. 

17. A straight line PQ of constant length 2 a slides between the 
axes of x and y ; find the equation of the locus (i) of the middle point 
of PQ, (ii) of each of the points of trisection of PQ. Sketch the forms 
of the loci. 

18. Prove that y=x — x 2 is the locus of a point which moves so that 
its distance from the point (1/2, 0) is always equal to its distance from 
y= 1/2. Sketch the locus. 
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19. Make a drawing of the ellipse whose focus is at the origin, 
whose directrix is x — y — 3 and whose eccentricity is 1/2. Find the 
equation of the curve. 

20. A straight line rotates in a plane about a fixed point A, whose 
coordinates with respect to rectangular axes OX and OY in the plane 
are x=a and y = b , and cuts the axes in the variable points Q and R. 
A point P is taken on the line so that PQ = RA. Show that the 
equation of the locus of P is the hyperbola xy = ab , and sketch the 
curve. 

21. B is a fixed point on the y-axis such that OB=Jc. C is any 

point on the 47-axis, OD bisects the angle BOC and meets BC in D , 

and E is the middle point of CD. Find the equation of the locus 

of E as C moves from 0 to a point A along OX. Draw the path on 

squared paper, taking k as 5 cms. and OA as 30 cms. 

% 

22. A variable circle touches the 4*-axis and the fixed circle whose 
centre is (0, a) and radius a ; find the equation of the locus of the 
point on the variable circle which is furthest from, (i) the 47-axis, 
(ii) the y-axis ; and sketch the forms of the loci. 

23. A fixed circle, centre (0, b) and radius a, is drawn. A variable 
circle touches the fixed circle and the axis of x. Find the equation of 
the locus of the centre of the variable circle (i) when b>a, (ii) when 
b = a, (iii) when b<a. 

24. A variable circle is described to pass through the point (a, 0) 
and to touch the straight line y=x. Find the equation of the locus 
of the centre of the variable circle, and sketch the locus. 

25. A variable circle is described to pass through the point (0, a) 
and touch the straight line y—x. Find the equation of the locus of 
its centre, and sketch the locus. 

26. A variable circle is described to pass through the point (a, 0) 
and touch the line x+y = 0 ; find the equation of the locus of its 
centre, and sketch the locus. 

27. A variable circle passes through the point (a, a) and touches 
the 4:-axis. Find the equation of the locus of its centre, and sketch 
the locus. 

28. A fixed circle of radius a touches the 47 -axis at the origin. A 
variable circle touches the y-axis and the fixed circle; find the 

equation of the locus of the centre of the variable circle, and sketch 
the locus. 

29. Find the equations of the loci of the centres of the circles 
which touch both the 47 -axis and the fixed circle x 2 +y 2 =a 2 . Sketch 
the loci, and refer each sketch to its corresponding equation. 

30. A variable circle touches OX and the line 47 =a. The join 
of the origin to the centre of the circle meets the circle in P. Find 
the equation of the locus of P, and sketch the locus. 


164 


ANALYTICAL GEOMETRY. 


[CH. 


31. AO A , BOB are two perpendicular diameters of a circle whose 
centre is 0 , and whose radius is unity. It is a movable point on the 
circle, A R meets BOB in N ; and Q is a point on AR whose distance 
from BOB is equal to ON. Find the equation of the locus of Q , A'OA 
and B OB being the x- and //-axes of reference. Trace the locus 
on squared paper, taking special care to show the form near the point 
whose abscissa is unity. 

32. A is the fixed point (a, 0) ; Q is a variable point on the //-axis, 
and AQP a variable isosceles triangle on AQ as base, having QP 
parallel to the line y=x. Prove that the equation of the locus of P is 

x 2 — y 2 + 2 ax — a 2 . 

Trace the curve. 

33. P is the foot of the perpendicular from the origin on to a 
movable line cutting the axes at A and B so that 0A + 0B= 1. Prove 
that the locus of P is specified by the equation 

(x 2 +y 2 )(x+y)=xy. 

From considerations of its geometrical property, sketch roughly the 
part of the curve that lies within the angle XOY. 

34. OABC is a square ; D is a fixed point on OA produced. A 
variable line DPQ meets AB in P and BC in Q ; prove that the locus 
of the intersection of OP and AQ is a straight line. 

35. A circle, described with the origin 0 as centre and radius a, 
meets the negative part of the axis of x in A. P is any point on 
this circle, and Q is a point on the ordinate of P such that OQ = AP. 
Prove that the locus of Q is a circle, centre (a, 0) and radius a^JS. 

36. P is the foot of the perpendicular from the origin to a tangent 
through the movable point Q on the circle on OA as diameter, where 
0 is the origin and A is the point (2«, 0). Prove that the equation of 
the locus of P is 

(x 2 +y 2 ) 2 — 2 ax(x 2 +y 2 ) - a 2 y 2 = 0. 

The locus is called the pedal of the circle with respect to the point 0 
on it. 

37. A circle is described on OA as diameter, where 0 is the origin 
and A is the point (2a, 0). Q is any point on the circle, R is the 
image of Q in 0A f and the diameter through R meets OQ in P. 
Prove that the locus of P is given by the equation 

3.r 2 — y 2 — 2 ax = 0. 

38. A is the point (a, 0); B and C are variable points on the 
// axis such that BC=a. Prove that the locus of the foot of the 
perpendicular from C to AB is given by 

x {x 2 + y 2 ) - ax ( 2x + y) + a 2 (x + y) — 0. 

39. A and B are the points (a, 0) and (0, b) respectively. Q is 
a movable point in the line AB> and M and N are its projections on 
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the axes of x and y respectively. Prove that the equation of the 
locus of the intersection of AN and BM is 

b 2 x 2 -f abxy 4- a 2 y 2 — 2ab 2 x — 2a 2 by + a 2 b 2 = 0. 

Sketch the locus. 

40. A and B are the points («, 0) and (0, b) respectively, and OACB 
is a rectangle. Through C is drawn a variable line to meet the axes 
of x and y in Q and R respectively. BQ and AR meet in P; prove 
that the equation of the locus of P is 

b 2 x 2 -f abxy -f a 2 y 2 = ab(bx+ ay). 

41. C is the fixed point {a, b) ; A and B are its projections on the 
x- and y- axes. Q in OA and R in BC are such that QR is parallel 
to OB; S in OB and T in AC are such that, £7’ is parallel to OA. 
If QR and ST are movable, prove that the locus of the intersection of 
QS and RT is the line A B , and that the locus of the intersection 
of SR and QT is the line OC. 

42. A is the point ( 2a , 0) ; Q is a variable point on the circle on OA 
as diameter, where 0 is the origin. On the line OQ is measured, 
either way, a length QP equal to 2 a. Prove that the locus of Q 
(called a cardioid) is specified by the equation 

{x 2 +y 2 - 2ax) 2 = 4a 2 (x 2 -f y 2 ). 

43. A is the point (a, 0) and B any point on the line x—a ; the 
bisector of the angle OB A cuts OA at A 7 , and from N a perpendicular 
is drawn to OB, meeting it at P. Find the equation to the locus of 
P as B moves along the line x=a. 

If PN is produced to meet the line x—a at Q, find the equation of 

the locus of the middle point of PQ , and show that the locus is a 
cissoid. 


MISCELLANEOUS EXAMPLES I. 

1. Prove that the points (3, 4) and ( — 4, 3) are equidistant from 
the origin. 

2. Prove that the points (v/3, 1/2), (7^3/2, 3), (^3, 11/2) are the 
vertices of an equilateral triangle. 

3. A , B, two points on an axis, have abscissae (a + 6), (a — b) respec¬ 
tively. C and D are points on the axis such that 

AC : CB=a : b= -AD : DB ; 
prove that CD=4ab 2 /(b 2 -a 2 ). 

4. A, B, C are the three points (1, 4), (3, 2), (3, 11/2) respectively. 
M is the middle point of AB , and AC is produced its own length 
to N ; calculate MN and the intercepts made by MN on the axes. 
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5. Prove that the points ( — 3, 1), ( — 1, 6), ( — 5, —4) are collinear 
and find the ratio in which the first cuts the join of the second 
and third. 

6 . Prove that the lines joining ( — 2, —3), (6, 5) and (1, —5), (3, 7) 
are the diagonals of a parallelogram. 

7. If («, b), (c, r/) are opposite vertices of a parallelogram and 
(c, b) is a third vertex, find the coordinates of the fourth vertex. 

8. Find the coordinates of the intersection of the medians of the 
triangle whose vertices are (5, -1), (-3, -4), (1, 8). 

9. Find the coordinates of the centroid of the triangle whose 
vertices are (.r 15 ?/,), (.r 2 , ?/.), (.r 3 , ?/ 3 ). 

10. Prove that the lines joining (4, 0), (-2, 3) and (-3, 2), (6, 2) 
trisect one another. 

11. If (-3, 2), (1, 1), (5, 7) are the middle points of the sides of a 
triangle, find the coordinates of the vertices of the triangle. 

12. If masses 1, 1, 2 are placed at the points (2, 6), (4, -10), 

( —1, 4), find the centroid of the masses. 

13. If masses wi,, »i 2 , m 3 are placed at the points (.r n y x \ (.r 2 , y 2 )> 
(•r 3 , ?/ 3 ), find the centroid of the masses. 

14. If masses m 2 , ..., m n are placed at the points (r ly y^), 
(«r 2 , y%), •••, (r„, //„), find the centroid of the masses. 

15. If G is the centroid of any number of fixed points A, B, C etc., 
and P is a variable point, prove that 

2PA 2 =2GA 2 +n.GP\ 
where n is the number of points. 

16. If G is the centroid of masses wij, m .,, etc., placed at the fixed 
points A l9 A 2 , etc., and P is a variable point, prove that 

2 (m . PA 2 ) = 2 (m . GA 2 ) + (2m ). GPK 

17. A particle starts from the point (2, 3) and moves with com¬ 
ponent velocities of 3 and 4 feet per second parallel to the axes X'OX , 
Y'O Y respectively ; prove that the position of the particle at time 
t seconds is specified by the equations 

^=2 + 3 1, y=3+4^, 

the scale unit of each axis being 1 foot. 

Graph the line of motion and find its equation in the form 

Ax + By + C= 0. 

18. A particle starts from the point ( — 4, — 1) and one second later 
arrives at the point ( — 2, 3) ; find freedom equations for its path and 
deduce the constraint equation. 
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19. The scale unit of each of the axes X'OX, Y'OY is one foot. 
The motion of a particle in the plane of the axes is given by the 

equations x=-\+2t, y = 2 -t, 

t being measured in seconds. Graph to a suitable scale the positions 
of the particle when t is —3, — 1, 0, 2, 3, 4. What are the x- and 
y-components of the velocity of the particle, and what is the constraint 
equation of its path ? 

20. Draw two rectangular axes t'Ot, v'Ov. Let one inch, the scale 
unit on the £-axis, represent one second ; let one inch, the scale unit 
on the v-axis, represent a velocity of 32 feet per second. Draw the 
straight line joining the origin to (1, 1). The diagram is called a 
Velocity-Time or v-t Diagram of the motion of a point on an axis. 
Find from the diagram 

(1) the velocity when t is 0, 1, 2, 3, 4 ; 

(2) at what times the velocity is (a) 16 ft. per sec., ( b) 32 ft. per sec., 

( c) 48 ft. per sec., ( d) 76’8 ft. per sec. ; 

(3) the acceleration (increase of velocity per second) ; 

(4) the space described in 1 sec., in 3 secs., in the 3 rd sec. 

21. Taking the velocity-time diagram of Ex. 20, find general 
formulae specifying (1) the velocity v at time t , (2) the time t at which 
the velocity is v, (3) the space described in t secs., (4) the velocity v 
when the space described is s. 

22. The velocity-time diagram of the motion of a point on an axis 
is a straight line. Show that the gradient of the line measures the 
acceleration of the motion. 

23. If v = u + a.t is the equation of the velocity-time diagram, what 
is the measure of (1) the acceleration of the motion, (2) the initial 
velocity, (3) the time when the particle is at rest ? 

24. Find freedom equations for the motion of a point along a 
straight line when the point has at one time coordinates (a, b) and 
t x seconds later coordinates (c, d). Deduce the constraint equation 
of the line. 

* 25. Find freedom equations for the locus of a point which moves so 
that the gradient of the line joining it to (2, 1) is constantly 3/4. 

26. Prove that the lines joining ( — 4, 3), ( — 2, 1) and ( — 5, — 1), 
( — 3, —3) are both perpendicular to the line joining (5, —2), (3, —4). 

27. Find the equation of the perpendicular to 4.r + y — 2 = 0 through 
the point ( - 2, 3), the coordinates of the point of intersection, and the 
length of the perpendicular. 

28. Prove that the coordinates of the foot of the perpendicular 
from the point (x lf y x ) on the line ax + by + c = 0 are 

b(bx l - ay^) — ac a(ay 1 — bx x ) - be 
a 2 + 6 2 9 a 2 + b 2 
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29. A point initially at (7, 2) moves so that its distances from the 
lines 3.r- 4//+1=0, 8.r + 6y-3 = 0 are in a constant ratio. Find the 
equation of the locus of the point and the value of the constant ratio. 

30. hind the coordinates of the point which is equidistant from 
(2,3), (5, 4), (3, -2). 

31. Find the coordinates of the orthocentre of the triangle whose 
vertices are (2, 3), (5, 4), (3, - 2). 

32. If 0, G , II are the circumcentre, centroid and orthocentre of 
the triangle whose vertices are (2, 3), (5, 4), (3, -2), calculate OG 
and GII. 


33. Find the coordinates of the vertices of the squares described on 
the join of (3, 4) to the origin. 

34. A, B are the points {-a, /;), (c, —d) respectively. Through A 
is drawn AC equal and perpendicular to AB ; find the coordinates of 
the two possible positions of C. 

35. ABC is a triangle having C a right angle. On AB is described 
the square external to the triangle. If CA, CB are taken as axes of 
x and ?/, find the coordinates of the vertices of the square other than 
A, B in terms of a, b when a = CB, b = CA. 

36. ABC is a triangle, right-angled at A ; on BC, CA, AB are 
described, external to the triangle, squares BCDE, CAFG, ABHK y 
specified in the order of their vertices. If the figure be referred to 
A B, AC as rectangular axes of x, y, prove that the middle point of 
1)1'^ has coordinates ^(2 b + c), ^(6-{-2c). Also find the equations of 
BG and CH, and prove that the join of their intersection to A is 
perpendicular to BC. 


37. If P, Q, R are the middle points of the sides DE , EG, HE of 
the squares described, as in Example 36, on the sides of the right- 
angled triangle ABC, prove that 

4&PQR=2BC 2 +13AABC. 

38. A and B are two fixed points and C is a variable point. ACDE 
and BCFG are squares described on AC, BC external to the triangle 
ABC. Prove that M, the middle point of EG, is a fixed point, so long 
as C keeps to the same side of the line AB. 

If the figure is referred to rectangular axes so that A and B are the 
points ( p, q) and (r, s), what are the coordinates of J/? 


39. Show that there is a point such that the perpendicular from it 
on the line #sin 2 <£ + 2y cos cj> = a 

is the same whatever the value of </>, and find the coordinates of the 
point. 


40. Find the ratio in which the line joining (1, 2) and (3, 1) is 
cut b}' the line 2x — 3y + l=0 and the coordinates of the point of 
intersection. 
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41. If -4-Z?, CD cut at 0 and A, B , <7, D have coordinates ( — 4, 1), 
(2, 5), (6, -3), ( — 1, 4) respectively, find AO : 0B> CO’.OD , and the 
coordinates of 0. 


42. Prove that the line joining (10, 5) and (2, 3) is divided internally 
and externally in the same ratio by the circle x 2 +y 2 = 35. 

43. Find the equation of the parallel to 2x — 3y+l=0 through the 
image of (1, — 1) in the given line. 

44. A, B , (7, D are the four points (2, 4), (5, 1), (10, 6), (7, 3) 
respectively.. Show how to draw a line through the origin dividing 
AB and CD in the same ratio. Prove that there are two solutions of 
the problem, and find the equation of each of the two lines which 
solve it. 


45. Given one side of a quadrilateral in magnitude and position, 
the length of the opposite side, the angle between these two sides if 
produced, and the area of the quadrilateral, find the locus of one of 
the free vertices. 


46. Find the equations of the two straight lines through the point 
(3, 4), which are equidistant from the two points (2, 1) and (1, 2). 

47. A and B are points on the .r-axis, C and D are points on the 
y-axis, AEO and BFH are parallels to the y- axis, CEF and DGH are 
parallels to the .r-axis, and AH and DE meet in P. If F is the point 
(«, b) and G the point (c, <f), find the coordinates of P in terms of 
a, 6, c, d , and prove that P lies on the line OF when 0 is the origin. 

48. Find the equation of the line joining the point ( — 2,1) to the 
intersection of x — y - 1 =0 and 7x+y + 33 = 0, and prove that it bisects 
the angle between them. 


49. A line moves so that the sum of its distances from the points 

Oh — 1)> ( — 3, -3) is equal to 12 ; find its envelope if the line does not 
pass between the points. 

50. A line moves so that the sum of the reciprocals of the inter¬ 
cepts made on the axes is constant and equal to k. Prove that the 
line in all positions passes through the fixed point (1 /£, 1 /k). 


51. Prove that 


a + bt _c + dt 

P + qt ’ - J ~p + qt’ 


where t is a parameter, are freedom equations of a straight line, and 
find a transformation that would bring them into the form 


x=a'-\-b'u , y=c’ + d'u , 
where u is the parameter. 


52. Find the in-centre of the triangle whose sides are 

3#+4y-12=0, 3# —4y=0, y —6 = 0. 
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53. One side of a square of side a drawn from tbe origin has 
a gradient tan 6 ; prove that the equations of the diagonals are 

?/(cos 6 - sin 0) = #(sin 6 + cos 0 ), 

?/(sin 6 + cos 0)-fa* (cos 0 -sin 0) = a. 

54. Find the in-centre of the triangle whose sides are 

x — y + 1=0, x+y — 7=0, x — 3y + 5=0. 

55. Prove that a common tangent to two circles cuts the join of 
centres internally or externally in the ratio of the radii. 

Find all the common tangents to the circles 

x 2 -f ?/ 2 - ‘Sx - 4 y = 0 and x 2 4- y 2 — 21 x 4- 90 = 0. 

56. Find the equation of a straight line through (a, 6) and making 
an angle <x with the line y = m.v+c. 

Find the equations of the sides of the rectangle which has (1, 2), 
(3, 4) as coordinates of the extremities of one diagonal and whose 
other diagonal is parallel to 2x — 3y — 0. 

57. Find the coordinates of a point such that the line joining it to 
the point (/, g) is bisected at light angles by the line l.v + my + n = 0 ; 
and find the locus of the first point when the only restriction on the 
given line is that it shall pass through a fixed point. 

58. A and B are the fixed points (a, 1 /</), (6, 1/6), P a variable 
point (b 1/^) ; PA and PB meet the axes of x and y in M, M' and 
A 7 , N' respectively. Prove that MM' and NN' are of constant lengths. 

59. If .1 and P be two points on the axis Ox, B and Q two points 

on the axis Oy, A and B being fixed and 1\ Q varying in such a 
manner that 1111 

OA~ 0P = ~0B~ OQ' 

show that PQ passes through a fixed point. 

60. The vertices of a triangle lie on the lines 

y = x tan , y = x tan 0 2 , y — x tan 0 3 , 

the circumcentre being at the origin ; prove that the locus of the 
orthocentre is the line 

.r(sin f^ + sin 6., + sin 0 3 )-y (cos cos 0 2 + cos 0 3 ) = 0. 

61. The equations of the sides of a triangle are 

3.r + 4y=12, 5a--12,y = 20, 24y-7.r = 72. 

Find (1) the area of the triangle, (2) the coordinates of the in-centre. 

62. Find the equations of the tangents from the point (11, 3) to 
the circle .r 2 -f t y 2 = 65 and of those from the point (4, 5) to the circle 

2x 2 + 2 y 2 - Sx -f 1 2y + 21 = 0. 

63. Find the equation of the circle inscribed in the triangle whose 

sides are ^ = 0, y = 0, .r/4 + ?//3 = l. 
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64. Draw the loci whose equations are 

x — y = 1, x 1 — a 2 = 0, (x - a) 2 + {y — b) 2 = 0, 

(x-\)(x-V) + {y-Z)(y-4) = 0. 

65. If the coordinates of A be (3, 0), those of B (0, 3) and those of 
67(-3, 0) ; and if D divide AB so that AD — \ABy and E divide BC 
so that BE=f i BC, find the points in which DE cuts the coordinate 
axes. 

66 . ABC is a triangle ; if the coordinates of A, B be (9, 0), (0, 9), 
and the lengths of A C\ BC be 13, 5, find the coordinates of C. 

67. The coordinates of P and Q are (0, 5) and (15, —4). If the 
point R , whose coordinates are (5, «), lies on PQ> find the value of a 
and find in what ratio PQ is divided at R. 

68. A and B are two points on the .r-axis equidistant from the 
origin 0, and ABC is an equilateral triangle. Show that a point 
which moves so that the sum of the squares of its distances from 
the sides of the triangle is : WA 2 describes a circle. Find the radius 
and the coordinates of the centre, and draw the circle. 

69. The straight line x=ci + bt, y = c + dt meets the axes in P and Q ; 
find the area of triangle 0PQ , where 0 is the origin. 

70. If x/a+y/b = l intersects x/4a=y/b and x/a=yl4b in P and Q , 
find an expression for the length of PQ. 

71. Prove that the circles 

x 2 + y 2 -\- \x = a 2 and x 2 4- y 2 + /iy = b 2 
touch if A 2 /x 2 + 4 (b 2 A 2 + a 2 y?) - 4 (a 2 - b 2 ) 2 = 0. 

72. A alnd B are the points (a, 0) and (0, b) ; OAPB is a rectangle 
and Q is the projection of P on AB. If A and B move so that 

a 3 + 6 3 = c(a 2 + 5 2 ), 

where c is constant, show that the locus of Q is a straight line. 

73. P, Q , R start simultaneously from the points A, B, (7, whose 
coordinates are (a, a'), (5, 6'), (c, c). If their component velocities 
parallel to the x and y axes are l and l\ m and m', n and n' respec¬ 
tively, find when P, $, R are col linear. 

74. Prove that the centres of the three circles 

x 2 +y 2 — 4x -2y — l = 0, x 2 +y 2 = 2x, 2x 2 + 2y 2 +4y — 3 

are collinear. 

# 

75. A y B, C are the points (1, 0), (0, 1), (I, 1) respectively, and 0 is 
the origin. A point P moves so that the product of its perpendicular 
distances to OAy BC is equal to the product of its perpendicular 
distances to 0B, AC. Find the equation of the locus of P, and discuss 
the equation. 
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76. Sketch roughly the path of a point which moves so that its 
distance from (1, 0) exceeds by unity its distance from the y-axis, and 
find the equation of the path. 

77. Find the equation of the parabola whose focus is (0, 3) and 
whose directrix is ?/ = 1. 

78. Draw roughly the form of the parabola whose focus is (2,8) 
and whose directrix is x=y, and find the equation of the parabola. 

79. Draw the form of the ellipse whose foci are (-3, 0) and (3, 0) 
when the sum of the focal distances of any point on it is 8. Find the 
equation of the ellipse. 

80. A variable point moves so that the difference of its distances 
from the points (0, 0) and (3, 4) is 3 ; draw the form of the locus and 
find its equation. 

81. The focus of a parabola is (3, 5) and the directrix is x—'2y = 2 ; 
find the equation of the parabola. 

82. An ellipse has eccentricity 2/3, a focus is (-1, -4) and the 
corresponding directrix is 2jr-f3// = 5. Find the equation of the 
ellipse. 

83. A hyperbola has a focus at the point (2, 1), the corresponding 
directrix is y = 3x + 5 and the eccentricity is 2. Find the equation of 
the hyperbola. 

84. A variable rectangle whose diagonal is of constant length a 

has one vertex at the origin 0, a second vertex A on the A’-axis and a 
third vertex B on the ?/-axis. If Q is the free vertex and P(x , y) the 
projection of Q on AB, (1) find the equation of the locus of Q ; (2) 
prove that x ja = (0A/af and yla = (0B/af ; 

(3) find the equation of the locus of P, and sketch the form of the 
locus. 

f 

85. Find the equation of the radical axis and the length of the 
common chord of the circles 

x 2 +y 2 +axj-by + c= 0 and x 2 +y 2 + bx + ay + c= 0. 

86. Circles are drawn through the point (c, 0) touching the circle 
x 1 -f y 2 = a 2 . Show that the locus of the pole of the axis of x with 
respect to these circles is the curve 

4 a 2 (x — c) 4 = (a 2 - c 2 ){a 2 — (c - 2.r ) 2 }y 2 . 

87. Find the equation of the chord of contact of tangents to the 
circle x 2 +y 2 = r 2 from the point (h y k). 

If this chord subtends a right angle at the point (h\ F), prove that 

h' 2 + k' 2 - r 2 2r 2 

hh' + kk'-r 2 ~h 2 + F' 

88 . Find the coordinates of the limiting points of the circles 

x 2 -\-y 2 — < 2x + 8y-\-\\=0 and a; 2 + ?/ 2 + 4.r+2y + 5=0. 


MISCELLANEOUS EXAMPLES I. 173 

89. Find the equation of the circumcircle of the triangle formed 
by the pair of lines x- + 2/ixy - y 2 = 0 and the line y=mx+c. 

90. Find the equation of the pair of lines drawn (1) from the 
origin, (2) from the point (p, q) to the intersection of the line 
lx+my-\-n = 0 with the line-pair 

ax 2 + 2 kxy + by 2 + 2 gx + 2/y + c = 0. 

91. Prove that the circle which passes through the points (at ly a/t j), 
(at 2 , a/t 2 ), (at 3 , a/t 3 ) also passes through the point ( alt x t 2 t 3y at x t 2 t 3 ). 

92. Find the equation of the circle circumscribing the square, two 
of whose adjacent sides are the lines joining the origin to the points 
(a, 0), (0, a). What is the equation of the tangent at the origin ? 

93. Prove that the two circles, each of which passes through the 
two points (0, a), (0, —a) and touches the straight line y=mx+c y will 
cut orthogonally if e 2 = a 2 (2 + m 2 ). 

94. Prove that the circle on the line joining the origin to the point 
(e 3 , 1/c 3 ) as diameter passes through the point (1/c, c). 

95. Show that for a certain value of 1c the equation 

(2x-y + 3)(x-y + 2) + 1-(3x-y + 2)(3x-4y + 2)=0 

will represent a circle. Find the value ; find also the radius and the 
coordinates of the centre of the circle. 

. 96. The equations 

x 2 +y 2 -\-\(x-a)=0 and x 2 +y 2 +g(y- &) —0, 

where A, fi are parameters, represent two variable circles which touch 
one another; show that the locus of the point of contact is a circle, 
and find its equation. 

97. The straight line joining the point (x u y Y ) to the point (x 2y y 2 ) 
parses through the point (c, 0) and subtends a right angle at the 
origin. If one point moves on the circle 

x 2 +y 2 + 2gx=0, 
the other moves on the circle 

c(x 2 +y 2 ) + 2 g{x 2 +y 2 - cx) = 0. 

98. Find the condition that the line ^rcosa+y sina-p = 0 should 
touch the circle x 1 +y 2 + , 2gx-\- < 2 l fy + c—0. 

Deduce the equation of the locus of the foot of the perpendicular 
from the origin on a variable tangent to the circle .(called the pedal 
of the circle with respect to the origin). 

99. The polars of a point P with respect to two given circles meet 
in Q ; show that the radical axis of the circles bisects PQ. 

100. Find the locus of a point such that the pair of lines joining 
it to the points (-a, 0), (a, 0) are harmonically conjugate with respect 
to the pair of lines joining it to the points (0, -6), (0, b). 
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MISCELLANEOUS EXAMPLES II. 

1. Prove that the origin lies outside the circle 

X“ + y- — 3.v + 2y +1=0. 

Find the equations to the two tangents from the origin to the circle. 

2. Two circles can be described to pass through the points (1, 2), 
(3, 4) and touch the line x+2y- 1=0; find their equations. 

3. The three sides of a variable triangle pass through three fixed 
points ; one vertex lies on the line x = 0, a second on the line y = 0. 
Find the equation to the locus of the third. 

4. The angular points of a quadrilateral taken in order are A, B , 
C, D. Points M, N are taken in AB and CJ) respectively, such that 
AM : MB = CN : ND ; prove that the sum of the areas NAB and MOD 
is constant. 

5. The straight lines joining a variable point P to two fixed points 
(.t’i, yf) and (x 2 , y 2 ) meet the axis of x in M and N respectively. Find 
the equation to the locus of P if the ratio OM : ON is given, 0 being 
the origin. Show in what cases the locus breaks up into straight 
lines, and give the geometrical explanation in each case. 

6. Find the equations of the symmedians of the triangle whose 
vertices are the points (1, 0), (0, 2), (2, 4), and the coordinates of their 
point of intersection. 

7. ACE and BDF are two straight lines. Show that the inter¬ 
sections of A B and iDE, of BC and EF, of CD and FA, lie on a straight 
line, and find its equation referred to ACE, BDF as axes. 

8 . 0 is the origin, A a point whose coordinates are (2, 1), B a 
point whose coordinates are (3, 2) ; find the coordinates of a point P , 
chosen so that the triangles OP A, APB may be directly similar, the 
coordinate axes being supposed rectangular. 

9. Show that the expression 

+Jr')+ir')+lH 

contains xy as a factor ; and hence prove that if A x , A 2 , A z are three 
points on the axis of x, and B x , B 2 , B 3 three points on the axis of y, 
then the three points of intersection of A X B 2 with A 2 B X , A 2 B 3 with 
A 3 B 2 , and A 3 B X with /1,Z? 3 lie on a straight line. 

10. The equation to a certain straight line referred to rectangular 
axes is Ax + /?// + C=0 ; find its equation referred to the lines that 
trisect the angle between the axes. 
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11. Two circles of radii a and b touch the axis of y on opposite 
sides at the origin. The axes being rectangular, prove that the 
other two common tangents are given by 

{b — a)x± 2\Iab . y — 2ab = 0. 

12. Prove that any two perpendicular straight lines passing 

through the points (.r 1? y x ) y (# 2 , y 0 ) can be represented by the freedom 
equations *-*, + t, y- 9l + Xi, 

and x = x. 2 + u , y = ?/ 2 - u/ A, 

respectively. Hence find the equation to the locus of the intersection 
of the above pair of lines, and interpret your result. 

13. A and B are points on the axes of x and y respectively, such 
that OA=a, OB = b , AB = c\ prove that the equation to the line 
joining the middle point of AB to the centre of the circle inscribed 
in the triangle OAB is 

b{b + c- a)x-a(c + a- b)y + ab(a -b) = 0. 

14. Deduce the equation of the bisectors of the angles formed by 
the line-pair ax 2 +2/ixy + by 2 =0 by expressing the conditions that the 
line-pair a'x 2 + 2/ixy + b'y 2 =0 should be (1) at right angles to each 
other, (2) harmonically conjugate with respect to the given line-pair. 

15. If (ABCD) and ( AB’CD') are harmonic ranges, prove that BB\ 
CC', DU are concurrent. 

16. Find the area of the triangle formed by the lines 

lx+my=l, ax 2 + 2kxy + by 2 =0. \ ■ j 

17. Find the area of the triangle formed by the lines 

y = m 1 x ) y = m 2 x, ax + by + c = 0. 

18. Find the equation of the straight line drawn in a given 
direction through the point of intersection of two given straight lines. 
Show that the coordinates of the orthocentre of the triangle formed 

by the lines ax ^ c __ ^ bx + cy + a=0, cx+ay + b = 0 
are given by 

lclmnx—abl + bcm + can y Jclmny=cal + abm + ben , 
where 1 /k=bc + ca + ab y l = a 2 -bc, m = b 2 -ca, n = c 2 -ab. 

19. Draw the curve (x+y-\) 2 =2(x-l)(y- 1), 
and show how it is related to the lines 

x+y- 1=0, #-1=0, y- 1=0. 

20. The equations of the sides of a triangle are 

x+ly-l 2 = 0, x+my-m 2 = 0, x+ny-n 2 =0 : 

find the coordinates of the orthocentre. 
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21. Prove that tr - 3 x 2 y = /• (a * 3 - 3.r?/ 2 ), 

where k is a parameter, represents any three equally inclined lines 
through the origin. 

22 . Prove that the coordinates of the in-centre of the triangle of 
sides a, b, c, whose opposite vertices are (x t , yj, (x 2 ?/ 2 ), (x Zy y 3 ), are 

ax x -f b.Vo + c.r 3 a?/j -f 6?/ 2 -f c?/ 3 
a+ b + c 9 a+b+c 

23. If ax 2 4- 2Ary -}- fy/ 2 + 2g.v+2fy + c=0 represents two straight 
lines, the equation may be written in any of the following forms : 

(1) {ft 2 - ab){ax+ hy+g) 2 - \{h 2 - ab)y+gh - af} 2 = 0, 

(2) {ft 2 - ab){hx + by +f) 2 - {{ft 2 - ab)x + hf— bg} 2 = 0, 

(3) (,g 2 - ac)(gx +fy + cf - {(g 2 - ac).v + (_fg - ch)y } 2 = 0. 

24. If ax 2 + 2hxy 4- by 2 -f- 2gx + 2fy + c=0 represents two straight 
lines, the lines are harmonically conjugate with respect to each of the 
following pairs of lines : 

(1) ax + ky+g = 0, {h 2 -ab)y+gh-af= 0; 

(2) fix + by +/= 0, {ft 2 - ab)x + hf- bg — 0 ; 

( 3 ) gx +fy + c = 0 , {g 2 - ac)x + (fg - ch)y = 0 . 


25. If (a’j, ?/j) is the point of intersection of the line-pair 

ax 2 +2 fury + by 2 -f 2 gx + 2fy+c= 0, 


prove that 


kc-gf ,f 2 ~bc _ b g —fh 
1 a f~ 9^ bg —fit fi 2 -ab 1 

_hc—gf g 2 — ca af—gh 
~ bg-fh ~ af-g/i ~ h--ab' 


26. Prove that the equation 

ax ' 2 + 2 hxy + by 2 + 2 gx + 2fy+c=0 

represents a pair of parallel straight lines if ft 2 = ab and aj—gh ; 
and conversely, provided a =|= 0. 


27. Prove that 

{ax + by -l)(ou? + /3y- 1) + fexy — 0 

represents two straight lines if k={a-a){b- fi) and find the co¬ 
ordinates of their point of intersection. 

28. If ax 2 + 2/< xy + by 2 + 2gx +2 fy + c = 0 

and ax 2 + 2 ft xy + b'y 2 -f- 2g'x 4- 2 f’y 4- c = 0 

both represent line-pairs, prove that they will represent the same 
line-pair in two different positions, provided 

{h 2 - ab){a' 2 + U 2 ) - {ft 2 - a'b'){a 2 + b 2 ) + 2 k 2 a'b' - 2/i' 2 a&=0, 
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29. 0 being the origin of rectangular axes, prove that if px+qy-\-r = 0 
cut ax 2 -\-2hxy+by 2 =0 in P and Q, then 

OP /)n- r Vf («- & ) 2 + 4A2 } 

* V bp 2 - 2Ap? 4 a? 2 ' 

30. A straight line AB of constant length has its extremities on 
two fixed straight lines OX, OF. Show that the locus of the ortho¬ 
centre of triangle OAB is a circle. 

31. Find the area of the quadrilateral bounded by the pairs of 
straight lines given by the equations 

4x 2 — 3 xy—y 2 — 2# 4 7y — 6 = 0, 

x 2 4- 3 xy — 4y 2 4 7x — 27 y — 44 = 0. 

32. Show that the equation of the circle circumscribing the triangle 
formed by the lines 

ax 2 + 2 hxy 4 by 2 = 0 and px 4 qy — 1 = 0 
is (x 2 + y 2 )(aq 2 — 2 hpq 4- bp 2 ) 4{2 hq +p(a — b)}x 4{2 lip — q(a — b)}y = 0. 

33. Investigate the equation to the polar of (x', y') with respect 

to the circle r 2 + ^gx 4 c = 0, 

and show that, if g be a variable parameter and (x\ y') a fixed point, 
then the polars of (x f , y') with respect to the circles will pass through 
a fixed point lying on a circle through (x', y') and the limiting points 
of the circles. 

34. Prove that 

(a 4- 2k 4- b)x 2 4 2 (a — b)xy 4 (a — 2 h 4 b)y 2 — 0 

denotes a pair of straight lines each inclined at an angle of 45° to one 
or other of the lines given by 

ax 2 + 2 hxy 4 by 2 = 0. 

35. Find the equations of the three radical axes of the circles 

(x - a) 2 4 (y- b) 2 = b 2 , (x - b) 2 4 (y - a) 2 = a 2 , 

(x — a — b — c) 2 +y 2 = ab + c 2 , 

and prove that they are concurrent. Find also the equation of the 
circle which cuts the three circles orthogonally. 

36. Show that the equation 

{ab — h 2 ) ( ax 2 + 2 hxy 4- by 2 4 2 gx + 2 fy) 4- af 2 4- bg 2 — 2fgh =0 

represents a pair of straight lines ; and that these straight lines form 
a rhombus with the lines ax 2 -\-2hxyA-by 2 = 0, provided that 

( a - h )fg+h(f 2 -g 2 )= o. 

37. Find the equation of the circle which has for its diameter the 
chord cut off on the straight line ax + by + c = 0 by the circle 

(a 2 4 b 2 ) (x 2 4 y 2 ) = 2c 2 . 

M 


6.A. G. 
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38. If the sides of a parallelogram he parallel to the lilies 

ax 2 + 2/txy + by 2 = 0, 
and one diagonal he parallel to 

lx + my + v = 0, 

show that the other diagonal is parallel to the line 

y(bl—Jim)=x(am - hl). 

39. Show that the two lines given by 

a (.v-+// 2 ) = (lx + my ) 2 


contain an angle 2 sin ~ l \L, ° and that lx+my = 0 bisects one of 

> l- + m- 

the angles between the lines. 


40. Show that the lines joining the origin to the intersections of 

3a*- + 5 .ry - 3 y 2 + 2.r + 3y = 0 and 3a* — 2y = 1 
are at right angles. 

o o 

41. The diagonals of a quadrilateral figure are represented by the 
equations x = c, y — c and a pair of opposite sides by a.v i +by- = 0. Show 
that the other two sides intersect at the point {2cb/(b — a), 2m/(a — />)}, 
and that they are parallel to the lines 

(ax + by)- + ab (x + y) 2 = 0. 


42. Find the condition that the straight line lx + my + n = 0 should 
touch the circle (x — a) 2 -f (y — b) 2 =r 2 . 

Prove that the equations of the common tangents to the circle 
x 2 -\-y 2 = 289 and the circle whose diameter is the chord of the first 
circle made bv the line a*cos cl+i/ sin cx.= 15 are 

3 (x cos a.+y sin a.) ± 4 (y cos ol - x sin a.) = 85. 


43. Prove that if the circle x 2 +y 2 -\-2gx + 2fy + c = 0 intercepts on 
the line lx+my=l a length which subtends a right angle at the origin, 

fl ien c(l 2 + m 2 ) + 2(gl +fm + 1) = 0. 

44. Find the equation to the line bisecting the acute angle between 
the lines joining the point (1,1) to the points (1, 4) and (2, 3). 

45. The points J, /J, C are inverted into the points A', B\ C with 
respect to a circle of radius unity whose centre is the origin. If the 
coordinates of A, /?, Care (6, 8), (3, 4) and ( — 3, 4), then 

A A'B'C'/AABC= 1/1250. 

46. Show that the straight line through (.r n y x ) and the inter¬ 
section of the lines Ax-\-By+ C=0 and A 'x -f By -f C'=0 is given by 

Ax + By + C _ A’x+B’y+C’ 

A x x + By x + C A 'x x -f B’y x + C ’ 

and deduce the equation of the parallel through (aq, y x ) to 

Ax + By + C=0, 
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47. Find the gradient of the line x=a-\-bt, y = c + dt by considering 
the gradient of the line joining the origin to the point at infinity on 
the given line. 

48. The line lx -f- my-\-n=0 bisects an angle between a pair of lines 
of which one is px + qy + r = 0 ; show that the other is 

(px + qy-\- r) (l 2 -f- m 2 ) — 2 (Ip + mq) (lx + my -f n) = 0. 

49. Show that the limiting points of the circle x 2 +y 2 = u 2 and an 
equal circle with centre on the line lx + my = n lie on the curve 

{lx 4- my) {x 2 -\ry 2 + a 2 ) = n {x 2 -\-y 2 ). 

50. If S = x 2 -\-y 2 + < 2gx-\- < 2fy + c = 0 

and S' = x 2 + y 2 + 2 g'x -f- 2 f'y c' = 0 

are two circles of a coaxal system, show that the two point circles 
(or limiting points) of the system are given by the equation 

S 2 (f' 2 +g' 2 - c') - SS'(2ff + 2 gg' - c - c) + S'\f 2 + g 2 - c) = 0. 

51. If OM, OJV are the abscissa and ordinate of a point P with 
respect to rectangular axes X'OX, Y'OY, find the locus of P if 
\I0M-\I0N=1. 

52. A locus is determined by the condition that the sum of the 
squares of the distances of any point P on it from two fixed points 
A and B is equal to the square of the distance of P from a straight 
line perpendicular to AB. Show that the equation to the locus can 
be put in the form (x — a) 2 -f- 2y 2 = b 2 . 

53. Two points P and Q start from the same point A on the cir¬ 
cumference of a circle and move along the circumference, Q moving 
twice as fast as P. Find a constraint equation for the locus of the 
intersection of the tangents at P and Q, and give a rough tracing of 
the locus. 

54. OX, OY are rectangular axes and U , V fixed points whose 
coordinates are (p, q) and (r, s ) respectively. A and B are points on 
the axes OX, OY respectively, and A U and BY meet in P. If the 
area of the quadrilateral OAPB be constant, prove that the locus of P 
is a cubic curve which passes through the points ( p , q), (r, s ), (r, q). 

55. A circle is described on OA as diameter, where 0 is the origin 
and A the point (2a, 0). P is a variable point on this circle and OP 
is produced, either way, to Q so that PQ — b; find the equation of 
the locus of Q. The locus is called a limacon. 

56. A and B are fixed points on the axes of x and y, such that 
OA = a, 0B = b. P is a movable point and BP and AP meet the axes 
of x and y in C and D. If the sum of the areas A PC and BPD be 
constant and equal to c 2 , find the equation to the locus of P. 

57. A and B are fixed points on the axes of x and y respectively, 
such that 0A=a, 0B=b ; A' and B’ in like manner two other fixed 
points on the axes, such that 0A' = a', 0B' = b'. A movable straight 
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line parallel to A'B meets the axes of x and y in A" and B' respec¬ 
tively. Prove that the locus of the intersection of A 'B and AB' is a 
curve of the second degree which passes through 0 , A, B. What 
peculiarity arises when AB and A'B are parallel ? 

58. A and B are variable points on the axes of x and y respectively, 
the abscissa of A being p and the ordinate of B being q, such that 
pYq~a, a constant. A variable point P equidistant from A and B 
moves so that the area OAPB = c 2 , a constant; find the equation 
of the locus of P. 

59. A circle of radius a, whose centre is the origin, meets the axis 
of y in C. Q is a variable point on the circle, and OQ meets the 
tangent at C in T. M is the projection of Q on the axis of x , and MQ 
is produced to P so that MP=CT\ find the equation of the locus 
of P, and roughly trace the locus. 

60. OX, OY are fixed axes inclined at any angle ; A and B are 
fixed points on OX and OY respectively, such that 0A=a , 0B = b. 

R is a point whose coordinates are (£, r;), BR and AR meet OX and 
OY in P and Q respectively; find the equation to the straight 
line PQ, and show that if PQ moves so that OP=OQ , then the locus 
of R is a curve of the second degree which passes through 0, A, B. 

61. The vertex A of a triangle ABC is fixed, B moves on a fixed 
circle to which BC is a tangent and CA = CB ; find the locus of C. 

62. A is the point (a, 0), Q is a variable point on the circle centre 
(0, a/2), and radius a/2, whose abscissa and ordinate are OX, NQ. 
AQ meets the ?/-axis in R. If P is the point whose abscissa and 
ordinate are OX, OP, prove that the locus of P is 

x 2 y 2 — 2axy 2 + a 2 y 2 + a 2 xy 4- cP.v 2 — o?y = 0. 

Sketch the locus. 

63. 0 is the origin, A is the point (a, 0) and B the point (6, 0), 
(b<a); MQ is a variable ordinate of the circle on OA as diameter. 
If BP parallel to OQ meets MQ in P, sketch the locus of P, and 
prove that the equation of the locus is 

xy 2 -fa* 3 — (26 + a)x 2 -f (b 2 + 2 ab)x — ab 2 = 0. 

64. Q is a variable point on the line y = a which meets the y-axis 

at A. If 0 is the origin and on the line OQ are cut off QP, QP' equal 
to AQ, sketch the locus of P, P # , and prove that the equation of the 
locus is yi _ 2 ay 2 4- a 2 y 4- x 2 y - 2 ax 2 = 0. 

If A ia^tUe origin, what does the equation become ? 

65. C is.the point (0, a) ; with centre C a circle is described to pass 
through tlfo^origin 0. The ordinate through X, a variable point on 
the .£-a*ds, meets the circle in Q. If P is a point on the ordinate NQ 
such that XP is a' mean proportional between ON and NQ, sketch the 
locus ora*, dnd prove that the equation of the locus is 

' r x*+y*=2axy 2 . 
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66. A is the point {a, 0) and OC is a variable radius of the circle 
centre O, the origin, and radius a. B is a point on the circumference 
such that AC=BC , and from OC is cut off OP equal to the ordinate 
of B ; sketch the locus of P, and prove that the equation of the 

lQClisis <>2+,y 2 ) r! = 4a 2 .rV. 


67. 0 is the origin of rectangular axes and C is the point (a, — a). 
The circle centre C, radius CO, is described, and ON, NQ are the 
abscissa and ordinate of a variable point Q on it. If P is a point 
on NQ such that NP 2 = ON . NQ, sketch the locus of P, and prove that 
the equation of the locus is 

x 4 Py 4 — 2 ax{x 2 — y 2 ). 


68. 0 is the origin and C is the point ( — a, 0); the circle centre C, 
radius CO, is described. An equal circle rolls on this circle ; sketch 
the locus of the point which is initially at O, and prove that the 
equation of the locus is 

:c* 4- 2x 2 y 2 4-y 4 4- 4 ay 2 x 4- 4 ax 3 = 4a 2 y 2 . 


69. A variable ordinate meets the circles 

(x — 2a) 2 +y 2 = 4a 2 and (.r — 4a) 2 -by 2 = 16a 2 

at Q and R. Sketch the locus of the middle point of QR, and prove 
that the equation of the locus is 

y 4 + x 2 y~ — Qaxy 2 -b a 2 x 2 = 0. 

70. 0 is the origin ; B, C are the points ( b, 0), (c, 0) respectively. 
ON, NQ are the abscissa and ordinate of a variable point Q on the 
circle described on OB as diameter, and the parallel to OQ through 
C meets NQ in P ; sketch the locus of P, and prove that the equation 
of the locus is 

xy 2 4- x 3 — (b + 2c)x 2 + (c 2 + 2bc)x — be 2 =0. 

Examine the case when c = b. 
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CHAPTER X. 

THE CONVERSE PROBLEM. GRAPHS OF EQUATIONS. 

POLYNOMIALS. 

76. The Converse Problem. It has been shown how a 
specified locus or curve may be represented by an equation ; 
the converse problem is to represent a given equation by 
its graph and to find the properties of the graph from the 
equation. Some cases have been already dealt with. Thus 
we can draw the graph of any equation of the forms 


ax + by + c = 0, .(1) 

ax 2 + ay 2 + 2 gx + 2 fy + c = 0, .(2) 


and we can find properties of the graphs by discussing 
the equations. 

For example, the equation x 2 +y 2 - 6.r = 0 represents a circle of 
radius 3, with its centre at the point (3, 0); the y-axis is a tangent 
to the circle, the origin being the point of contact ; other tangents 
are at once seen to be y= +3, y= —3, .r=6, and so on. 

In Chapter IX. some other curves were considered, their 
equations being found and some properties stated. We 
now go on to discuss more fully the drawing of curves 
from their equations; at every step the student will have 
to remember that a point lies on the graph of a given 
equation if and only if the coordinates of the point satisfy 
the given equation. 

77. Plotting by Points. The most straightforward way 
of obtaining the graph of a given equation is to calculate 
the coordinates of a number of points, plot the points and 
draw a curve through them. The chief rule to be observed 
is, that the points obtained must be close enough together 
to enable us to be sure that we have found the geneial 
trend of the curve; as we proceed we shall find means of 
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reducing the necessary number of calculations. The student 
has doubtless had some previous practice in plotting simple 
curves from their equations, and we shall here only refer 
to one or two important types. 

Fig. 67 is the graph of y = x 2 from x= — 2 to x = 2. 



The diagram from which the figure is reproduced was 
drawn to a scale, “ 1 inch = l/' for both axes, and therefore 
shows only a small portion of the curve. As x increases 
beyond 2, the value of y grows very rapidly, and the curve 
rises rapidly; to show the curve for such values of y, we 
must choose a small unit for the 7/-axis. 

In order to have clear notions of the way in which y 
varies as x varies, it is well to take the difference between 
successive values of x to be small, say 0*1, as shown in the 
following table : 


0 

±0*1 

±0-2 

• • • 

±1 

LIT 

lL2 

• • • 
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The student should complete the table; it will be seen 
tliat when x increases by small amounts y also increases 
by small amounts, so that the curve is bound to be a 
continuous, unbroken line. 

The curve is symmetrical about OY because, if a is any 
number, the y of the point whose x is —a is the same as 
the y of the point whose x is in other words, OY 

bisects all chords that are parallel to X'OX. 

As a point moves along the curve from any position on 
the left of OK to any position on the right, the ordinate 



of the point decreases till the point reaches 0, and then 
increases. The point 0 is therefore called a turning point 
of the graph; the value of the ordinate at the turning 
point—in this case, zero—is called a turning value of the 
ordinate. 

The x-axis is a tangent to the curve at 0. 

The curve is a parabola (§ 70). 

Fig. 68 is the graph of y = x 3 from #=—1-3 to x =1*3; 
for larger values of x the values of y soon become large, 
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and the curve rises very steeply on the right and descends 
very steeply on the left. The curve has no turning point. 

In this case the origin is a centre of symmetry; if any 
point P on the curve is joined to 0 and the joining line 
produced till it cuts the curve again at P\ then OP' = PO. 
It is easy to see that if P is the point (a, a 3 ), then P' is the 
point ( — a, — a 3 ). 

Again, the aj-axis is a tangent to the curve at 0, but to 
the right of 0 the curve lies above the tangent, while 
to the left of 0 it lies below. A point such as 0, where a 
curve crosses its tangent and bends away from it in opposite 
directions on opposite sides of the point, is called a Point of 
Inflexion; the tangent at the point is called an Inflexional 
Tangent. 

For positive values of x (along OP), the curve is said to 
be concave upwards; for negative values of x (along OP'), 
the curve is said to be convex upwards. 

The graph of y = # 4 resembles that of y = x 2 ; near the 
origin it lies closer to the #-axis, it crosses that of y = x 2 
at the points (1,1) and ( — 1,1), and then rises more rapidly. 

The graph of y = x 5 resembles that of y = x 3 ; near the 
origin it lies closer to the sr-axis, it crosses that of y = x 3 at 
the points (1,1) and ( — 1, —1), and then rises more rapidly 
on the right and descends more rapidly on the left. 

In order to appreciate the differences in the behaviour of 
these curves, the student should draw on the same diagram 
the graphs of y = x 11 for n = 2 y 3, 4, 5 from x = 0 to x=l% 
taking 1 inch as unit length for both axes. He should 
also draw the graphs of the same equations from x = 1 to 
x = 2; in this case the unit length for the ^/-axis must be 
small, say 0‘2 inch, the unit length for the cc-axis being 
still 1 inch. * 

78. The Graph of y = ax n . If a is positive, the graph of 
y ~ax n is obtained from that of y = x n by multiplying each 
ordinate of the latter curve by a; if a—2 we double each 
ordinate, if a=\ we halve each ordinate, and so on. The 
graph is thus of the same general character as that of y = x n \ 
it lies, if #>0, above the latter when 1, below when 

a<l. 
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If a is negative, say a = —c, where c is positive, the graph 
of y = ax n y that is, of ?/= — cx n , is the reflexion in the &-axis 
of the graph of y = cx 11 ; or, if we produce each ordinate of 
y = cx n its own length, downwards when the ordinate is 
positive, but upwards when the ordinate is negative, the 
ends of these ordinates will lie on the graph of y= —cx 11 . 

The important thing to note is that when a is positive 
the curves have the forms shown in Fig. 69 (a), (6), and 
that when a is negative, they have the forms shown in 

Fig. 69 (c), ( d ). 



Fig. 69. 


It is possible, by a mere change of scale, to interpret the 
graph of y = x 11 as being the graph of y = ax n . For example, 
the graph of y=x 2 (Fig. 67) may be read as the graph of 
y — 10# 2 if the segment OF, which is unit segment for the 
graph of y = x 2 , be taken as representing 10 units; in other 
words, let the unit segment of the y -axis be T \j- th of the 
old unit segment, and the curve will become the graph of 
y = Kbc 2 . Similarly, Fig. 68 will be the graph of y = ix s if 
0F=£, that is, if the new unit segment of the j/-axis be 
double the old unit segment. 

These graphs are usually called parabolic curves of order n. 

79. The Graph of y n = x. If we interchange x and y , the 
equation y = x 11 becomes y 1l = x. The graph of y n = x is 
therefore the same curve as the graph of y = x n > but the 
axes do not occupy the usual positions; in place of 
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X , Y, X\ Y', we must write F, X, F', X'. It will be an 

interesting exercise for the student to show that, when the 
scale units for the cc-axis and the y -axis are the same, the 
graph of y n = x is the reflexion of the graph of y=x 11 in 
the bisector of the angles XOY , X'O Y '; in this case we 
keep the old axes and draw a new curve. 

When n is a positive integer the y-axis is a tangent at 0 
to the graph of y n = x. 

The graph of y n — ax is of the same general character as 
that of y n = x. 

The student should work several of the following 
examples in order to become quite familiar with the 
curves; it will be sufficient in most cases to get the general 
shape correctly. He should, however, try to find the 
position of the turning points as accurately as possible. 
The transformations of Example 5 should be noted. 


EXERCISES XX. 

1. Trace, from x— -2 to a*=2, the graphs of 

(i) -x 2 ; (u)y=-x 3 ; (iii)y=-x 4 ; (iv) y= - x 5 . 

2. Trace the graph of y — 2.r 2 from .r= —2 to x = 2 ; take the scale 
unit of the .r-axis to be 1 inch, that of the y-axis to be inch, and 
compare with Fig. 67. 

3. The same as Example 2 for y = 2X 3 , comparing the result with 
Fig. 68. 

4. Trace, from x = - 2 to .r = 2, the graphs of 

(i) y = -3.r 2 ; (ii) y = - 3.r 3 ; (iii) y = -3.r 4 ; (iv) y= -3X 5 . 

How could these graphs be obtained from those of Example 1 ? 

5. If in Fig. 67 the line through (0, —1), parallel to X'OX , be 
chosen as a new .r-axis, what will be the equation of the graph ? 
What will be the equation if the new ,-r-axis is 1 unit above the old 
.r-axis ? What will be the equation if the new A’-axis is the line 
through (0, b ) parallel to the old .r-axis ? 

6. Sketch roughly for values of x between — 2 and 2 the graphs of 
the following equations : 

(i) y=2.r 2 -{-l ; (ii) y = 2x 2 — 1 ; (iii) y = 2.r 2 + 5 ; 

(iv) y=2x 2 — 5 ; (v) y— — 2x 2 +1 ; (vi) y= — 2x 2 — 1 ; 

(vii) y— — 2.r 2 + 5 ; (viii) y= —2x 2 — 5 ; (ix) y = 2x 3 ; 

(x) y = 2a ?+3 ; (xi) y = 2X 3 — 3 ; (xii) y= —2x 3 ; 

(xiii) y = - Sx 3 -f 3 ; (xiv) y = — 2a 3 — 3. 
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7. Graph the following equations : 

(i) y=±>Jx\ (ii) y — ; (iii)y=_y. v; 

(iv) .y 2 = ( V ) y 2 = .r + 4 ; (vi) y = 4-^(9-.^). 

80. Solution of Equations. Graphs are often useful for 
obtaining approximations to the roots of equations, and we 
shall take one or two examples. 

Ex. 1. Find to 2 decimal places the roots of the equation 

5a* 2 —4.r —7=0 .( 1 ) 

Write the equation in the form 

.r 2 = 0-&r+l*4, .( 2 ) 

and consider the graphs of 

.(0 // = 0-8.r-f 1*4.(ii) 

f T! ie i™ ph f °t 0) and ( iJ ) are die curved line and the straight line 
pi big 6/, which intersect at the points A and B. Now, the point A 

' £™ of W, a nd therefore, denoting by x A ,y A the coordinates 

’ Ve aVe ?/a=x a \ 

But A lies also on the graph of (ii), and therefore 

y a = 0*8.r^ +1 *4. 

Henc e ^ 2 =0-8.^+ 1*4 ; 

in words, is a root of equation (2), and therefore also of equation (1). 
In the same way we see that x D is a root of equation (1). 

I he values of x A and x D can be read off the figure, the accuracy of 
these values being determined partly by the care with which the 
graphs are drawn and partly by the scale of the graphs. We can 
read with fair accuracy to 2 decimals, and thus get 

= 1 '65, x B = -0-85. 

These roots can of course be obtained more accurately by solving 
equation (1) algebraically ; we are, however, concerned chiefly with a 
method which can be applied generally. 

Ex. 2. Find to 2 decimals the roots of the equation 

13a* 3 — 6x— 10 = 0.( 1 ) 

Write the equation in the form 

= 0-4&1? + 0*77, .(2) 

and consider the graphs of 

y=^ . (0 y=0A6x+ 0-77,.(ii) 

which are given in Fig. 68. These intersect only at the point A , and 

wehave y^\ y, =0-46,-,+0-77, 

and therefore x A 3 = 0‘46.r, + 0*77, 

so that x A is a root of equation (2), and therefore also of equation (1). 
The value of x A is 1*08 to 2 decimal places. 
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For equations of the form ax n -\-bx + c = 0 this method of 
solution is very convenient because the graph of x n can be 
drawn with considerable accuracy by merely plotting a 
sufficient number of points. When the parts of the curve 
where the straight line intersects it have been approxi¬ 
mately found by means of a rough sketch of curve and line, 
it is advisable to plot the curve carefully in the neighbour¬ 
hood of the points of intersection; this can be done by 
finding two or three points in these neighbourhoods. So 
far as the solution of the equation is concerned, these 
neighbourhoods are the only parts of the curve wanted. 


Ex. 3. Solve graphically to 2 decimal places the equation 

.r 2 -2a?-1=0.(1) 

We take this example merely to illustrate another method. First 
draw the graph of the equation 

y = x 2 -2x-l .(2) 


This equation is of such a simple kind that we can graph it fairly 
accurately by plotting points ; we take the range of x from x= -1 
to o;=3 and draw up the following table : 


X 

-l 

-0*8 

-0*6 

-0*4 

-0*2 

0 

0-2 

0 4 

0-6 

0-8 

1 

y 

2 1 

1*24 

0-56 

-0*04 

-0*56 

-1 

- 1 *36 

- 1 -64 

-1-84 

-1-96 

-2 


X 

1-2 

1*4 

1*6 

1-8 

2 

2-2 

2*4 

2-6 

2*8 

3 

y 

-1-96 

-1*84 

-1*64 

-1*36 

-1 

-0-56 

-0-04 

0 56 

1*24 

2 


We have calculated a large number of values because we are going 
to use the curve to solve several equations, and we must make certain 
that the curve is fairly accurate for the complete range chosen. If we 
wanted to find merely the general character of the curve, such a large 
number of points would not be required ; even for the solution of 
equations we only need the parts of the curve near the points where 
it is met by other curves, and careful plotting near these points is in 
most cases quite sufficient. 

Plot these points, taking each scale unit to be 1 inch, and draw a 
smooth curve through them (Fig. 70). The point (1, - 2) is the turning 
point. 

Now, if P is any point on the graph, we have 

yp=cc P 2 — 2x P — 1 . 


(3) 
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To solve equation (1) we have only to find those points on the graph 
of (2) for which the y is zero ; A and B are the points, and therefore 

0 = x A 2 — 2x A — 1, 0 = x B 2 — 2 Xb — I • 

The roots of (1) are thus 

^=2*41, x B = — 0'41. 



Fro. 70. 


Again, to solve the equation x 2 — 2x — 2=0, write it in the form 

1 =x 2 — 2x—l. 


In equation (3) we must now have y r = 1. The two points on the 
curve for which the y is 1 are C and' Z), and therefore the required 

rootsai ' e ^ = 2-73 and * n =-0‘73. 


Ex. 4. Use Fig. 70 to find to 2 decimals the roots of the following 
equations, and verify your results by algebraical solution : 

(i) x 2 - 2x - 2*5 = 0 ; (ii) x 2 - 2x - 3 = 0 ; (iii) 2.r 2 - 4x - 3 = 0 ; 

(iv) 2.r 2 - 4x - 5 = 0 ; (v) 3.r 2 - 6.r - 8 = 0 ; (vi) 5.r 2 - 10.Z -14 = 0. 

Ex. 5. Solve graphically the simultaneous equations 

y = x 2 — 2x—\ .(i), 2x — 5?/ = 6 .(ii). 

On the diagram (Fig. 70) that contains the graph of equation (i), 
draw, with the same scale units, the straight line EF which is the 
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graph of equation (ii). Now if P is any point on the graph of (i) and 
Q any point on the graph of (ii), we have 

Vr = Vr- - 2x,, - 1, 2.v Q — 5 \y q = 6. 

These two equations will be simultaneous if the points P and Q 

coincide ; but the straight line intersects the curved line at E and E, 

and therefore „ .. 0 ^ t <-» 

y e=z j-r ~ 2./y - 1, 2 .i'e- 5 y n = 6. 

Therefore 3y, y F is one pair of solutions of equations (i) and (ii) ; 
simi.arly .r>, y F is the other pair. Reading off the values of these 
coordinates, we find that the solutions are 

a* =0*09, y= — 1T7 and .r = 2*31, y= -027. 

Ex. 6. Solve graphically the simultaneous equations 

(i) y=x 2 -2.v-\, x — y— \ ; (ii) ?/ = a--2.r-l, 2.r + 6y = 5 ; 

(iii) y—x 2 ~ 2.r — 1, 2.r-?/ = 5 ; (iv) y = x 2 - 2.r-l, 2x+y + 2 = 0. 

Ex. 7. Solve graphically the equations 

(i) .r*-5.r-l=0; (ii) +“>.*•-4 = 0; (iii) ,i*-7x-5 = 0; 

(iv) 2.t-\-7.r + 3 = 0; (v) SE +15.r-30 = 0 ; (vi) - 27.r- 10 = 0. 

Ex. 8. Solve graphically the simultaneous equations 
(i) .r 2 +y 2 — 2.r = 3, y = :P ; (ii) F-+//-- 4.r - 2// = 20, y 2 = 4x\ 

Ex. 9. Apply Example 8 to solve the equations 

(i) ar» + .r»_2tf = 3 ; (ii) (F 2 - 20) 2 = 1 6x. 

81. Function of x. The graph of* the equation 

y = x 2 — 2x — l 

is often called the graph of the function a; 2 — 2a;—1. In 
calling (x 2 — 2x — 1) a function of x we simply mean that 
(x 2 —2x 1) depends for its value on the value of x , and 

varies when x varies. This variation is exhibited to the 
eye in the grapli of Fig. 70. For example, we can say at 
once that (x 2 — 2x—I) is negative so long as x lies between 
— 0*41 and 2*41, that it is positive so long as x is outside 
these limits, that it vanishes when x= —0*41 and when 
« = 2*41, that it reaches its least value, namely —2, when 
3' == 1» that its value is — 0*8 when x = 2 m l, and so on. 

If y then stands for (x 2 — 2x — 1) or if y = x 2 — 2x— 1, 
V is called a function of x ; x and y are called variables! 
Here the variable y depends for its value on the value of 
the variable x, x is therefore called the independent variable 
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and y the dependent variable. Sometimes the independent 
variable x is called the argument of the function y. 

The student will readily recall examples of two variables 
which are connected as independent and dependent. Thus 
the space described by a falling body is a variable, the 
time of falling is a variable, and the space described varies 
with the time of falling; we say the space described is a 
function of the time of falling, and this dependence is 
expressed by the equation s = ±gt 2 . Again the volume of 
a sphere varies when its radius varies; the volume is a 
function of the radius. What function is the volume V of 
the radius r? It is the function £ 7 rr 3 , and we write 

V =^7rr 3 . 

In these examples the independent variables are t 
and r, the dependent s and V respectively. We might 
ask, how does the time of fall vary with the distance 
fallen ? The answer would be expressed in the equation 


t = In this case t depends for its value on the 

value of s; t is now the dependent and s the independent 
variable. That variable whose values are the objects of 
inquiry or calculation is called the dependent variable, the 
other being the independent variable. 

We have then the following definition: 


Definition. If two variables denoted by x and y are such 
that y varies in value when x varies in value, and if, when 
a value is assigned to x, the corresponding value of y can be 
determined, we say that y is a function of x. 

The notation f(x) is used to indicate a function of x y 
so that when y is a function of x we write y = f\x). The 
letter f is a functional symbol, not a multiplier, and the 
symbol f(x) must be taken as a whole. Other letters than 
f may be used, as g(x), F(x), </>(#), ..., and when different 
functions occur in the same problem different letters must 
be used. 

The symbol f(a) means “the value of the function f(x) 
when x has the value a ” or “ the value of the function f(x) 
when a is put in place of a?.” Thus if f(x) = x 2 — 2x— 1, 

/(a) = a 2 -2a-l; f( 8)—2; /(0)=-l, /(-1) = 2. 
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We have noted above that the equation s—bgt 2 not only 
determines s when t is given, but also determines t when s is 
given. In general, the equation y=f(x) not only deter¬ 
mines y when x is given, but determines x when y is given; 
if the equation were solved for x in terms of v % we should 

find ^ 

x = expression containing y = F(y), say. 

In other words, an equation containing x and y enables 
us either to express y in terms of x or to express x in 
terms of y ; an equation in x and y is therefore said to 
define two functions that are said to be inverse to each 
other. 

For example, the equation y=x s gives, when solved for 

th . e equation x = f/y; it therefore defines the two 
functions, the cube of a variable and the cube root of a 
variable. 

The following examples illustrate one or two technical 
terms. 


h The equation Zxy — 4x — by + 7 = 0 defines two functions; 
state the functions explicitly. 

Solving the equation for y in terms of x, we find 



4# — 7 

Sx — 5 




We have now expressed y explicitly as a function of x. If we solve 
for x in terms of y 9 we get 

5?/ — 7 rt/ x 

x =^Ti^ F{?/) . (ii) 

and we have now expressed a- explicitly as a function of y. In (i) the 
independent variable is .r, while in (ii) the independent variable is ?/ ; 
the two functions f(x), F(y) are inverse functions. 


Fx. 2. . The equation x 2 — 2xy +1 = 0 defines two functions; state 
the functions explicitly. 

Solving the equation for y in terms of x, we find 



x 2 +1 
2x 



Solve the equation for x in terms of ?/, and we now get 

■*=y + \/(y 2 -l) or x=y- s /(y2-l) .(ii) 

In this case, to each value of y (when y 2 is not less than 1) correspond 
two values of x ; the function x defined by the given equation is 

G.A.G. N 
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therefore said to be a two-valued function of y. The two sets of 
values of x belong, in the graphical representation, to two different 
parts of the one curve. For example, if we take the equation y = x i 
and solve for we find x= + v /?/ or x= — Jy, and x is a two-valued 
function of y. The equation x= +Jy is represented by the curve OA 
to the right of the ?/-axis, and the equation x= — sjy by the curve OB 
to the left of the ?/-axis in Fig. 67, p. 183. 

The given equation is said to define the functions implicitly ; when 
it is solved and expressed as in (i) and (ii) the functions are defined 
ex pi icitly. 


Ex. 3. If y is the variable ordinate of a point Q which lies on the 
line joining the points A (0, 6) and B (3, 0), and if the line joining Q 
and the point C (0, 5) meets the .r-axis in P so that the area of the 
triangle OPQ is a function /(?/) of ?/, prove that 



5/ /Q/-6) 

4(y — 5) * 


Since Q lies on the line A B, we have 

2x q +!/q = 6.(i) 

The equation of CQ is 

?/~ 5 ?/ q -5 .(ft) 

X Xq 

Now P lies on CQ and y P — 0 ; therefore, by (ii) and (i), 

.(iii) 

2 (^- 5 ) 

Hence, from (iii), 

A OPQ= I (.Vrj/Q - x q y p )= 5y • 

Dropping the suffix, we have 

/W- 4(?/ — 5) * 


EXERCISES XXI. 

1. AB is a straight line bisected at C. On AC y CB y AB are 
described semicircles all on the same side of AB. Let a circle, 
radius y, be described to touch the three semicircles. If AC=x, 
y=f(.v). Prove tliat/(.r)=.r/3. 

2. A is the fixed point (a, 0), referred to rectangular axes, origin 0. 
The fixed circle, centre A, radius a, is described. A variable circle, 
radius y, is described in the quadrant XOY, to touch the fixed circle 
externally and to touch OX at P. If 0P = x , y=f{x). Prove that 

x(x— 2a) 

y=— to— 
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3. ABC is a fixed triangle ; P is a variable point in AB. PD , 
PE parallel to CA , CB respectively meet these sides in E, D 
respectively. If AP=x, PD . PE=f{x), PD/PE=F(x). Prove that 


/(•*) = 


abx(c-x) 


c 2 


and F(x) = 


b(c — .?•) 


ax 


where a , 6, c are the sides of the triangle. 

4. The diameter of a fixed circle is d. If y =f(x), where x is the 
length of a variable chord and y the perpendicular distance of the 
chord from the centre, prove that f(x) = >J{d 2 — x 2 ). 


5. A is the point (0, 2) referred to rectangular axes, origin 0, and 
the circle on 0A as diameter is described, the centre being B. P is 
the variable point (jf, 0). The tangent from P to the circle meets the 
line y= 2 in Q. If PQ=f(x) prove that f(x)=x+l/x. 

6. The readings on two thermometers, one Centigrade, the other 
Fahrenheit, immersed in a basin of water of uniform temperature, 
are y , x respectively. If y =f(x) prove that f(x) = § (x - 32). 


7. AB is the diameter of a fixed semicircle. P is a variable point 
in AB , and semicircles are described on AP, PB to lie within the 
fixed semicircle. A variable circle, radius ?/, touches the three 

semicircles; if AP=x, y=f(x). Prove that f(x)= , 

where AB=a. Z{ < a “ a ‘ r+ ‘ r > 


8. A, B, C, D are the vertices in order of a quadrilateral, where 
AB=CD — a, a constant, AC= BD = b, a constant. If BC=x and 
AD —y, then y is a function of x , say fix). Prove that f(x) = {b 2 — a 2 )!x. 


82. Rough Form of a Graph. Polynomials. When we only 
wish to discuss the variation of a function in its leading 
features, it is desirable to be able to determine the shape 
of the graph rapidly. It is easy in certain cases to draw 
quickly the rough form of the graph; the following 
examples explain the method. 

I. y = (x-l)(x-2). 

(1) Note the zeros of the function (x — !)(# — 2). 

(a) When x = Y, y = 0. Mark A on the diagram 

(Fig. 71). 

When x is a little less than 1, the factor (x —1) 
is small, and therefore (x— 1)(# — 2) is small and 
has the sign ( — )( — ) or, on the whole, ( + )• Mark 
B roughly on the diagram. 
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When x is a little greater than 1, the factor 
( x— 1) is small, and therefore (x— \ )(x — 2) is small 
and has the sign ( + )( — ) or ( —). Mark C roughly 
on the diagram. 

( b ) When x = 2 , ?/ = 0. Mark D on the diagram. 

When x is a little less than 2, the factor (x — 2) 
is small, and therefore (x — l)(x — 2) is small and 
has the sign ( + )( — ) or (—). Mark E roughly 
on the diagram. 

o 

When a; is a little greater than 2, the factor 
(x — 2) is small, and therefore (x—l)(x — 2) is 
small and has the sign ( + )( + ) or ( + )• Mark 
F roughly on the diagram. 



Fig. 71. 


(2) Note the intercept on the ?/-axis. 

When x = 0, y = 2. Mark G on the diagram. 

(3) Examine the function when x is large. 

When x is large and positive, (x — 1)(& — 2) is 
large and positive. Mark HK roughly on the 
diagram. 
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When x is large and negative, (x — l)(x — 2) is 
large and positive. Mark LM roughly on the 
diagram. 

(4) Mark selected points on the diagram to give what 
precision is desired to the trend of the graph. 


When x — 1*5, 

y= - 

-0-25. 

Mark JV. 

When x = 05, 

y = 

0-75. 

Mark P. 

When x = 2'5, 

y— 

0-75. 

Mark Q. 

When x = 3, 

y= 

2. 

Mark R. 


(5) Finally join these parts of the graph by a smoothly 
running line. It is obvious that there must be a turning 
point between A and D, and it must be near iV(l*5, — 0*25). 
At a later stage we shall be able to fix the position 
accurately. 

All that need be written down preparatory to drawing 
the graph is the following table: 


X 

1 

1- 

1 + 

2 

2 - 

2 + 

0 

+ CO 

— 00 

1-5 

0-5 

2*5 

3 

y 

0 

0 + 

0 - 

0 

0 - 

0 + 

2 

+ CO 

+ CO 

- 0*25 

075 

0*75 

2 

giving 

A 

B 

c 

D 

E 

F 

G 

HK LM 

N 

P 

Q 

R 


The symbol 1— means a number a little less than 1, 
while 1+ means a number a little greater than 1 ; 2 —, 
2 + , etc., have similar meanings. 


Ex. Sketch the rough forms of the graphs of 

(i) y=(x-2)(x-3); (ii) y=x(x- 1) ; (iii) y = (2 -x)(x- 1) ; 

(iv) y= -x(x-2); (v) y = (x + 2)(3-x) ; (vi) y = (x+ l)(x+2). 

II. y = x(x — l)(x — 2). 

Construct the following table: 


X 

0 

0- 

0 + 

1 

1- 

1 + 

2 

2- 

2 + 

+ CO 

— 00 

0-5 

°* 5 


2*5 

y 

0 

0- 

0+ 

0 

0+ 

0- 

0 

0- 

0 + 

4-co 

— 00 

T9 

0-4 

0*4 

1-9 


giving ABC DEFGHKLMNPQR ST 
of Fig. 72. 
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It is obvious that there must be a turning point between 
A and D, and another between D and G. 

Ex. Sketch the rough forms of the graphs of 

(i) y = (.r-l)(.r-2)(.r-3) ; (ii) y=(tf-2)(.r-3)(.r-4) ; 

(hi) y = (2-x)(.r-l)(.r-3); (iv) y= -x(x- l)(.r- 2) ; 

(v) y=#(#+l)(.r + 3) ; (vi) y = .r(.r 2 -l). 



III. y = x 2 (x —2). 

Construct the following table : 


X 

0 

0- 

0 + 

2 

2 - 

2 + 

+ CO 

— 00 

1 

1-2 

1-4 

0*5 

2*2 

y 

0 

0- 

0- 

0 

0- 

0 + 

4- GO 

— oo 

I 

1-2 

1*2 

0*6 

1 


giving A B C D E F GH KL M N P Q R of Fig. 73. 

Note the points M, iV, P required to get even a rough 
notion of the dip of the graph. There is obviously a turn¬ 
ing point between N and P. 



POLYNOMIALS. 


199 



82, 83] 


83. Graph of y 2 = f(x). We consider some simple cases, 
f(x) being a polynomial. 

To each value of x there are two values of y which are 
numerically equal but are of opposite signs; the cc-axis is 
therefore an axis of symmetry, so that in calculating co¬ 
ordinates we need only attend to one value of y. 



Fig. 73. 


I. y 2 = x 3 or y=± v /(x 3 ). 

If x is negative y will be imaginary; there is no part 
of the curve, therefore, to the left of the y-axis. The 
values of *J(x s ) are easily calculated for a series of values 
0, 0*1, 0*2, ... of x; the curve, which is called the semi- 
cubical parabola, is shown in Fig. 74. It consists of two 
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branches OA, OB, and the rr-axis is a tangent at 0 to both 
branches. 

A point such as 0, at which two branches OA, OB have 
the same tangent, but beyond which they do not pass , is 
called a Cusp. 

The graphs of y 2 = x n , where n is a positive odd integer 
greater than unity, have all a cusp at the origin, the cc-axis 



being the tangent there. The graph of y 2 = x has not a 
cusp. 

II. y 2 = x(x — l)(x — 2) or y=±>/Wx-l)(x-2)}. 

First draw the graph of 

y i = x (x- l)(x-2); 

then y 2 = Vi o r V=±Jy r 

The graph of y 1 is shown in Fig. 72. 
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If y 1 is negative, y will be imaginary; hence we need 
only consider the values of x that correspond to the part of 
the graph (Fig. 72) between x = 0 and x = l and the part 
from x — 2 onwards. We see at once that the rough form 
of the graph consists of an oval lying between x — 0 and 



x=l and an open branch from x = 2 onwards. The curve 
(Fig. 75) is now drawn from the following table: 


X 

0 

0*1 

05 

0-9 

1 

2 

2-2 

2-5 

• 

3 


0 

0T7 

0*375 

. 0T0 

0 

0 

0-53 

1-875 

6 

±y 

0 

0*41 

0-61 

0-32 

0 

0 

0-73 

1-37 

2-45 


III. y 2 = x(x — l ) 2 or y= ±(x — l) v /x. 

If x is negative, y is imaginary. Let us take 
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and plot the part of the curve corresponding to this 
equation. 

2/i = 0 when x = 0 and when x = \. When x is a proper 
fraction, y x is negative; when x is greater than unity, y x is 

positive, and y x now steadily increases as x increases. We 
give the table: 


X 

1 

0 

OT 

0-3 

0-5 

0 8 

1 

1-2 

1-5 

2 

2*5 

3 


0 

-0*28 ( 

-0-38 

-0*35 

— 0T8 

0 

0-22 

0-61 

1-41 

237 




Plotting these points, we get the part OABC of Fig. 76; 
the part OA'BC' is the reflexion of OABC in the cc-axis, 
and may be obtained by plotting the points derived from 
the above table by changing the sign of each ordinate. 
The y-axis is a tangent. 

It is obvious that as x increases from 0 to 1, y cannot 
possibly become as large as unity; in fact, the table 
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suggests that 0*4 will be an upper limit to the value, of y. 
The curve, therefore, must have a loop such as OABA'. 

A point such as B , at which two branches of a curve 

cross, is called a node. 

The rough form of the graph may also be readily ob¬ 
tained by first graphing y = x(x — l) 2 by the methods of 
§82 and then marking roughly the points whose ordinates 
are the square roots of the positive ordinates of this graph. 

In the same way we see from Fig. 73 that the graph of 
y 2 = x 2 (x — 2) consists of the origin and an open branch 
from x = 2 onwards. An isolated point, like the origin in 
this case, whose coordinates satisfy the equation of the 
curve but in whose neighbourhood there is no other point 
of the curve is called a conjugate point or an isolated point. 

EXERCISES XXII. 

Trace the rough forms of the graphs of the following equations, 
plotting a few chosen points to give some precision to the graphs : 

1. y=x* + x- 2. 2. y — (2x +1 )(x — 1). 3. y = (x + 1)(2 -x). 

4. y=(2x+1)(l-x). 5. y = (x + lX-r 2 - 1). 6. y = x(x- l) 2 . 

7. y = x 2 (x + 1). 8. y =.i ,2 (2 - x). 9. y= - x(x 4-2) 2 . 

10. y=x+x*. 11. y = x 2 (x — 1)(.r — 2). 12. y=x 2 (x 2 - 1). 

13. y=x(x+ l) 2 (.r+2). 14. y=x 3 (x — l). 15. y=(x-l) 2 (x- 2) 2 . 

16. y=x(x+l) 3 . 17. y — (x— l)(x-2)(x — 3)(^-4). 

18. y=x 2 (x—iy. 19. y=x 3 — .r 5 . 20. y=x A (x— 1). 

21. y 2 =x(x — 1). 22. y 2 = (x -1 )(x — 2)(x — 3). 

23. y 2 = (x — 1) {x — 2) 2 . 24. y 2 = x 2 (1 — x 2 ). 25. y 2 = x 3 — x 5 . 

26. Trace in the same diagram the graphs of 

y2 = J( 3 an( l ? y2 — ^ 

and derive from your graphs those of 

? =x 2 an d y 5 = .r 2 . 

27. Trace the graphs of the following equations : 

(i) ±s/(i-^ 2 ); (i>) ;/= ±V(-® 2 -i); 

(iii) y= ± ^(Qax + bx 2 ) when a = 3 and b has the values —4, — 1 
0,4; (iv) y= ±l)(.r-2)} ; (v) ?/ = ±1)(^-3)} ; 

(vi) y= 2.v) }. 
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ROUGH GRAPHS OF RATIONAL FRACTIONS. 

FREEDOM EQUATIONS. 


2-_x 

84. Graph of y = y. Construct the following table: 


X 

2 

2 — 

2 + 

1 

1 - 

1 + 

0 

small 

00 

y 

0 

A 

0 + 

0 - 

oc 

— 00 

+ 05 

_ 9 

— 2 — x — ,i~ approx. 

-1 


A B C D,E FG HK L Note (i) M, N 


X 

large 

-2 

1/2 

1*4 

3 

V 

- 1 + 1 jx approx. 

- 4/3 

ni 

-3 

rr 

1*5 

t *r 

-1/2 


PQ, BS. Note (ii) T U V IF 


From this table Fig. 77 has been drawn. 

The curve is a hyperbola. 

Note (i). If an approximation to the value of a numerical 
fraction, say 237/1892, is wanted, we divide 237 by 1892, 
getting 0T252..., and we retain one or more of the first 
figures OT, 012, 0125, ..., according to the degree of 
accuracy required. In the given fraction the figures of 
numerator and denominator are arranged in the order 
of importance; thus 2 is the most important figure of the 
numerator and comes first, but in the denominator 2 is the 
least important and comes last. In the fraction (2 — x)/(x — 1) 
the numerator is, when x is small , already arranged in the 
order of importance of its terms, but the denominator must 
be written in the form -1+x, so that the most important 
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term —1 ma}^ come first. If we divide 2—a; by — 1+as, the 
first few terms will give an approximation to the fraction 
when x is small. In general, when x is small the numerator 
and denominator of a fraction, arranged in ascending 
powers of x, will give by division an approximation to the 
fraction; the process is called Ascending Continued Division. 

Carrying out the division of 2 — x _ 1+a:)2 _ x (-2-x-x 2 
by — \+x as indicated at the side, 2-2x 

we find as an approximation J 

y = —2 — x — x 2 . 

” X 2 

It will be seen that the exact x 2 -x 3 

value of y is x 3 


- 1 +x ) 2 - x{-2-x-x 2 
2 - 2x 

x 

X - X 2 
X 2 

x 2 — x 3 


y = —2 — x — x 2 + 


-\+x 


so that we can in any given case determine the degree of 
accuracy in the approximation. 



Fig. 77. 


The straight line y= —2 — x is the tangent to the graph 
at L ; near L the graph must be below the straight line on 
both sides of L , because —2 — x — x 2 is less than — 2 — x for 
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every small value of x, whether that value be positive or 
negative. 


Note (ii). 


form 


— .73 + 2 
.73-1 ’ 


When 73 is large we write the fraction in the 
so that both in numerator and in denominator 


the most important term may come first, and, if we now 
divide, the first few terms of the quotient will give an 
approximation to the fraction when t; is large. In this case 
the division must usually be continued till one term at least 
of the quotient contains x in a denominator. In general, 
when 73 is large the numerator and denominator of a fraction, 
arranged in descending/ powers of 73, will give by division 
an approximation to the fraction; the process is called 
Descending Continued Division. 

Carrying out the division as indi- r + + I 

cated at the side, we find that J - x +\\ x 


y= ~ 1+ l 

is an approximation to the fraction 
when 73 is large. 

When 73 is positive, 

3/= - 1 ; 



therefore, on the far right ( PQ in the diagram) the graph 
appears above the line AIN, whose ordinate is —1. 

When 73 is negative, 




therefore, on the far left ( RS in the diagram) the graph 
appears below the line AIN. 

The approximation y = — 1 + - shows that if a point travel 

along the curve past P, then Q and so on, the point will 
come closer and closer to the straight line AIN ; similarly, 
if it travel past S, then R and so on. AIN is called an 
asymptote of the curve. DE is also an asymptote. The 
following is the formal definition of an asymptote. 
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Definition. A straight line MN is said to be an asymptote 
to a branch of a curve which goes off to infinity, when the 
distance of a variable point on the branch from the line MN 
tends towards zero, as the point moves to an infinite distance 
along the branch. 

2 _ 'll 

Coe. 1. The graph of x —- -y may be derived from the 

y 

interchanging the axes. 

o o 


z — x 


graph of y = —j- by 


Cor. 2. The graph of y — — —— (a positive) may be 

Ob “ Ct/ 

2 _ op, 

derived from the graph of y = - t —r by substituting the 

Ob ‘ 

abscissae a, 2a, etc., for the abscissae 1, 2, etc., and the 

ordinates a, 2a, etc., for 1, 2, etc. Indeed, the graph of 

2 — x . ,, , p a(2 a — x) , , . ,, ,• 

y — -— is the graph oi y = — -- reduced m the ratio 

* x — 1 & ir * x — a 

1 : a. If a were negative, what would be the relation of 
the graph of y = ^ to that of y = -—— ? 


x — a 


x-1 * 


85. Graph of y = 


x 3 — 3x 2 + 4 


(1) Examine the zeros of the function. Put y = 0; 


then 


0 = x 3 — 3x 2 + 4 


or 0 — {x+ I)(x — 2) 2 , 

so that y = 0 when x= — 1 and when x= +2. Mark A , D 


on the diagram (Fig. 78). 


Now 


y 


(x + l)(x — 2) 2 


cc 2 


( 1 ) 


When x = 

— l — ,y = 0 — . 

Mark 5 roughly 

on the diagram. 

When x = 

— 1 + , y = 0 + . 

„ c 


yy 

When x = 

2 — , y = 0 + . 

„ E 

yy 

yy 

When x = 

* » MSB* M 

2 + , 2/ = 0 + . 

k MM 

„ F 

» 

>y 


(2) Examine the appearance of the graph when x is 
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small. If we start with equation (1), we must use Ascending 
Continued Division, and we should obtain the form 


4 

y=^~ 3 + x or y= 



approx. 


When x = 0, y = oo. 

When x = 0 — ,y= + oo. Mark GH roughly on the diagram. 
When # = () + , y= +oc. „ KL „ „ 



Fig. 78. 


(3) Examine the appearance of the graph when x is 
large. 

_ Q/^2 -I- 4 

By Descending Continued Division applied to- 2 -’ 

t Kj 

1 4 

we have y==x — 3 + 

Draw the line y l =x — 3. 

When x is negative, y = (x — 3) + . Mark MN roughly on 
the diagram. 

When x is positive, y = (x— 3) + . Mark PQ roughly on 
the diagram. 

(4) The trend of the graph is now apparent. To give 
some precision to the graph, plot the points R , S f T, UV, W. 

Draw a smooth line through the points A ... W. 

All that needs to be written down is the following table: 
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X 

-l 

-l- 

-i + 

2 

2 - 

2 + 

o' 

small 

large 

-3 

_ Q 

-£ 

4 

1 

3 

y 


0- 

0 + 

0 

0 + l 


00 

4 lx 2 

x — 3 H—2 
x 1 

-5-6 

-4 

124 

13 h 

2 

• 

© 


giving 

A B 
in Fig. 78. 


C D E F 


GH, KL JIN , PQ R S T U V )V 


Cor. In place of the numbers 1, 2, etc., on the axes, 
write a, 2a , etc., and the graph will be that of 



x 3 — Sax 2 + 4 a? 




86. Graph of y = 

The following table shows the general trend of the graph: 


X 

0 

0 - 

0 + 

2 

2- 

2 + 

1 

1- 

1 + 

► 

-1 

-1- 

-1-f 

large 

y 

0 

0 + 

0 + 

0 

0 - 

o+: 

00 ! 

-fee 

— 00 

GO 

-f co 

+ CO 

l-3/x 

giving 0 
of Fig. 79. 

A 

B 

C 

D 

E 


F 

G 


H 

K 

LM, PQ 


G. A* 


O 
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The plotted points 


X 

-4 

O 

— fj 

-2 

-0-5 

0-5 

1*5 

3 

4 

y 

2T3 

2-81 

5*33 

L67 

0-33 

-0-36 

0-28 

0-43 


give the graph as shown in Fig. 79. 


87. Graph of y 2 = 


x 2 (x —2) 

(x + l) 2 (x-l)' 


First draw the graph of 


as in Fig. 79. 


x 2 (x— 2) 

S/l — (£C+1) 2 (£C —1)’ 



Then y 2 = y x or y= ±*Jy 1 . For real values of y } y l must 
be positive, so that there is no part of the graph of y 
between x = l and x = 2. 
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The trend of the graph is easily seen. The plotted 
points 



-4 


-3 


— 2 



2T3 2*81 5*33 12*60 


y ±1*46 ±1-68 ±2*31 ±3*55 ±1*29 ±0 ±0*58 ±0 ±0'53 ±0‘66 

then give Fig. 80. 

88. Solution of Simultaneous Equations. The following 
example illustrates some methods of procedure. 


Ex. Solve the simultaneous equations 

3?-xy=2, .(1) 


First, graph the equation x 2 — xy = 2 or y = 


y 2 +xy= 3. 
2 


( 2 ) 


y=x —. 
J x 


The table 


X 

o+ 

0- 

+ large 

— large 

y 

— 00 

4-cc 

X — 

x + 


gives the trend of the graph ; the additional values 


X 

0-7 

0\8 

1 

2 

3 

1*41 

y 

-2T6 

-1-7 

-1 

1 

2*33 

0 


give the graph as in Fig. 81. The asymptotes are 
equations y=x and # = 0. 

Q 

Next, graph the equation y 2 +xy = 3 or — ?/ + -. 

y 


given by the 


The table 

y 

0 + 

0- 

+ large 

— large 


X 

+ oo 

— 00 

-y+ 

-y- 


gives the trend of the graph ; the additional values 




0*8 


x 2-95 2 -0-5 -2 




1*73 
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give the graph as in Fig. 81. The asymptotes are given by the 

equations y-\-x = 0 and ?/ = 0. . 

The solutions, being the coordinates of the points of intersection of 

the graphs, are therefore 



Fig. 81. 


If we multiply equation (1) by 3 and equation (2) by 2, and then 
subtract, we get 

3.r 2 - 5 xy — 2y 2 = 0 or (3x 4- y) (x — 2y )—0.(3) 

The intersections of 3.r-|-?/ = 0, and either (1) or (2) give solutions. 
Also the intersections of x — 2// = 0 (shown in diagram), and either (1) 
or (2) give solutions. In fact, the solutions of (1) and (2) are the 
same as the solutions of 


f x 2 — xy = 2 
\ 3x+y=0 


and 


jx 2 — xy =2 
\ x — 2y=0 


or of 


?/ 2 + xy = 3 
3a’ + ?/=0 


and 


(y*+xy=Z 
\ x — 2y—0 
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EXERCISES XXIII. 

Trace the rough graphs of the following equations, plotting a few 
points to give some precision to the graphs : 

1 ^1^1- *-1 




2. y = - -* 

•' .r 


3. ,?/ — 


x — 1 


4. y = 


a ?-2 


5. 

xy — x—y -1=0, 
x+l 

6. 

?/ — 1 

2xy-x-y + 2-0. 7. 


i - e ■ y ~x -1 

8. 

2.ry-.r+ t y + 2 = 0. 9. ?/ = !+-• 

10. 

y=# + -. 

* X 

11. 

g 

y = 2x -• 

J X 

12. y = .r + 3 + |. 

13. 

0 2 

y - 2 * x+2 

14. 

1 

15. 

16. 

y=x 2 +\ 

17. 

o 1 

?/ = .r--5-. 

a?* 

18. y=x l +\. 

J 

19. 

y = x 3 — —■ 

J X 


20. 

y=x+x i - 1- 

21. 

y = 2x+Z-^- 


22. 

(.j.--1)0-2) 

J x-3 


j^Prove that, in Ex. 22, y=x+^ % is the approximation when x is large.^J 


x—l 


«• 


1 

25 - y =c^2?- 


23 - y ~ (x - 2) (,® - 3) 

26. y = (i) when a is positive, (ii) when a is negative 


27. y= 


X‘ 

x l (x— 1) 


30. y 2 = 


(x - 2) 2 

2 _ 


(.r H- 1 ) (x + 2 )‘ 


28. y = 

31 2 _ ■*(■?-2)~ 

31 - J x‘ - 1 


29. 

32 Cy-ncy- 8 ) 

32 ’ *“ y-2 ' 


33 x -tkl^L L). 
"• *“ (y-2)* 


34. .*?= 


y 2 0/ -1) 


2 


(.y +1)(.'/-4) 


35. Graph on the same diagram the following equations : 

(i) V 2 =\ (») V 2 = js> (*ii) 2 / 2 =^> 

and use your graphs to derive those of 

(iv) (y)* 2 =lV (Vi) ^ 2 =^5- 

36. Graph the following equations : 

/•x o (a?—l)(a? — 2) / .. x * x-3 

«y = J -3 —’ (u) y = {x-\){x^) 
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37. 


Trace the form of the Conchoid from its equation 

x 2 ( b — c + .r)(fr + c — x) 


?r-= 


38. 


(v - cf 

(i) when b<c, (ii) when h = c, (iii) when b 

Trace the form of the Cissoid from its equation 

x 3 


?t 2 = 


a — x 



39. Trace the form of the Witch of Agnesi from its equation 

x(a 2 4-y 2 ) = 2a 3 . 

40. Solve the simultaneous equations : 

(i) 4x 2 — G.V7) + 3 = 0, 9y 2 — Gxy = 4 ; 

(ii) 4xy = 8// — 7, 2x 2 + Zy = 2 ; 

(iii) 2x 2 — xy = 3, (y + 2x — 3) (y — x +1) = 0 ; 

(iv) xy=x+y, -v 2 + y 2 — 2x = 2 ; 

(v) xy = x J t-'2y-> x 2 +y 2 — 2y = 4. 


89. Freedom Equations. In this article we show how a 
curve may be drawn when its freedom equations are 
given. 



I -* 2 




1 +t 2 ' 


l-t 2 , t rru 
1^2 and y = r+? . The 

graphs in Fig. 82 were drawn by the methods of this 
chapter according to the following table: 


t 

+ 3 

+ 2 

+ 1 

0 

large 

small 

X 

-0*8 

-06 

0 

1 

-1+2 it 2 

1 - 2 < 3 

V 

±0-3 

4:0*4 


0 

lit 

t-t 3 


A rough graph of y y considered as a function of x , can 
now be quickly drawn by observing from the above graphs 
how x and y simultaneously vary as t varies from — oo to 
+ oo. The graph in Fig. 82, showing the variation of y as 
x varies, was drawn by noting the general trend of the 
variation of y as x varies, and plotting certain chosen 


First draw the graphs of x = 
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points, shown in the diagram. The process is exhibited in 
the subjoined table: 



Fig. 82. 


• 

t 

all but - oo 

inc. to - 3 

inc. to — 2 

inc. to - 1*75 

inc. to — 1 

X 

-1 + 

inc. to - 0*8 

inc. to -0*6 

inc. to - 0*51 

inc. to 0 

y 

0- 

dec. to - 0*3 

dec. to - 0*4 

dec. to -0*43 

dec. to - 0*5 


A 




to 


B 



t 

inc. to 0 

inc. to 1 

inc. to + cc 




X 

inc. to 1 

dec. to 0 

dec. to - 1 




y 

inc. to 0 

inc. to 0*5 

dec. to 0 





B to C 


C to D 

D to A in Fig. 82. 
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II. x = 1), y = t(t- fl). 

The graph of x = t(t — 1) is shown as a full line, and the 
graph of y = t(t + l) as a dotted line in the diagram of 
Fig. 83. The following table shows the trend of the 
x, y graph : 


t 

- oo 

inc. to — 1 

inc. to - h 

inc.to 0 

inc. to \ 

inc. to 1 

inc. to + co 

X 

+ CO 

dec. to 2 

dec. to f 

dec. toO 

dec. to - 4 

inc. to 0 


y 

+ CO 

dec. to 0 

dec. to - 1 

inc. to 0 

inc. to ^ 

inc. to 2 



A to B B to G G to O O to D D to E E to F 

in Fig. 83. 



Ex. 1. Express the freedom equations 

x=t{t- 1), ?/ = £(£ +1) 
as a constraint equation in x y y. 

By subtraction we have y — .r = 2£, and therefore t=\(y — x). Sub¬ 
stituting l(y-x) for t in the first equation, we get 

x = — 1 ) or *r 2 — 2 xy 4- y 2 — 2.r — 2y = 0. 
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This process is called elimination, and we are said to have eliminated 
t between the two given equations. 


Ex. 2. Find the points of intersection of the graphs specified by 


the equations x=t(t-\), y = t(t + 1).(1) 

x=l + ?«, ?/ = 4 + 2 u . (2) 

We require that the equations 

t(t-l) = l + u y . (3) 

*(* + l) = 4 + 2tt,.(4) 


should hold simultaneously. 

• From (3) and (4) 2t = 3 + u or u = 2t- 3. 

Hence, from (3), 

t(t — l) = 2t — 2, i.e. t 2 — 3t + 2 = 0, i.e. t — 1 or 2. 

Hence, from (1), x=0 or 2, y = 2 or 6, 

so that the points of intersection are (0, 2) and (2, 6). 

Note. We might have expressed equations (1) and (2) as constraint 
equations, viz. 

x 2 — 2 xy + y 2 — 2x - 2y = 0 , ... (1) 

2.r—y + 2 = 0, .(2') 


and then solved (1 # ) and (2') as simultaneous equations. 

Freedom equations should be translated into constraint equations, 
if the latter can be readily found and handled. 


Ex. 3. Prove that the constraint equation of the graph specified by 

1 -t 2 t 

x ~i +t 2 ' y ~\+t 2 

is x 2 +4»/ 2 =l. 

Ex. 4. Prove that the coordinates of the points of intersection of 

,r= TT?’ y= \Tt i and ^=- 2+7m > v=l-l u 

are (0'8, 0‘3) and (- 0 6, 0 4), and that the corresponding values of t 
are J, 2 and of u, | and J. 

Ex. 5. If x= Vt cos (x, ?/= Vt sin a. - \qt 2 , where V, cc, g are constants, 
draw the graphs of x and y considered as functions of t , and then 
draw the graph of y considered as a function of x. The values of t 
ma.y he restricted to the range from £ = 0 to t — 2Fsin c^/g. Find also 
the constraint equation of the curve. 


EXERCISES XXIV. 

1. Draw the graph showing the variation of y as x varies when 

x=(t — l)(t — 2), y = t 2 . 

What is the constraint equation of the graph ? 
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2. Draw to x, y axes the graph of 

,v=t(t 2 — 1 ), y = t(t 2 + 1 > 

making the form near the origin quite clear. What is the constraint 
equation of the graph ? 

3. Trace the graphs of 

(i) .r=(*-l)(*-3), y = t(t- 2); 

(ii) x=t(t — 2 ), y = t 2 — \. 

4. Trace the graph of 

y ^{t- 1 ) 2 ‘ 

What is the constraint equation of the graph ? 

5. Trace the graph of 

.r = (< + l)2, y = t(t+ 1) 2 , 
and find the constraint equation. 

6. Trace the graph of 

t 2 t 

x ~t -r y ~t i - i’ 

and find the constraint equation. 

7. Trace the graph of 

3 1 3 1 2 

y i+j 3 ’ 

and find the constraint equation. 

8. Trace the graph of 

* + l 2 1 

and find the constraint equation 
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90. Graph of y = x-l + 2 v /(x-2). In §§ 83, 87 some 
equations of the form y 1 =f(x) were discussed; in this 
chapter we shall show how the general shape of curves 
given by equations of the form 

y = ax + b±Jf(x) or (y - ax - bf = f(x) 


may be obtained when f(x) is of a simple type. We begin 
with the equation 

y = x —1 + 2 V /( X —2 )> .(I) 


which may be expressed in the forms 

(y-x + 1) 2 = 4(01—2), 
x 2 — 2 xy + y 2 — 6x + 2y + 9 = 0. 


( 2 ) 


From equation (2), by arranging it in powers of y and 
solving the quadratic so obtained in terms of x, we derive 
equation (1). 

First draw the graph of y^x- 1, the line AG m Fig. 84. 
For real values of y , the values of x must be equal to or 
greater than 2. Mark on the line AG the points A , B, O, 
D, E, F, G, ..., whose abscissae are 2, 3, 4, 5, 6, 7, 8, ...; then 

. the table 


.r 

2 

3 

4 

5 

6 

7 

8 

± - 2) 

±0 

± 2 

±2*83 

±3*46 ' 

± 4 

±4*47 

± 4-90 


A 

Bb 

Cc 

Dd 

Ee 

Ff 

Gy, 



Bb' 

Cd 

Bd! 

Ed 

Ff 

Gy ' 
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gives the points A, b and b\ c and c ,... on the curve by 
the following rule. Bb and Bb', Cc and Cc ,... are steps 
whose measures are +2 and —2, -j-2*83 and —2*83,..., these 
numbers being obtained from the second row and from the 
same column as contains the steps; thus, Bb = + 2 and 
Bb' = — 2. To plot the point b move 2 units upwards from 



B, and to plot b' move 2 units downwards from B, and 
so on. The two steps from A are both zero, so that A 
itself is on the curve. 

Note (i) that x = 2 is the tangent at the point (2, 1) 
on the curve; (ii) that the line y = x — 1 bisects all chords 
parallel to the ?/-axis. 

The curve is a parabola and AG is a “diameter” of the 
parabola. 
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91. Graph of y = -7 — l±«/{(x — 2)(x + l)}. 


If 


V 


IS 


real, 


the product (x — 2)(x-\-l) must be positive or zero. The 
crraph of (cc — 2)(x + Y) is a festoon cutting X'OX , where 
—1 and where x = 2 , and therefore x cannot lie between 
— 1 and 2. (A very rough sketch of the graph of 
2)(# + l) or a mental picture will show at once that 
the ordinate is negative for values of x between — 1 and 2.) 


x 


Draw the graph of y l = ~ — 1, the line HD in Fig. 


85. 


Mark on HD the points A, B, C y D ,... E, F, G, H ,..., whose 
abscissae are 2, 3, 4, 5, ... 1, 2, 3, .... Then the 

table 


X 

2 

3 

4 

5 

• • • 

-1 

-2 

-3 

— 4 

±*](x - 2)(. , r+1) 

±0 

±2 

±316 

± 4*24 

• • • 

±0 

±2 

±3-16' 

±4-24 

TT F 


y! (7c Dd ... Ee Ff Gg Hh 

Bb' Cc’ Dd ... Ed Ff. Gg’ Uh! 


gives the points A, b and b\ c and c', ... on the curve 

(Fig. 85). 

The equation may be written in the forms 

( 


y~l+iy = (x-2)(x + l), 


\?>x 2 + &xy — 16y 2 — Sx— S2y — 48 = 0 ; .(1) 

from the second of these forms the given equation may be 
derived by arranging it as a quadratic in y and then 
solving for y in terms of x. 

Note (i) that x = — 1 is the tangent at the point ( — 1, — f) 
and x = 2 the tangent at the point (2, — -£); (ii) that 

= | —1 bisects all chords of the curve parallel to the 


y- axis. The curve is a hyperbola and HD is a “ diameter 
of the hyperbola. 

The expression on the left side of equation (1) may 
by a factorising process be written 

(5x — 4 y — 6)(3# + 4i/ + 2) — 36 ; 
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hence the equation of the hyperbola may be expressed in 
the form (5a; _ _ 6 )( 3 X + 4 , 1 / + 2) = 36.(2) 

The asymptotes of the curve are the lines 

5x — 4 y — G = 0 , 3x -f- ty + 2 = 0 ; 

they are shown in the diagram. 



92. Graph of y = ~ — l± N /{(x + 2)(6 — x)}. If y is real, the 

A 

product (:r+2)(6 — x) must be positive or zero. The graph 
of (x + 2)(6 — x) is an inverted festoon cutting the cc-axis 
at x = — 2 and x = G, and therefore x must lie between — 2 
and 6. 

Draw the graph of ^ = ^ — 1 , the line AK in Fig. 86. 
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Mark on AK the points A, B , C , D, E, ... K , whose 
abscissae are —2, — 1, 0, 1, 2,... 6. Then the table 


. cc 

-2 

-1 

0 

1 

2 

3 

4 

5 

G 

+ -x) 

±0 

4 

± 2*G5 

T 

± 3‘4G 

±3-87 

± 4 

±3-87 

± 3*46 

±2-65 

r r 1 

±0 

Y K 


4 Ztt Cc Dd Ee Ff Gg Uh K 

BE Cc' Dd' Ee' Ff Ug BE 


gives the points A, b and b\ c and c\ ... on the curve. 
The equation may be written in the forms 

( 2 /-I + 1 ) =0c + 2 )(G-x), 

5x 2 — 4 xy + 4 y 2 — 20.r + 8 y — 44 = 0. 



Note (i) that x = — 2 is the tangent at the point ( — 2, — 2) 

CC 

and x = 6 the tangent at the point (6, 2); (ii) that y = ^ — l 

bisects all chords of the curve parallel to the y-axis. The 
curve is an ellipse and AK is a “ diameter ” of the ellipse. 
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93. Graph of y = |-l± N /(x 2 + x + l). If y is real, a 2 +a + 1 

must be positive or zero. The graph of x* + x + l is a 
festoon which does not cut the #-axis, and therefore y is 

real for every value of x. 



Fig. 87. 

% 


Draw the graph of = —1> the line AF in Fig. 87, 

since y is real for every value of cc the curve extends in 
two branches from left to right, one above AF and the 

other below AF. . 

Mark on AF the points A, B, 0, D, E, F, whose abscissae 

are - 3, - 2, -1, 0, 1, 2. Then the table _ 


X 

-3 

-2 

-1 

0 

1 

2 

±J(x 2 -\-x+l) 

± 2-65 

± 1*73 

±1 

±1 

± 1 *73 

±2*65 


A a Db Cc Dd Ec Ff 

A a' Bb' Cc Dd' Ec' Ff 


gives the points o and a, b and b,... on the curve. 
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The equation may be written in the forms 


x 


y — 2 + 1 ) =x 2 +x+l, 

3x 2 + 4 xy — 4 y 2 + Sx — 8y = 0 . ( 1 ) 

00 

Note that y = — l bisects all chords of the curve parallel 

to the ^/-axis. The curve is a hyperbola and if is a 
“ diameter ” of the hyperbola. 

Equation (1) may by a factorising process be expressed 
in the form 

(3# — 2y — l)(x + 2y + 3) = —3. 

The asymptotes of the hyperbola are the lines 

3x — 2y — 1 = 0, x -j- 2y — 3 = 0; 
these lines are shown in the diagram. 


94 


. Graph of y = x±^(^—*)• If y is real, x must not 


lie between 1 and 2. 

Draw the graphs of the two equations 


Vi 


= x - *=± VGdD ; 


then y = yi + V2> 

and any ordinate of the curve is obtained by adding 
(algebraically) the corresponding ordinates y x and y 2 . A 
sketch of the curve is shown in Fig. 88. 

Some of the details of the graph were obtained as follows: 

(1) x large. By Descending Continued Division 

x--2 = 1 +l a PP rox -> 

and by the ordinary process of extracting the square root 


■sK'+lh 


1 + 2 x, approx, 


Hence, y=x±J (?—,*) = 


*± 1 + 


/ approx, 


Q. A.Q. 
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The lines y — x +1 and y = x — l are asymptotes; the 
graph appears above y~ x + Y to the far right and below 
to the far left, but appears below y=x— 1 to the far right 
and above to the far left. 

(2) y = 0 when 0 = x± that is, when 

x 2 (x — 2) = x — 1 or .r 3 — 2.x* 2 — x -\-1 =0. 



This equation may be solved graphically (see Chap. XV.); 
its roots are approximately —0*80, 0*55, 2*25. These give 
the points where the curve crosses the cc-axis. 

(3) The following table gives a number of points: 


X 

-2 

-1 

0 

1 

2 

2*1 

2*2 

3 

4 

y 

- 1*13 

- 2*87 

- 018 ! 

- 1-82 

± 0*71 

1 

+ cc 

— 00 

5*42 

- 1*22 

4*65 

- 0*25 

4*41 

1*59 

5*22 

2*78 
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EXERCISES XXV. 

1. Graph the equations : 

(i )y=x±*Jx; (ii) y=|±V(*+l); (iii) ( 4 y-x) 2 = 16 (ar- 2 ); 

(iv) 4j/‘ - 12 xy + 9/ = 4.v ; (v) x 2 - 2 xy+y* - 2x + 4y -3 = 0. 

2 . Graph the equation y—x — 1 ± 2j{{x — 2)(.r + l)}. What are 
the asymptotes of the curve ? 

3. Graph the equation y=x- 1 ±2 v /{(# + 2)(6 -#)}. 

Find the equation (i) of the diameter that bisects chords parallel to 
the y-axis; (ii) of the diameter that bisects chords parallel to the .r-axis. 

4 . Graph the equation 

8.r 2 4- 6.ry - 9y 2 4- 4.r - 12y - 13=0. 

Find (i) the equation of the diameter that bisects chords parallel to 
the y-axis; (ii) the equation of the diameter that bisects chords 
parallel to the .r-axis ; (iii) the equations of the asymptotes. 

5. Graph the equation 

1O.r 2 - 6.ry 4- 9y 2 4- 2.r — 6y - 8 = 0. 

Find the equation of the diameter that bisects chords (i) parallel to 
the y-axis ; (ii) parallel to the .r-axis. 

For what values of y are the values of x equal, and what is the 
nature of the corresponding points on the curve ? 

6. What values of y give equal values of x in the following 
equations? ^ a** + 4^ _ 4^2 + g* - 8y=0 ; 

(ii) 5.r 2 — 4.ry4-4y 2 — 20.r 4- 8y — 44=0. 

Graph the equations. 

7 . Draw the curves given by the following equations : 

(i) 4^ 2 4- 9y 2 = 36 ; (ii) 4^ 2 - 9y 2 =36 ; (iii) 4.r 2 - 9y 2 = - 36 ; 


K' y ) „2 + 1 ’ 






8. Simplify the following equations by change of axes ( 
and then graph the equations : 

(i) .r 2 4-2#4-2y 2 -4y = 13 ; (ii) .r 2 4- 2x- 2y 2 4-4y = 17 ; 


48, 49), 


(iii) 4 ( 


x±y\ 
J2 ) 


+9 (^/^) =36; ( iv ) 4 (- r +y) 2 “ 9 (' r -y) 2 = 72 ; 




(v) 4(x+yf - 9(* -yf= - 72 ; (vi) ( — _|+ U 2 +1 ; 

(vii) (x — 2y4-l) 2 4-(2.r4-y4-l) 2 =5; 

(viii) 4(.r —2y4-l) 2 4-(2.r4-y4-l) 2 =20 ; 

(ix) (.r-2y4-l) 2 -4(2.r4-y4-l) 2 = 20 ; 

(x) (x — 2y4-l) 2 — 4(2^4-y4-l) 2 = -20. 
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9. Graph the following equations 
(i) (j/- x y =a a ; (ii) 

(iv) y=x±^{(x-l)(.v-2)(x-3)}-, 

(vi) ij=x>±J x -, (vii) y=.r2±^; 


(ii*) xif=(x- l)(.z-2); 

w ’■“•Vter) ! 

(viii) y=x 2 ±J(x-x 2 ). 


solutions by graphs 0 ':’ 0 ™ 8 simultaneous equations, and verify the 


(0 

(ii) 

(iii) 


/ 2 (.v 2 + >/-) - 3.ry = 3.r + 2y, 
l 3 (**+,y' 2 ) - 4.ry — 5.r + 3?/. 

/ .r 2 - + 2y 2 = 2r - 4y, 

\2.r 2 -3a-y + 2y 2 = 4r. 

x l + r y+?/' l = {a + b){x+y), 
X V + y~—( a - b)(.v—y). 


{ 


X - —. 
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SUCCESSIVE APPROXIMATIONS. 


95. Change of Origin. If are rectangular 

axes, parallel respectively to X'OX , Y'OY , it has been 
shown (§ 48) that the coordinates x y y of any point P, 
referred to the axes through 0, are connected with the 
coordinates £ r\ of P, referred to the axes through co, by 
the equations 

x = h + £, y = k + rj ... (1), £=x — h, rj — y — k...( 2); 

where h, lc are the coordinates of the new origin <*> with 
reference to the axes through 0. An equation can often 
be simplified by change of origin, and we shall show in 
this chapter how a change of origin enables us to obtain 
more accurate graphs with comparatively little labour. 
The following examples should be carefully noted. 

Ex. 1. Show that the equation y = ax 2 + bx-\-c may by change of 
origin be reduced to the form rj = a£ 2 . 

By the process of “ completing the square,” we find that the given 
equation may be put in the form 

( b \ 2 b 2 — 4ac b 2 — 4ac ( b \ 2 

y= a V + Ta) -35- 0r y + -^r= a V + 2a)- 


Now let + ^ = an( ^ we r ) = a £ 2 - If we write 

the equations of transformation in the form 

b j. b 2 —4ac 

*=~Za + Z’ y=— 4T- + * 

and compare with equations (1), we see that the coordinates A, k of the 
new origin are 


h=- 


2 a’ 


k=- 


b 2 — 4 ac 
4 a 


(3) 
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•p T h f^ ia P h V~ a £ 2 ,s clearly the same curve as the graph of ?/ = ax 2 
lr^both curves are plotted to the same scales. Hence the graph of 

y-ax +bx+c 1S identical with the graph of y = ax 2 except that it 
occupies a different position with respect to the axes X'OX, TOY. 
Ihe shape of the curve therefore depends solely on the constant a. 

Ihe graph of ;/ = «.f is a parabola ($ 77), and the y-axis is called 
the axis of the parabola., When a is positive the origin is the lowest 
point, and when a is negative the highest point of the curve; 

, ls . call f d tbe vertex of the parabola. The graph of 
a T tl ! elef ° re a P ar 5 bola » and when tlie equation has 
" " to h‘ ,U the new origin is the vertex; 

ToTrM SlVe t le coordlnates of the vertex referred to the axes 

n ifll!!! '!■ IS p 0 si h ive the VT’ e is often called a “festoon,” and when 
“ !," g f tl , Ve * n diverted festoon.” It should be thoroughly fixed 

festoon f lel r S " U '" 10ry tllat the curve is a festoon or an inverted 
festoon according as a is positive or negative. 

„ T'L Sllo , w tl,at O - l)(r- 2) is positive or negative according as 
x does not or does he between 1 and 2. 

..-Ti he £J a P h of (■'•-!)(•»•-2) is a festoon which cuts the .r-axis where 
.1 a . nd "here x — 2 ; and therefore the ordinate is negative between 
these^ two points, but positive if the x of the point is not between 1 

1 o' a h ° W tba t a (x - 1 )(.r- 2) is negative when .r lies between 
1 and 2 and a is positive, but positive for the same range of ,r when 
a is negative. ® 

is ™ fnl S , P. 08 ^'/® tbe cur 7 [ s a festoon, but if a is negative the curve 
IS an inverted festoon, and the results follow as in Example 2. 

4 ‘ V t , lle ro , ots “•> ft of the equation ax 2 + bx + c =0 are real 
and unequal, show that, when a is positive, the expression ax 2 +b.v + c 

is Positive or negative according as ,r does not or does lie between 

«. and Jj, but when a is negative the expression is positive or negative 
according as x does or does not lie between a. and Q 

wWa — 13 P< ? siti u e> the c “ rve is a festoon which cuts the .r-axis 

iWrtpd 7A aMCl T-T® X= Q ; when ° is negative, the curve is an 
in\ erted festoon which cuts the .r-axis at the same two points. 

Ex. 5. Show that .r-+ .r + 1 is positive for every real value of x. 

■i i be ‘i OOS of a '- + .r+l=0 are imaginary; therefore the graph of 
?.+* + }. does not cross or meet the .r-axis. Hence the ordinate has 
always the same sign; when .r=0 the ordinate = l, so that the ordinate 
is always positive. 

Ex. G. Show that if tlie roots of the equation ax 2 + bx-\-c=0 are 
imaginary, the expression ax 2 + bx -f -c has always the same sign as 

The graph does not cross the .r-axis, so that tlie ordinate has always 
the same sign ; to hnd the sign, put x=0. When the roots are 
imaginary, a and c have the same sign. 
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SIGN OF QUADRATIC FUNCTION. 


Ex. 7. If a, b, c are in ascending order of magnitude, prove that 
one of the roots of the equation 


1 






lies between a and b , and the other between b and c. 


Ex. 8. Find the necessary and sufficient conditions that a.v 2 + 2bx + c 
should have (i) the positive sign, (ii) the negative sign, whatever the 
value of x. 


96. Shape of a Graph near a given Point on it. In this 
and following articles we shall show how to obtain rapidly 
the shape of a graph in the neighbourhood of any given 
point on it; we begin with the graph of a quadratic 
function. 

Let it be required to examine the shape of the graph of 

y = x 2 — x 

near the origin, which is obviously a point on the graph. 
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Fig. 89. 


We must examine the relative importance of the terms 
x 2 and —x when x is a small positive or negative fraction. 
Now when x is small, say 1/10 3 , x 2 is 1/10 6 , which is much 
smaller; the error in taking — x instead of x 2 — x as the 
value of y is 1/10 6 , or just a little more than 01 per cent, 
of the true value of y. When x is 1/10 4 the error in taking 
— x instead of x 2 — x is 1/10 8 , or about 0*01 per cent, of the 
true value; and so on. Now draw the straight line Q'OQ 
(Fig. 89), which is the graph of y = —x. 
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Near the origin the graph of y = x 2 — x must lie close to 
Q'OQ , but does not coincide with Q'OQ ; the only point 
these two graphs have in common is 0. Further, 

x 2 — x= — x + x 2 = -x -\-(positive quantity), 

whether x is positive or negative. Hence P'OP, the graph 
of y = x 2 — x near 0, is derived from Q'OQ , the graph of 
y= —x, by drawing through 0 a curved line close to Q'OQ 
and above it on both sides of 0, as in Fig. 89. In the 
figure, if 0M=x, MQ= — x , QP = x 2 , QP being therefore a 
positive step, then (§ 3) 

MP = MQ + QP= -x + x 2 ; 

if 0M' = x y M'Q'= —x, Q'P' = x\ Q'P' being like QP a 
positive step, then 

M'P' = M'Q' + Q'P ' =-x + x 2 . 

The equation y=—x is the closest approximation of the 
first degree to the equation y= — x + x 2 y where x is small, 
and is called the first approximation near the origin. For 
the sake of distinction, the y of the first approximation is 
often called y x , so that y x = —x is then written as the first 
approximation to y = —x + x 2 . 

The Tangent at the Origin. Of all straight lines which 
pass through 0, the line y= — x, which is the graph of the 
first approximation to y = — x + x 2 , lies closest to the curve ; 
this line is the tangent at 0 to the curve. 

We thus see that near 0 the curve is a part of a festoon; 
the curve is concave upwards. 

If we want now to examine the shape near any other 
point, say the point co(l, 0), we shift the origin to this point 
by putting 1 + £ for x and ?j for y , and then find the first 
approximation near the new origin. We thus have 

*=( i+£) 2 -(i+£W+e 

The first approximation is = £ and the curve poop lies, 
near <o, above the straight line q'ooq , which is the graph of 

>)=$ 

The equation of the tangent at a>, referred to the new 
axes, is >/ = £; to find the equation referred to the old axes, 
we must put x — l for £ and y for tj. Thus the equation of 
the tangent at (1, 0) to the graph of y = x 2 — x is y = x — 1. 
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It is easy now to form a mental picture of the shape 
near the origin of the graph of the equation 

y = ax 2 + bx. 

The first approximation, which represents the tangent at 
the origin, is y 1 = bx; the tangent has a right-hand upward 
slope if b is positive (like q'coq), but a right-hand downward 
slope if b is negative (like Q'OQ). If a is positive the 
curve lies above the tangent, but if a is negative the curve 
lies below the tangent. 

To make himself quite familiar with the shape, the 
student should draw the graph for different positive and 
negative values of a and &, for example for the values ±1, 

±2, ± 3 of a and b. 

Ex. 1. Draw the graph of y = x 2 — x near the point (3, 6 ), and show 
that the equation of the tangent at the point is 

y—fyx — 9 . 

Putting 3 + £ for x and 6 + 77 for y, we shift the origin to the 
point (3, 6 ). The equation becomes 

6 + 77 = (£ + 3 ) 2 — (£ + 3) or 77 = 5£ + £ 2 . 

The tangent at the new origin is 77 = 5 ^, and the curve lies above 
the tangent near the new origin. To return to the old axes, put Jr —3 
for £ and y — 6 for 77 ; we thus get 

y — 6 = 5(x — 3) or y = 5x*—9 
as the equation of the tangent at (3, 6 ). 

Ex. 2. Draw the graphs of the following equations near the points 
indicated, and find the equations of the tangents at these points : 

(i)y=x 2 — x; point (2, 2); (ii) y = (x — 2)(x — 3) ; points (2, 0), (3, 0) ; 

(iii) y = (x-l)(x-2); points (3, 2), (-1, 6 ); 

(iv) y = 2x 2 — 3x+l ; point (2, 3) ; 

(v) y=(x-l)(x -2)(x — 3) ; points (1, 0), (3, 0). 

97. Point of Inflexion. Consider the graph of the equation 

y — x 3 — X. 

Near the origin the first approximation is y=—x , re¬ 
presented by Q'OQ of Fig. 90. The graph of y = x 3 — x 
near 0 lies close to Q'OQ. 

When x is positive, we have 

y— — x + x z = — x -\-(positive quantity); 
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but when x is negative we have, since x 3 is now negative, 

y = -x-\-x i = —x + (negative quantity) 

= — ft —(positive quantity). 

Hence P'OP , the graph of x z — x near the origin, is 
derived from Q'OQ by drawing a curved line close to Q'OQ , 
above it to the right of 0 and below it to the left as in 



Fig. 90. In the figure, if 0M=x y MQ=—x y QP = x z > QP 
being a positive step since x is positive, then 

MP = MQ+QP=-x+x 5 ; 

if OM' = x y M'Q' = — x y Q'P' = x s y Q'P' being now a negative 
step since x is negative, then 

M'P' = M'Q' + Q'P' =-x+x*. 

P'OP touches Q'OQ at 0 and also crosses Q'OQ at 0. 
The origin is a Point of Inflexion on the graph of y = x? — x y 
and the tangent y= — x is an inflexional tangent (§77). 

The student should now work the following examples so 
as to recognise at once the shape of a curve near a point of 
inflexion. 

Ex. 1. Draw the graphs near the origin of 

(i) y=.r 3 - 2 .r ; (ii) v/=.r 3 +.r ; (iii) y=.x * 3 + 2 ,r ; 

(i v) y=x — .r 3 ; (v) y = 2 .r - a* 3 ; ( vi) y= —x — .r 3 ; 

(vii) y = a.v 3 + bx. 

Ex. 2. Draw the graph of y = (x— l)(a’- 2)(.r — 3) near the point 

( 2 , 0 ). 
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Ex. 3. Show that (1, 4) is a point of inflexion on the graph of 
y—x* — Zx l -t-5.r+ 1 , and. that y = 2x+2 is the equation of the inflexional 

tangent. 

Ex. 4. Draw the graph of y = x — x 5 near the origin. 


98. The Polynomial for Small Values of x. Let the poly¬ 
nomial be written in ascending powers of x ; the equation 
is thus of the form 


y — a + bx + cx 2 + dx 3 + ex* + fx 5 + 
Take a definite example, say 

y = 5 -f 2x — 3x 2 + 4.r: 3 + 2.x 4 . 






When x = 0, y = 5] without actually shifting the origin 
to the point (0, 5), we can see that the first approximation* 
to equation (2) when x is small is 


1st app. y 1 = 5 + 2x . (3) 

The error in this approximation is — 3x 2 + 4a; 3 + 2x 4 ; the 
ratio of the error to the term in x that has been retained is 


— 3.x 2 + 4x 3 + 2x 4 

2x : 


that is, — '-x + 2x 2 + x 3 . 


The error is therefore small compared with 2x when x 
is small. 

To find a second approximation wc retain the term — 3x 2 , 
and write, denoting by y 2 the second approximation, 

2nd app. y 2 ■■= 5 + 2x — 3x 2 = y 1 — 3x 2 .(4) 

The error in this approximation is 4x 3 +2x 4 ; the ratio of 
the error to the last term retained, namely —3a; 2 , is 


4x 3 + 2x 4 
-3x 2 ~’ 


that is, 



The error is therefore small compared with — 3x 2 when 
x is small. 


*For small values of x the value of y is nearly 5, and we might therefore 
say that y = 5 is the first approximation ; but for our purposes we need 
approximations that contain x. If we shift the origin to (0, 5) by putting 
| for x and 5 + v) for ?/, the first approximation at the new origin is 
obviously tj = 2 £. Going back to the old origin b}' putting x for £ and 
y- 5 for ??, we get y-5 = 2x or y = 5 + 2x , which is equation (3). 
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We can now see what the shape of the curve is near the 
point (0, 5); see Fig. 91. A is the point (0, 5); BAG is 
the graph of the first approximation and is the tangent at 
A ; DAE is the graph of the second approximation which 
is part of an inverted festoon and is convex upwards, lying 
below BAC on both sides of A. 


Close to A the graph of (2) cannot differ much from 
DAE ; the difference EG, for example, between the ordi¬ 
nates of C and E, when x is the abscissa of each point, is 
Sx 2 and, as we have seen, the sum of the terms in (2) that 
follow — Sx 2 is small compared with 3a: 2 when x is small. 
I he corresponding point on the graph of (4) must therefore 
lie below C close to E. 
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Fig. 92 . 


Consider now a case in which equation (1) contains no 
term in x 2 , but does contain a term in x 3 ; that is, c = 0, 
cZ=|=0. Take for instance 


y = 5 + 2.r + 4.r 3 + 2x 4 .(5) 

Near (0, 5) the first approximation is the same as before; 
but there is now no term in x 2 to give us an approximation 
of the second degree in x —no second approximation. 
The graph of (5) must therefore, near A , lie much closer 
to BA C than DA E does. Denoting by y 3 the approxima¬ 
tion to (5), which contains the term in x 3 , and calling this 
the third approximation, we have 

3rd app. y 3 = 5 + 2x + 4a; 3 = y x + 4a; 3 


( 6 ) 
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The error is here 2a; 4 , and is small compared with 4a; 3 
when x is small. 

In this case A is a point of inflexion (Fig. 92), and BAC 
is an inflexional tangent. 

If in (1) c = 0, d = 0, e=\=0, then the graph of (1) near A 
resembles DAE (Fig. 91), but it lies much closer to BAC 
than DA E does. If c = 0, d = 0, e = 0, /=1= 0, the graph near 
A resembles FAG (Fig. 92), but it lies much closer to BAC, 
which is an inflexional tangent. 


Ex. Examine the shape of the curves given by the following 
equations near the points where they cross the y-axis. 

(i) y = 7 — 4a* + a 2 — 2a 4 ; (ii) y = 7 — 4a + a 4 ; 

(iii) y — 7 —4a+a 3 —2a 4 ; (iv) y— 7 —4a+a 5 . 


99. The Rational Fraction for Small Values of x. 

now consider a fractional function, say 


2a; 2 -0; + 3 
a; 2 +#+l ’ 


We shall 



First arrange numerator and denominator in ascending 
powers of x and divide, continuing the division as far, say, 
as the term of the quotient in x 3 . The integral quotient is 

3 — 4x + 3a; 2 + x 3 , 

and the remainder is — (4x 4 + x 5 ), so that 



= 3 — 4a; + 3x 2 + x 3 — 


4a; 4 + x° 
1 + x + x 2 


= 3 — 4a; + 3x 2 -\-x 3 — R, 


where R = ( 4a; 4 + a; 5 )/( 1 + x + x 2 ). 

When a; = 0, y = 3, and near the point (0, 3) on the graph 
of (1) x is small. From the value of R , we have 

R _ 4x + x 2 

X 3 ~ 1+X + X 2 ' 

When x is small, the numerator of the fraction is small, 
and the denominator differs but little from unity; hence 
when x is small, R is small compared with x 3 . Proceeding 
as before, we find approximations. 
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1st app. 
2nd app. 


(Q'AQ, Fig. 93) 


3rd app. 


y 1 = 3 — 4x. 
y 2 = 3 — 4x + 3x 2 

= y 1 + 3x 2 . (P'AP , Fig. 93) 

y 3 = 3 — 4x -j- 3x 2 + x 3 

= y 2 + 

The 3rd approximation is not shown in the diagram ; it 

could hardly be distinguished from the 
second. 

Thus, near the point (0, 3) the graph 
of (1) is a curved line which touches 
the line y Y = 3 — 4x and lies above it on 
both sides of the point. 

It is easy now to examine the shape 
of a curve near any given point on it; 
if the point is ( h , h), we have the rule. 

Rule. Shift the origin to the point 
(h, k) by putting h + £ for x and Jc+ij 
for y; then examine the shape of the 
curve , now given by the new equa¬ 
tion , near the new origin by the above 
method. 

In next Section we consider the form 
of a graph for large values of x. 

Ex. 1. Use Ascending Continued Division to find approximations 
to the following equations for small values of x y and graph the 
equations for such values. 

(i) ; (ii) ; (iii) ; 

(iv) : 



Fig. 93. 


(vii) y = 


x— 1 


Ex. 2. Find the equation of the tangent to the graph of ?/=- 
at the point (3, 2). x 

Ex. 3. Prove that the part of any tangent to the graph of y 
intercepted between the axes is bisected at the point of contact. 


x— 1 


x — 2 

1 

x 
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Show that the equation of the tangent at (/*, k) is 

y-k= - O - h)/h 2 , 
which, since hk= 1 , may be written 


100. Graph of a Rational Function for Large Values of x. 

We apply the method of Descending Continued Division 
stated in Note (ii), p. 206; our chief purpose is to see how 
the curve appears in relation to its asymptotes for large 
values of x. 


(A) Take first the equation y — 
written 


x 2 -\-x + l 

X 


, which may be 


y = x+ !+-• 



Fig. 94. 


When x is large, we take as the first approximation* 

Vi = x + 1 , 

which is represented by Q'Q in Fig. 94; Q'Q is an asymptote. 

*We take y Y = x+\ and not y x = x> because when x tends to infinity 
y tends to o?+l. For large values of a; the curve runs close to the line 
given by y = x-\-1 , while it remains at a finite distance from the line given 
by y=x. 
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When x is positive, y = y 1 + (positive quantity); thus the 
curve appears at P, on the far right, above Q. 

When x is negative, y = y x -\-(negative quantity); thus 
the curve appears at P', on the far left, beloiv Q\ 


Ex. Show how the graphs of the following equations approach the 
asymptote y=x +1. 

,.v .r 2 + .r —1 

(0 y=- 


x 


.... + ..... P-fP — 1 

00 y= — zs —; (“0 y= 


X 


X 




(B) Take next the equation y- 
written 

y=x+ 1- 


x 3 -\-x 2 — 2 


x 


.2 


, which may be 


x 


When x is large, we take as the first approximation 

Vi = x + 1 , . 

represented by Q'Q of Fig. 94; Q'Q is an asymptote. 

In this case, whether x is positive or negative 2/cr 2 is 
positive, and therefore y = y x — (positive quantity); hence 
the curve appears at p , on the far right, below Q and also 
at p\ on the far left, below Q\ 

Ex. Show how the graphs of the following equations approach the 
asymptote ?/ = x +1. 


(>) y= 


.r 3 +.r 2 + 2 


x 2 


(ii) y = 


X s + .r 4 4- 2 
.r 4 


(iii) y = 


x 5 + a 4 — 2 

S 4 


(C) We shall take finally the equation 

_ x 3 — 3x + 2 
x 2 — x + l ’ 

Apply the method of descending continued division, 
carrying the operation till the quotient contains at least 
one term with x in the denominator (that is, a term in 1 jx ); 

we find o 

2 —_ 

. 3 x 3 p 

y=x+ 1--- , .. . - 7 =g + l----g, 


x xr — x + 1 


x 


Alt* 


2-? 

X 


O 

a- 




X “ — x+l 


1 - 


1 1 

—i—o 
X X 


where 
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3 

We need to compare R with-, which is the smallest 

3 ® 

term of the quotient x + \—; when x is large. Now 

X 



The numerator of this fraction is small when x is large, 
and the denominator differs but little from 3 for large values 
of x\ hence, when x is large R is small compared with 3/x. 
Thus, when x is large, the first approximation is 

yi = x + 1 , 

represented by Q'Q of Fig. 95; Q'Q is an asymptote. 



The second approximation is 





When x is large and positive, t/ 2 = 2/i — (positive quantity), 
but when x is (numerically) large and negative, y<± — y x 
+ (positive quantity). Hence the curve appears at P, on 
the far right, below Q, and at P 7 , on the far left, above Q'. 

The graph is shown in Fig. 95. It will be a good 
exercise for the student to verify the form of the curve by 
examining the shape at such points as (1, 0), (0, 2), ( — 2, 0), 
and by plotting a number of points on the graph. 

g.a.g, Q 



242 


ANALYTICAL GEOMETRY. 


[CH. XIII. 


101. Worked Examples. We shall now work two ex¬ 
amples to show how by applying the methods just indicated 
we may obtain fairly accurate graphs. 

Ex. 1. y=x{x-l)(x — 2). 

(i) Near the origin. y=x*-3x 2 + 2x. 

1 st app. ?/j = 2x ; draw the line BOC in Fig. 96. 

2 nd app. y 2 == 2x — 3.r 2 —y x — 3x 2 ; draw the graph touching BOC at 
0 and lying below BOC on both sides of O. 

(ii) Near the point ( 1 , 0). Put .r = £+l, y = r;. 

Then r, = (£+l)af-l)=£ 3 -£. 



Fig. 96. 


1st app. t] 1 = ; draw the line EDF in Fig. 96. 

2nd app. r] 2 = — £ + £ 3 = t 7 i + £ 3 ; draw the graph touching EDF at D 
and lying above it to the right of D and below it to the left. 

(iii) Near the point ( 2 , 0 ). Put #=£ + 2 , y=rj. 

Then ??=(£ + 2)(£+l)£=£3 + 3£ ! +2£. 

1st app. 77 j = 2 £ ; draw the line HGK. 

2 nd app. t? 2 = 2£ + 3£ 2 ; draw the graph touching HGK at G and 
lying above it on both sides of G, 
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(iv) Plot the points 

0-5, -1*9), R( 0 'o y 0*4), £(1-5, -0*4), r(2’5, 1*9), 

and complete the graph in the usual way. 


Ex. 2. 


x(x — 1) 
y =———a 

J x-2 


By Ascending Division, we find y = \x - lx 3 -.... 

(i) Near the origin. 


x 


1st app. y x = - ; draw BOC in Fig. 97. 


2 nd app. ?/ 2 = -__ ; draw the graph touching BOC at 0 and lying 
below it on both sides of 0. 



Fig. 97. 


(ii) Near the point (1, 0). Put ,r=£+1, y■ then 


V 




1st app. rj 1 = — £ ; draw EDF. 

2nd app. r/ 2 = 2^ ; draw the graph touching at Z) and 

lying below it on both sides of D. 
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(iii) Near „■ v—2 . Put a=£ + 2, y = r\ ; then 

(£+2)(ffl) 2 + 3 + £ 


v= 


r 

1 st app. 7/! = ^ ; mark 6’// and KL in the diagram. 

(iv) When a is large. By Descending Division, we find 


y—X +1 H-1- • • • • 

u x 


1 st app. y l =x + l ; draw MN, 

2 2 

2 nd app. y 2 =x+\ + - —y x -\-~ ; mark and P£ in the diagram. 

CO cc 

(v) Plot guiding points, and complete the graph in the usual way. 


EXERCISES XXVI. 


1. Draw the graphs of the following equations near the origin : 

(i) y = 2a —a 2 ; (ii)y=-x 2 -x; (iii ) y=x 3 ; 

(iv) y = x-{-x 3 ; (v) 2 j = 3a* — 4a 3 . 

2. Draw the graph of 

(i) y = 2+a-ba 2 near (0, 2); (ii) y =2 + a+a 3 near (0, 2); 

(iii) y = 2 — a —a 3 near (0, 2); (iv) y = 2x — .i A near (0, 0). 

3. Use the methods of change of origin and successive approxi¬ 
mation to draw the graphs of the following equations, plotting selected 
points to give the graph precision : 

(i) y = (a-l)(.r-2)(a-3); 

(iii) y=x(x-\f ; 

(v) y=x*(x- 1) ; 

(vii) y = (x + l)(a + 2) 3 ; 


(ii) y=x?{x- l) 2 ; 

(iv) y = x 2 (x- l)(a+2); 

(vi) y=a(l+a 2 )(l+a) ; 

(viii) ?/ = (a 2 -l)(.r 2 -4). 


4. Find the equations of the tangents to the curve y = x*- 3a+ 2 
at the points (-1, 6), (0, 2), (2, 0), (3, 2). Draw these tangents and 
make a graph of the equation between a= -1 and a = 3. 

5. Draw the graph of ?/= — 2a 2 + 3a — 2 by examining the form of 
the graph near chosen points. 

2 

6 . Prove that y=a —1 + - gives the approximate form of 

when a is large. Draw the graph of y = 7 • 


a + 2 
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7. Prove that y—xf^ +.z 5 /4 gives the approximate form of 
y= f , qvfr - when # is small, and y=x — 2 + -, the approximate form 

“F £) X 

when x is large. Draw the graph of 

& & ^ (.r+2) 2 

8 . Draw the graph of y — (2x 2 — x+3)/(x 2 +x+l) when x is small, 
and also when x is large ; complete the graph by plotting a number 
of points. Prove that the straight line y = 3 — 4x touches the curve at 
(0, 3) and cuts the curve again at ( — 3/4, 6 ). 

x 2 -j- x |. 2 

9. Find the equation of the tangent to the curve y = -% - —9 

at the point ( 1 , 2 ). x x + 

Shift the origin to the point (1, 2) by putting # = £ + 1, y = r] + 2, 
and then use Ascending Division ; the linear approximation to 
gives the tangent (§ 99). 

10. Find the equations of the tangents to the following curves at 
the points specified and the shapes of the graphs near the points : 

(i) y=(2x*-x+\)fcafi-x+2) at (1, 1) r ' 

(ii) y=x(x — l)/(x—2) 2 at (3, 6 ); 

(iii) y=x 2 (x-\)l(x+l) at (2, <) ; 

(iv) y=(l+x+x 2 )/(l-x-hx 2 ) at (1, 3); 

(v) y = (10x 2 -38x-i-37)/(3x 2 ~10x-h9) at (2, 1). 

11. Use the methods of change of origin and successive approxi¬ 
mation to draw the graphs of the following equations, plotting guiding 
points to give precision to the figure : 

/•\ x-2 .... (x — 2)(x — 3) ..... (x-2) 2 

(l > y=^ r 5 (ll > ■y = - x ii ’ ( m ) ^=V-r ; 


(iv) y= (^Ty ; (v > y =fi-iy ; 


, .v x 2 (x — 2) 2 
(vi) 


12. Verify the following table for the equation y— a \ irX ^‘ j , and 
use it to draw the graph of the equation : x —x+1 


small 



large 

-3 

— 2 

-1 

1 

2 

1 + 2/x, app. 

7/13 

3/7 

1/3 

3 

7/3 
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13. Verify the following table for the equation = 2 

and use it to draw the graph of the equation : x —x + 


X 

nearly 1 

nearly 2 


V = ~ S + 2g 2 , app. 

V = £/3 - £ 79 , app. 



sniall 


large 


3 12 



- 1/2 



2 - x - 2.r 2 , app. 1 - 2/.v, app. - 1/7 6/13 15/7 


10 


.v 2 — .r +1 


14. Verify the following table for the equation y=j - i — 
and use it to draw the graph of the equation : ^~ 


equation 


nearly 1 


nearly 2 


V = - 1 /£» app. rj = 3/£, app 



small 


1/2 -Kr/4 + 5a ,2 /8, app. 


large 

- 1/2 

1 + 2/.r, app. 

7/15 



3/2 



7/10 



13/6 


and 


15. Verify the following table for the equation y = T 1 — 
d use it to draw the graph of the equation : '‘‘ c— ' 


nearly 1 

nearly 2 

nearly 3 

V= - £/6 + £736, app. 

t?=£/ 2 + 5£74, app. 

7 ? = - 2/£, app. 


nearly 4 


X 

large 

0 

-1 

3/2 

5/2 

7/2 

5 

10 

y 

1 + 4/a, app. 

1/6 

3/10 

-1/15 

1 

-15 

6 

12/7 


16. Prove that (2, 1) is a point of inflexion on the graph of 

y= — a* 3 + 6a 2 — 1 la* 4- 7, 

and find the equation of the inflexional tangent. 

17. Find the point of inflexion on the graph of 

y = 2a* 3 - 3.r 2 — 12a*+18, 

and show that the inflexional tangent meets the graph in 
coincident points. 


three 
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18. Prove that the line ?/ = 2(.r+l) meets the graph of 

y — .r 3 — 3x 2 + 5.r +1 

in three coincident points. Draw the line and the graph in the 
neighbourhood of the point of contact. 


19. Prove that the point (3, 0) is a point of inflexion on the graph 
__ | 0 

of V = x 2 ~ 3^^.3 » find the equation of the inflexional tangent, and 

draw the graph and the tangent in the neighbourhood of the point 
of contact. 


0^*2_24 1 9 

20. In the equation y= 4r2 _ &r+ put x=£+h, y = -q + Jc; use 

Ascending Continued Division, and determine A, k so that the point 
(A, k) may be a point of inflexion on the graph of 

y — {8x 2 — 24r + 22)/(4r 2 — 8x +7). 
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CHAPTER XIV. 

DERIVATIVES OF POLYNOMIALS. MAXIMA AND 

MINIMA. 

102. Gradient of a Graph. In tracing a graph accurately 
it is almost essential to know the position of the turning 
points. When a polynomial is expressed in factors it is 
fairly easy to find, at least approximately, the position of 
the turning points, but the case is altered when the poly¬ 
nomial is not in factor form. 

The student will have noticed that at a turning point on 
the graph of a polynomial the tangent is parallel to the 
a-axis, though the tangent at a point may be parallel to 
the x-axis and yet the point not be a turning point. For 
example, the x-axis is a tangent to the graph of x 3 at the 
origin, but the origin is a point of inflexion, not a turning 
point. We must, however, seek for the turning points 
among those at which the tangent is parallel to the x-axis, 
and we there lore give now a method of finding an expression 
for the gradient of the tangent at any point on the graph 
of a polynomial. The gradient of the tangent at a point 
on a graph is often called the gradient of the graph at that 
point; we shall see how much additional power in forming 
a mental picture of the graph is to be obtained by a 
knowledge of the gradient. 

When the origin is shifted to a point on the curve, the 
equation takes the form 

*1 — a£+b£ 2 + higher powers of £ 

and the coefficient of £ in this .equation is the gradient 
of the tangent at the new origin. We shall apply this 
transformation to the graph of a polynomial. 
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I. y = ctx 2 + bx + c. 

Shift the origin to the point {It, k) on the graph by 
writing h + £ for x and k + q for y ; we obtain 

k + = u{h + £) 2 + b{h + £) + c 

= a.h 2 + bh + c-\-{2ah-\-b)g+ag 2 . 


But k — ah 2 + bh + c since (Jt, k ) is on the curve, so that 
we have , = (2 ah + b)£+ag* .(1) 


The gradient at the new origin is therefore (2ah + b), 
that is, the gradient at tlie point (h, lc) when the curve 
is referred to the old axes is (2 ah + b). But (It, lc) is any 
point on the curve; we may therefore write x, y in place 
of h , lc y and we now have the 

. Rule. The gradient of the graph of y = ax 2 + bx + c at 
any point on it whose abscissa is x is 

2 ax + b .(Ia) 


II. y = ax 3 + bx 2 + ex + cl. 

Shift the origin to any point (h, Jc) on the curve; we 
obtain 

k + rj = a{h + £) 3 + b (h + ^) 2 + c (h + £) + d 

= ( ah 3 + bh 2 + ch + d) + (Salt 2 + 2 bh + c) (3a h + b) £ 2 + ag 3 , 

and therefore, since k = ah 3 + bh 2 + eh + d, 

fl = (3a h 2 + 2 bh + c) £+ (3 ah + b)£ 2 + a£ 3 .(2) 

Hence, the gradient at any point ( h , k) on the curve is 
(3a/t 2 + 2bh + c)y and we can state the 

Rule. The gradient of the graph of y = ax 3 + bx 2 + cx + d 
at any point on it whose abscissa is x is 

3a# 2 + 2 bx + c .(I la) 

III. y = ax n + bx n ~ 1 + cx n ~ 2 +... +px 2 -f qx + r, 
where n is a positive integer. 

The student who knows the Binomial Theorem will have 
no difficulty in proving, by the same method as in I and II 
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that the gradient of the graph of equation III at any point 
on it whose abscissa is x is 

nax n ~ 1 + (n — l)bx n ~ 2 -\-(n — 2)cx n ~ z + ... + %px + q. ...(Ilia) 

Equations I, II are the cases of III for which n = 2, 
n — 3 respectively. The following points should be noted: 

(i) The absolute term, c in I, d in II, r in III, does not 
appear in the gradient. (What is the graphical explanation 
of this ?) 

(ii) Any term in the gradient is obtained from the corre¬ 
sponding term in the polynomial by multiplying by the 
index of the power of x in that term and then subtracting 
1 from that index. 

Thus the term 2 bx in (Iln) is obtained from the term bx 2 in II by 
multiplying bx 2 by 2 (which gives 2 bx 2 ) and then subtracting 1 from 
the index 2 (which gives 26.r). The terms bx> c.r, qx in I, II, III 
give 6, c, q respectively. 

Ex. Verify the expression for the gradient in the following cases : 


Polynomial. 

Gradient. 

X. 

1. 

X 2 . 

2x. 

tf 3 . 

3x 2 . 

X n . 

7iX n ~ 1 . 

ax + b. 

a. 

x 2 - 2x - I. 

2x — 2. 

3.r 2 - hx - 7. 

6x — 5. 

10 + 17.r-4.v 2 . 

17 - 8.r. 

x :i — 5x 2 + 9. 

3^-1 On?. 

2x 4 +1 6.r* — 2 x -f 1 . 

Sx 3 + 48.r 2 - 2. 

(x — 1) (x — 2) (x — 3). 

3.r2— 12.r+11. 

% 

1 

tc 

I 

• 

5a: 4 — 15.r 2 + 4. 

(x - a) 2 (x - b). 

(x — a) (3.r -a — 2b). 

• 

S' 

1 

i 

£ 

(x — a-)” -1 -f 1 )a: — a — nb }. 


103. Derivatives. The expressions that have been found 
for the gradient are called the derived functions or, more 
briefly, the derivatives of the polynomials. Thus 2 ax + b 
is the derivative of ax 2 + bx + c . 

When the polynomial is represented by a single letter, 
as y , or by a functional symbol, as f(x) or F(x), the 
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derivative is often denoted by the single letter with an 
accent, as y\ or by the functional symbol with an accent on 
the functional letter, as f\x) or F\x). 

Thus if y = ax 2 4- bx 4- c, then y —2ax-Vb\ 
if f(x) = ax 2 + bx +c, then f'(x) = 2ax + b. 

Sometimes the derivative is expressed by the letter _D 
(the first letter of the word “ derivative ”) placed to the left 
of the polynomial, which is enclosed in brackets; thus 

D(ax 2 + bx + c) = 2 ax + b. 

The value when x = a of the derivative f\x) is denoted 

by f(a). 

Thus if f(*) = 4 -^ 3 - 5 * ?;2 + 2 » 

then /'(*)= 12*2-10.*; /(a)-12a*- 10a ; /(1)*2 ; /(£)=-2. 

If the independent variable of the function (or the 
abscissa of the curve) is denoted by some other letter than 
x , say by u or t , the derivative is of course formed by the 
same rule ; for example, 

if y = au 2 + bu + c, y' = Dy = 2au + b ; 

and if y = a* 2 + to + c, y = £>?/ = 2a£ + 6. 

When we wish to indicate in the symbols y ', Dy which 
letter is used for the independent variable, that letter is 
placed as a suffix : thus, y' x , D x y , 2/*, -D«y. 

Ex. 1. If/(^)=^ 3 -3x+l, for what values of .* is /(a 1 ) zero? 

/(a?) = 3* 2 - 3 = 3(* - 1 )(.r + 1). 

The values of x for which /'(*) is zero are therefore the roots of the 
equation 3 (x - 1) (x +1) = 0. 

The required values are therefore 1 and -1. 

Ex. 2. If/(*) = *(*-l)(.r-2), for what values of * isf'(x) zero? 

f(x) = a? - 3x 2 + 2x, f\x) = 3.r 2 - 6x 4- 2. 

The required values are the roots of the equation 

3* 2 — 6.r 4-2 = 0, 

« 

namely — > /3 , that is, 1'577 and 0 423 approximately. 

3 
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Ex. 3. Find the equation of the tangent at the point (1, 5) on the 


curv e y = .r 3 - 5.?; 2 + 9.(i) 

The equation of the line through (1,5) with gradient m is 

y — b = m(x— 1).(ii) 


The gradient ?/ at the point on the curve whose abscissa is x is 
given by the equation ?/ = 3.r 2 -l(b\ 

and tliis equation gives y' = —7 when x=l. The value of m in (ii) is 
therefore —7, and the required equation is 

y — 5 = — 7 (.r — 1) or 7 x+y =12. 

In the same way the equation of the tangent at any other point on 
the curve may be found. Thus at the point on the curve whose 
abscissa is 2, that is, at the point (2, —3) on the curve, the value of y 
is — 8 ; the tangent at (2, -3) is therefore the line through (2, —3) 
with gradient —8, and its equation is 

y + 3 = — 8 (x — 2) or ?/ = — 8.i’ 4-13. 


Ex. 4. Find the equations of the tangents to the following curves 
at the points on the curves whose abscissae are given : 

(i) y = 3.r 2 — 5.r — 7 ; x = 1, x =3. 

(i i) 2 py = x 2 ; .r = 2/>, x = h . 

(iii) y = {x— l)(.r — 2)(.r — 3) ; a-=0, 1, 2, 3, 4, —1, —2. 

(iv) y = (x — a) 2 (x — b); x=a, x=b. 

(v) a n ~ l y = . r” ; x=0 ; .r = 6, y = c. 


If a n ~ } y = x’\ 


then y = 


nx 


i 


a 


n-i 


nx 11 

a n ~ l x 



When x = b and y = c the gradient is 7ic/b , and the tangent is 

y - c = ^(x - b) or by = ncx-{n-\)bc. 


The value of c is, of course, 6 n /a" _1 , but the equation is often more 
useful when it contains both the coordinates of the point of contact. 


Ex. 5. The equation of the tangent at the point («, f(a)) on the 
graph of y =/{x) is ?/ _/(„) = (.r - a) f\a). 

When x=a, y=f{o) ; when x = a y the gradient f'(x) is equal to /'(«). 
The tangent is therefore the line through («,/(«)) with gradient m f(a). 


104. Use of the Derivative in Curve Tracing. We shall 

work one or two examples to illustrate the use of the 
derivative in curve tracing. We first note the following 
properties of a curve that must be familiar to the student. 

(1) If the gradient at a point P on a curve is positive, 
the tangent at P has a right-hand upward slope; a point 
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moving along the curve in the direction of increasing 
abscissa (from left to right) will as it passes through P be 
moving upwards as well as to the right. On the other 
hand, if the gradient at P is negative, the point will be 
moving downwards as well as to the right when it passes 
through P. Hence if the tracing point move so that its 
abscissa increases, it will move upwards or downwards 
according as the derivative is positive or negative. 

(2) If the gradient at P is zero the tangent at P is 
parallel to the cr-axis; the tracing point is for the moment 
moving neither up nor down, and P is, as a rule, a turning 
point. 

If immediately to the left of P the gradient is positive 
and immediately to the right negative, then the point rises 
as it approaches P and descends after passing P; P is a 
turning point, and the ordinate at P is said to be a maximum. 
The ordinate at P is greater (algebraically) than any other 
ordinate near P and on cither side of P. 

On the other hand, if in approaching P the gradient is 
negative and after passing P positive, the tracing point first 
descends and then ascends; P is still a turning point, but 
the ordinate is now a minimum—less (algebraically) than 
any other ordinate near P and on either side of P. (See 
the remark in Ex. 1.) 

The gradient at P, however, may be zero and yet P may 
not be a turning point; it may be a point of inflexion. 
As a rule inspection of the ordinate near P, or, preferably, 
of the gradient near P, enables us to decide easily whether 
P is a turning point or not. 


Ex. 1. Find the turning points on the graph of 

ij = x( K x — l)(.r — 2). 

The graph is shown in Fig. 96, p. 242. In §103, Ex. 2, we have 
seen that the gradient is zero when x= 1*577 and when x = 0*423 ; 
the corresponding values of ?/ are —0*385 and 0*385. The points 
£'(1*577, —0*385) and A'(0*423, 0*385) are the turning points; at S' 
the ordinate is a minimum and at R' a maximum. These points R' 
and S' are near the points R and S of the figure. 

Note that the ordinate at R! is not the greatest ordinate of the 
curve; it is a maximum because it is greater than an?/ other near it. 
Similarly the ordinate at S' is a minimum, though.it is obviously not 
the least ordinate of the curve. 
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E x. 2. y =/(.*) = 2a 3 - 3.r 2 - 12.r +10. 

Here f\x) = G.r- - Gx -12 = 6 (x +1 )(.r - 2), 

and the gradient is zero when x — —1 and when x = 2. The points at 
which x has these values are probably turning points ; in any case 
they are useful as guide points for the discussion of the graph. 


Draw up the table : 


X 

- cc 

-3 

-2o 

_ 2 

- 1 

0 

1 

o 

3 

4 

+ 00 

/'(*> 

+ X 

60 

40-3 

24 

0 

- 12 

-12 

0 

24 


+ X 

y 

- 00 

- 35 

- 10 

6 

17 

10 

-3 

- 10 

1 

42 

+ X 


It is quite clear from the table that the points (—1, 17), (2, —10) 
are turning points, but the table gives much more information. The 
table suggests that as x increases from — x to —1 the gradient is 
■positive, and therefore that the tracing point steadily rises from the 
extreme low left to the position ( — 1, 17). Examination of the gradient 
confirms the suggestion : because if x is negative and numerically 
greater than 1 both .r+1 and x-2 are negative, and therefore f'(x), 
which is equal to 6(.r+l)(.r—2), is positive. 



Fra. 98. 


From x= — 1 to .r=2 the gradient is negative ; therefore the tracing 
point now descends till it reaches the position (2, —10). After passing 
this position the gradient is always positive ; therefore the tracing 
point now steadily rises and moves off to the right and upwards to 
infinity. We thus have a complete description of the way in which 
a point traces out the curve. 
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It ia easy now to draw the curve. When plotting the points it is 
well to draw a short length of the tangent at the point; near its point 
of contact the tangent practically coincides with the curve. The 
graph is CABG (Fig. 98). 

We can also solve, approximately, the equation 

2a* 3 — 3.r 2 — 12# +10 = 0 ; 

the curve crosses the .r-axis where x has the values - 2*22, 076 and 
2*96 approximately, and these are the roots. 


At a point of inflexion the gradient has a turning value . 
Thus, on the graph of x 3 (Fig. 68, p. 184), the gradient is 
positive, but decreases as we pass along the curve from 
P' to 0, where it is zero; as we continue along the curve 
from 0 towards P the gradient is again positive and 
increases. It has therefore a turning value, zero, at the 
point of inflexion 0. Similarly, in Fig. 90, p. 234, as we 
pass along the curve from P' to P the curve gets steeper 
as we approach 0, but on passing 0 the curve becomes less 
steep; the gradient has again a turning value at 0, not 
zero in this case. 

Now when we have found the derivative of a function 
we can draw its graph, and to every turning point on this 
graph will correspond a point of inflexion on the graph of 
the given function. The graph of the derivative of a 
function is called the derived curve of the function ; the 
graph of the function itself may be called the primitive 
curve. 


Ex. 3. Find the point of inflexion on the graph of the equation 

y = f(.v) = 2a,- 3 — 3.r 2 — 1 2.v +10. 

The derivative of f(x) is 6.c 2 — 6.r—12 and the graph of this 
derivative, F’TC in Fig. 98, is the derived curve of FIG. The points 
/’and F' have the same abscissa, and these are called “corresponding 
points” of the two curves. Similarly A and A\ / and etc., are 
corresponding points. The ordinate of F' measures the gradient 
at F; thus the gradient at F, where x= —2, is 24, and this is the 
ordinate of F'. (In plotting the derived curve it will usually be 
necessary to choose a new scale unit for the ordinates, but the scale 
unit for the abscissae should always be the same ; both scales are 
the same in Fig. 98.) 

Let us, for the moment, denote the gradient or derivative by g ; 
then g = 6x 2 — 6.r — 12, g = 1 2x — 6. 
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Here cf = 0 when * = *. The point /'(£, - 13i) on the derived curve 
i« a tnriimr point on that curve; therefore the corresponding point 
Li 3h) on the primitive curve is a point of inflexion on that cuive. 

Similarly, the abscissa of the point of inflexion on tiegr^P 
Example 1 is given by 6 ; r + 2) = 0 or 6,;-6 = 0 01 , the 

y or Ax), and therefore f)\ the derivative of jr is the■ 

derivative of a function is denoted by two accents, y or f (a) , thus, 

y = f(x) = 2-r 3 - 3.r 2 - 12.r +10, 

then y =/(.r) = 6>-6.r- 12; if =/"(a) = 1 2.r - 6. 

We micdit in' the same way form third and higher derivatives ; 
thus in the above examples the third derivative is denoted by y 

01 /n ( 'distinction 1 from higher derivatives y is called the first 

dC Us inutile second derivative, we have now the following rule : 

The °abscissae of the points of inflexion on the graph of f{x) 
are, in general, the roots of the equation f"(x) = 0. 

We say “ in general,” because a value of a- may he> a root‘ ^/ ,W-« 
and vet'not give a point of inflexion ; for example, if f(x)-x , then 
f'( v ) = \2x 2 but the origin is not a point of inflexion on the g r P 
{f ( tl„ U1 cases, however, the abscissa of a turning point on the 
derived curve is the abscissa’of a point of inflexion on the primitive 

curve. 

Note. The results given in questions 11 and 12 of 
Exercises XXVII. are very important. Thus, for Wo. 11, 

we have a a a . ag 2 

/c + ,; = h /i* f + h\h + O' 

But lc = alh since (h, k) is on the graph of y=a/x, and 
therefore the first approximation near the new ongi 

(§99) is a £ 

T, ~ 

so that the gradient there is - a/h 2 . Hence the gradient at 
any point on the graph of a/x is — a/x . ie un 
_ alx 2 is called the derivative of a/x. (Compare 102 103.) 
The result in the case of y = a/x" shows that the 

a . na 

derivative or — is — 


we have 


x 


X 


»+r 


If we use negative indices, then 


D{ax- n )= -ncix 


-n -1 


POINT OF INFLEXION. 


257 



104, 105] 


which shows that the rule for forming the derivative of a 
power (§102) holds for negative as well as for positive integral 

indices. 


EXEECISES XXVII. 


Trace the curves given by equations 1-10; state their turning 
noints their points of inflexion, and the values of x at which they 
cross or touch the x*axis. 


1. y = 7^ 2 -12.17-10. 

3. y=.r 2 (.r-2). 

5. y = x 3 — 3a?+1. 

y=x 4 - Sx 3 +15# 2 + 4x- 20. 
9. y^x 4 - 4X 3 — 4r 2 +16.r + 21. 


2. y — 1 5 + 6.r — 2.r-. 

4. y = 2.V 3 4- 3.r 2 — 1 2x 4 6. 
6. y=x 3 — 7x+S. 

8. y— 3-r 4 — 8.T 3 4 6.r 2 — 10. 

10. y = x 5 — bx 4 4 5X 3 410. 


11. Show by shifting the origin to the point (//, k) on the graph of 
y=-, that the equation takes the form 


x 


7 j= — ^£4 higher powers of £, 


and then prove that the gradient of the graph of y = at any point on 


it whose abscissa is x is - % 

• V 


12. Show, as in Ex. 11, that the gradients of the graphs of 

a a _ a 

y = ~^-> y ^ 3 > y 

where n is a positive integer, are respectively 

2 a 3 a na 

Deduce that the gradient of the graph of 

bed. b 2c 3 d 

18 _ A - 2- ^ *»■ 

13. Find the turning points on the graphs of equations 9-19, 
Exercises XXIII. 


105. The Tangent and Coincident Points. In preceding 
sections we have found the equation of a tangent by using 
the method of successive approximations; there is another 
method that is of great use which we shall now consider. 

Suppose a straight line L to meet a curve at two points 
A and B . Move L so that these points of intersection 

R 


G. A. G. 
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come nearer and nearer to each other until they coincide, 
say at P; the line L is now a tangent and P is its point of 
contact. It does not matter of course how the points 
A and B are taken on the curve to begin with, provided 
they come together at P; both of them might be distinct 
from P (Fig. 99 (a)), or one of them, A say, might coincide 
with P (Fig. 99 ( b )). The line L might also meet the curve 
at other points than A and B ; for example, at C. The 
tangent will also in that case meet the curve at the point 
D , to which C has shifted. 




Let us now consider the algebraic counterpart of this 
way of regarding the tangent. The coordinates of the 
points A and B are obtained by solving the equations of 
the line and curve as simultaneous equations. Suppose for 
simplicity that the line and curve never intersect in more 
than two points; then so long as A and B are distinct the 
equations will give two unequal values for the x of the 
points, but when the points coincide at P there will be only 
one distinct value for x. The equation for x rvill still be 
of the second degree , but it will have its two roots equal. 

Take, for example, the equations 

.'/ = bx + c,.(1) y = 2a* 2 — 3.r -f 1.(2) 

Solving these as simultaneous equations, we find the equation for a*, 

2.r 2 - 8a* +1 - c = 0.(3) 

This equation gives the abscissae of the points in which the line (1) 
cuts the curve (2), and it has in general two unequal roots ; to each 
root the equation (1) gives the corresponding value of ?/, so that we 
obtain the coordinates of the two points of intersection, , y x \ 
(* 2 * V'A say. 

By giving different values to c, we make the line (1) move into 
different positions (the different lines being parallel in this case). 

flow let us move the line until it becomes a tangent; the two roots 
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of equation (3) must then become equal, and we know that the roots 
of the equation will be equal if 

64 = 8(1 —c) or c—- 7. 

Equation (1) now becomes y = ox — 7, and this is the equation of the 
tangent. 

Note that when c= — 7, equation (3) is still a quadratic equation, 

— 8.r + 8 = 0 or 2(.r —2)(.r — 2) = 0 ; 

each root is now 2, and when c= — 7 equation (1) gives for each of 
these equal values of x the equal values 3 and 3 for y. In other 
words, we now have x l =x 2 = 2 and ?/\= !/> = %■> ^nd (2, 3) is the point of 
contact. 

Again, the points in which the line y = 3-4x intersects the curve 

_ 2.r 2 — x + 3 
^ x 2 -\-x+\ 

are obtained by solving these as simultaneous equations. The 
equation for x is 

(3 - Ax)(x 2 +x+ l) = 2.r 2 — #4-3 or x 2 (4x + 3)=0, 

so that x=0 twice and x= — j once. The solutions of the simultaneous 
equations are therefore .r = 0, y = 3 twice and x= — J, ?/ = 6 once. The 
line therefore touches the curve at the point (0, 3) and intersects it 
again at the point ( — j, 6). 


The conception of equal roots of an equation and of 
coincident points on a curve, though at first sight artificial, 
is really very natural. In general, a line meets a curve in 
two or more distinct points, and the equation that deter¬ 
mines the x (or, if we please, the y) of the points has two 
or more distinct roots; but we may move the line so that 
two of the points become coincident, and then two roots of 
the equation become equal. The graphical interpretation 
of the coincidence of the points and the equality of the 
roots is that the line is now a tangent, though it may of 
course intersect the curve elsewhere. We are thus led to 
the following definition. 

Definition. The tangent to a curve at a point P on it is a 
line which meets the curve in two coincident points at P. 

The algebraical form of this definition is as follows: 

If the equations of a straight line and a curve, regarded 
as simultaneous equations, have a solution which appears 
twice, then the straight line is a tangent, and the repeated 
solution gives the coordinates of the point of contact. 
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Ex 1 Find the equation of the tangent at the point (1, 1) on the 
graph of the equation ?/ = 2 ,,_ 3r + 2 .‘.'. (i) 

The equation of any straight line through (1, 1) is of the form 

1).(ii) 

Substituting from (ii) in (i), we have the equation for x, 

2.V 2 - (m + 3).r +(m +1)=0.(iii) 

If equation (iii) has equal roots, we must have 

(vi + 3) 2 — 8(m +1)=0 or (m- 1) 2 =0. 

Therefore m = 1 (twice). Putting 1 for m in (iii), we see that .r=l 
thus G y=r theref ° ie hy (ii) y = l twice * The required equation is 

Why should the equation for m give m= 1 twice? The reason is 
that in genera we can draw two tangents to the graph of (i) from 

«a given point, but if, as in this case, the given point is on the curve, 
the two tangents coincide. Compare Ex. 2. 

Ex. 2. Find the equations of the tangents from the point (2, 2) to 
the graph of the equation r v ' 

y = 2.r 2 - Zx + 2.(i) 

The point (2, 2) is not on the curve. Any line through (2, 2) is 
/ . ? / — 2 = m. (.r — 2).(ii) 

Solving (i) and (ii) as simultaneous equations, we get for the abscissae 
or the points in which line and curve intersect, 

2.r 2 - (m + 3).r + 2 m = 0.(iii) 

The Hne will be a tangent if the roots of (iii) are equal, and the 
condition for equal roots is 

(m + 3) 2 — 16?ft = 0 or (m- l)(w-9) = 0, 
so that m = 1 or 9. 

If m — 1, equation (iii) gives *=1 twice and then (ii) gives ?/ = l 
twice ; one tangent is therefore y =.r, the point of contact being (i, 1) 

It m = 9, equation (ni) gives a- = 3 twice, and then (ii) gives y = 11 

twice ; the other tangent is therefore )/ = 9.r-16, the point of contact 
ueing (o, 11). 

Ex. 3. Find the equation of the tangent at (1, 0) to the graph of 

4 y=x{x- l)(.r-2).(i) 

Any line through (1, 0) is given by 

y = to (.r— 1).(Ji) 

Solving (i) and (ii) for the abscissae of the points of intersection 
we get the equation ’ 

m(.v- 1) = .v(.r- 1) (x - 2) or (x- I)(.r 2 - 2x- m) = 0.(iii) 

One root of (iii) is 1, and as the line is to be a tangent at the point 
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(1, 0), a second root of (iii) must be 1. But 1 will be a root of 
x 1 — 2x — m=0 if m= - 1. Equation (iii) now becomes 

(x — 1) (.r — l)(.r — 1) = 0, 

so that in this case there are three equal roots. The point (1, 0) is 
a point of inflexion and ?/=' — . r-b 1 is the inflexional tangent. 

Thus we see that the inflexional tangent meets the curve in three 
coincident points at the point of inflexion. 

Ex. 4. Find the equation of the secant through the points (x 1 , y x ) 
and (.r 2 , y 2 ) on the conic a,r 2 -f by 2 = 1,.(i) 

and deduce the equation of the tangent at (x l9 y x ). 

The equation of the line through (.r 1? y x ) and (.r 2 , y 2 ) is 


*-*1 = V ~ V\ 

*i“* 2 Vx -2/2 



Now introduce the condition that the points lie on the conic (i) ; 
we have ax^ + by 2 = 1, ax 2 i +by>?= 1, 

and therefore a(x{ 2 — x 2 2 ) = — b(y x 2 — y 2 2 ) .(iii) 


Multiplying the left side of equation (ii) by a(x{ 2 — x 2 2 ) and the 
right side by the equal quail tit}' — b(yf — y>?\ we get 

a (.ri + .r 2 ) (x - x x ) = - b (y t + ?/.,) (*/ - y ,), 

that is, a{x x 4- x 2 )x + b(y 1 + y 2 )y = ax x 2 + by x 2 + ax v v 2 + by ] y 2 

or a(x x +x 2 )x+b(i/ l +y 2 )y = l +ax l x 2 +by& 2 , . (iv) 

since ax l 2 + by l 2 = 1. (The student should verify equation (iv) by 
showing that this linear equation is true provided (x li y x ) and (# 2 , y 2 ) 
lie on the conic ; the equation is therefore independent of the parti¬ 
cular method bv which it was obtained.) 

To find the tangent put x 2 = x x and y 2 —y x in equation (iv) ; we get 

2ax x x + 2 by A y — 1 + ax Y 2 -f by 2 = 1 + 1 


or 


ax x x + by x y = 1. 


Ex. 5. Determine c so that the straight line 

Sx — 2y-\-c = 0 .(i) 

may be a tangent to the curve given by the freedom equations 

x=t(t- 1), y = t(t+ 1).(ii) 

The values of t for the points of intersection of line and curve are 
obtained by substituting in (i) the values of x and y given by (ii); thus 

%t{t — 1) — 2t(t + l) + c = 0 or t 2 — 5t + c = 0 .(iii) 

The roots of (iii) will be equal if the line is a tangent. Hence 
25 = 4c, and the equation of the tangent is 

1 2x — 8y + 25 = 0. 

The point of contact is given by equations (ii) when t = 5/2, the 
double root of (iii) when c= 25/4 ; the point is (\ 5 -, 
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106. Some Theorems on Roots of Equations. The follow¬ 
ing theorems are often needed in discussing tangents and 
turning values. 

The Quadratic Equation. It is proved in all books on 
elementary algebra that the quadratic equation 

ax 2 + bx + c = 0 

has its roots (i) real and unequal, (ii) real and equal, 
(iii) imaginary, according as ( b 2 - 4 ac) is (i) positive (not 
zero), (ii) zero, (iii) negative. This expression 6 2 — 4ac is 
called the discriminant of the quadratic equation. 

Tice Cubic Equation. If we have the cubic equation 
in the form « . . A , v 

the expression 4g 3 + 27r 2 

is called the discriminant of the equation. A cubic equation 
has always at least one real root (the coefficients q , r being 
supposed real). Two of the roots will be equal when the 
discriminant is zero and the value of each of the equal 
roots is —3r/2q. 

\Ve may prove this theorem as follows. If equation (c) has two 
equal roots, then .r 3 -f q.v + r must have a squared factor, (.v — X;) 2 , say. 
Divide x* + qx+r by {.v-k) ; the integral quotient is * 2 + kx+(k 2 + q\ 
and the remainder is X.* 3 -f- qfc + r, which must be zero. Therefore 

P+qk+r= 0.(i) 

The quotient must be again exactly divisible by (x - X*), and there¬ 
fore the new remainder, 3£ a +g, must be zero, so that we have 

3X- 2 + ^=0 or .(ii) 

But, by (i), Jc(Jc 2 + q)= -?•, and therefore, by (ii), k= -3r/2 q. Sub¬ 
stitution in (ii) now gives 


9r 2 

4 q 


-= - or 4q 3 -f 27 r 2 = 0. 


It is easy to show that when 4q 3 4-27r 2 = 0 we have 


^+ ? .r+r=(:r+|) 2 (^-|-), 


so that the roots of equation (c) are — 


2q 
3 r 
2q 


<1 

3 r 3 r 

2 ? Y 


When the discriminant is negative the three roots of the 
cubic (c) are real and different, but when the discriminant 
is positive two roots arc imaginary and one real. 
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These results may be proved in the following way. 

If y is a turning value of a? + qx + r, then ($ 107) the equation 

a?-\-q.v + r— y = 0, .(1) 

considered as an equation in .r, must have two equal roots. The point 
(x, y) is thus a turning point on the graph of 

y=x 3 + qx+r ; 

therefore we must have Dy = 0, that is, 3x 2 -\- q = 0 f .(2) 

so that, when (.r, y) is a turning point, equations (1) and (2) hold 
simultaneously, and the turning values are the values of y given by 
equations (1) and (2). 

To find y we have, first by (1) and then by (2), 

(r-y) 2 = x 6 + 2q.v* + q 2 x 2 = + ^ 

or y 2 — 2ry + (4^ 3 + 27r 2 ) = 0.(3) 

If y x and y 2 are the two roots of (3), it will be readily seen from 
graphical considerations that equation (c) will have three real and 
distinct roots if, and only if, y x and y 2 have opposite signs. Hence in 
this case the product y x y 2 must be negative, or, since the factor 1/27 is 
positive, 4<y 3 + 27r 2 must be negative. 

If equation (c) has two imaginary roots, y x and y 2 must be of the 
same sign, so that the product y x y 2 and therefore also 4^ 3 + 27r 2 must 
be positive. 

If equation (c) has two equal roots, either y x or ?/ 2 niust be zero, 
so that the product y x y 2 and therefore also 4^ 3 + 27?* 2 must be zero, as 
has been proved otherwise. 

The cubic equation 

x z +px 2 + qx + r = 0 .(c') 

becomes, when g— is put for x y 

£' 3 +(? - IP 2 ) i + (tV^ 3 - Ipq+r)= o. 

The discriminant of this cubic, and therefore also of the 
cubic (o') is 4 (? -^ 2) 3 + 27 ( ^-^+r^ 

which is equal to 

4i 2 3 + 27r 2 + 4 p 3 r — p 2 q 2 — 18 pqr. 

If this expression is negative, the roots of (c') are all 
real and different; if it is zero two of the roots are equal, 
and if it is positive two are imaginary and one real. 

The graph of ax 2 + bx + c will intersect the a-axis in two 
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different points if the roots of the equation ax 2 + bx + c = 0 
are real and different; it will touch the axis if the roots 
are equal, and will not intersect the axis at all if the 
roots are imaginary. But just as we say that the equation 
has two imaginary roots instead of saying that it has no 
roots, so it is convenient to say that the curve in this case 
cuts the ic-axis in two “ imaginary points,” the abscissae 
of^these points being the imaginary roots of the equation 
ax 2 + bx + c — 0. . In a similar way curves are said to inter¬ 
sect in “ imaginary points ” when the equations that 
determine the coordinates of their points of intersection 
have imaginary roots. For example, the circle and the 
straight line given by the equations 

# 2 + 2/” = 6, x + y — 4 

intersect i n th e tw o im aginary points (2 + 7 — 1, 2 — 7 — 1) 

and (2-7-1, 2 + 7-1). 

If an equation with real coefficients is satisfied by the 
imaginary number a + &7(-l), it is also satisfied by the 
conjugate ima gin ary a — bj (— 1). Hence, if the imaginary 

point (a + £\/ — 1, c-\-clJ — 1) lies on a real curve, so does the 
conjugate imaginary point (a-bJ^T, c-dj- 1). It is 
easy to show that the line joining the two conjugate points 
is leal, the equation of the line being formed by the same 
rule as when the points are real; the equation is 

d(x-a) = b(y-c). 

107. Turning Values. Maxima and Minima. We may 
discriminate maximum and minimum turning values of an 
ordinate by the following considerations. When a straight 
line is drawn parallel to the a-axis it will usually cut a 
curve in two or more points. Now suppose such a line 
to move up or down while remaining always parallel to 
the ^c-axis. When the line approaches a turning point 
of the curve two of the points of intersection come near 
each other, and when the line reaches the turning point 
these, two points of intersection will become coincident; 
the ,line will ascend to reach a maximum and descend to 
reach a minimum turning point. The ordinate of the line 
when the two points of intersection coincide has a turning 
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value; if further ascent causes the two points of inter¬ 
section to become imaginary, the turning value is a 
maximum, while if further descent causes the points of 
intersection to become imaginary the turning value is a 


minimum. . 

Translating these graphical considerations into analytical 

form, we have the following rule: 

Let f(x) be a given function of x. Find a value of y 
such that the equation f(x) — y — 0, regarded as an equation 
in x , may have equal roots; if y Y be any such value, and 


* “ decreasing * * <« an even number) of 

the roots of the corresponding equation f(x) — y = 0 become 

imaginary, then y x is a minimum turning Value ° f 

As has been pointed out in § 104, the tangent at a 
turning point is parallel to the cc-axis, but it is possible 
for the tangent at a point to be parallel to the a;-axis, 
and yet the point may not be a turning point. 


108. Calculation of Turning Values. The following ex¬ 
amples show how the above rules are applied. It may be 
noted that the turning value of a quadratic function 
ax 2 -{-bx-\-c is the ordinate of the vertex of the parabola 
which is the graph of the function (§ 95, Ex. 1). 


Ex. 1. Find the turning values of x(x — !)(#— 2). 

Let y—x{x-l)(x-2) = x 3 -3x 2 + 2x ; then the equation to be con¬ 
sidered is ^r 3 — 3.r 2 4- 2x — y = 0. 

Comparing this equation with equation (c') of § 106, we see that 
p — - 3 , q = 2 and r— -y, so that the discriminant, 1) say, is 

D = 32 + 27y 2 + 108y - 36 - 108y = 27y 2 - 4. 

D = 0 if y= ± 2/3 n / 3, and D becomes positive when y becomes greater 
than 2/3^3, and also when y becomes less (algebraically) than — 2/3 x /3. 

The turning values are therefore 2/3^3 (a maximum) and — 2/3^3 
(a minimum). Compare § 104, Example 1. 

Ex. 2. Find the turning values of -vr—r • 

• ?/ ‘ |" 1 

Let y — —— , and treat this as an equation in .r, namely, 

(2-?/).r 2 -(l +y)x + (3 - >/) = 0. 
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that 


The discriminant D of this equation is 

Z) =( 1 + 'j¥ ~ 4(2 - ,//)(3 -y) = - Zf + 22y - 23. 

The roots of the equation D = 0 are 6 07 and 126 approximately, so 

D=- 3(y-6-07)0/-1-26). 

> Tbe 8™P b of -3(//-6'07)(>/- 1 -26) is an inverted festoon, the 

net !T* ° f , a ' iy P ,° lnt 0,1 tlns g ,a P h bein g denoted by y. D becomes 

i e “ V be ? omes greater than 6 07, so that 6 07 is a maximum 

a5,!oi" e ’ D becomes negative when y becomes less than 1'26, 
so tnat I 26 is a minimum turning value. 

in hL i? CUSSln i g t ! ie ?/ ffn of a ( l ua ^ratic function the method explained 
m the Examples to § 95 will be found useful. F 

?' • An 0 P e n tank is to be constructed with a square base and 
the evnen les f il J lven quantity, a cub. ft., of water ; show that 

is halfThe width 1 "" 5 1B " k W ‘ fch l6ad Wil1 be least wben the depth 

Let the side of the square base be x ft. and the depth of the tank 

anhm !,. ? 1 th6 ta , nk W,U be xh J cub - f t, and this is constant 

d equal to a cub. ft., so that x and y are connected by the equation 

■ vh J = « .(i) 

s,3nee e f XP i I1Se ° f h i mng tbe . tank is directly proportional to the 
surface to be covered, and this surface is (** + 4*y) sq. ft.; we have 

therefore to find when (x-+4xy) is a minimum. Denote this quantity 

by 2 , and substitute for y the value a/x* given by equation (i); we 

then have to consider the equation v J 

4a 


9 , n 

z=x +— or x*-zx+ 4a = 0.(ii) 

Comparing with equation (c) of § 106, we find?- r=4a, so that 
the discriminant D is given by the equation 

D= — 4^ + 432a 2 = 4(108a 2 — r 3 ).(iii) 

D = 0 when ^=^/(i08a 2 ) and, when 2 is a little less than ^(108a 2 ), 
D is positive, so that ^(108a 2 ) is the minimum value of z. 

Denote the minimum value by z x . When z=z x equation (ii) has 

two equal roots, and the value of each of these is —or — (§ 106). 

Now VG the depth and the Width when the ex P ense of lining is* 7 least. 

2 . 


V\ _ xlVx __ a _ az x z 108a 3 1 

x \ A’j 3 216a 3 ~216a 3 “2 

by inserting the values of .r, and z x . Thus y x = hv x . 

In the next set of Exercises various examples are given 
w lien lequire tlie formation of an algebraic expression like 
tlmt denoted by 2 in Example 3 above; indeed the chief 
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difficulty of such problems usually lies in the correct choice 
of the independent variable x. When the gradient can be 
found, the procedure shown in § 104 for finding turning 
values may be used. 


Thus, in the tank problem, we have, by equation (ii), 

4a 


z=x? + 

and we find for the derivative of 2 , 


x 


Dz — 2x — —~ = 

JCT 


4 a 2 (.r 3 — 2 a) 


x 


z 


Dz=0 when x=$(2a), and Dz changes from negative to positive as 
x changes from a value that is a little less than %/(2a) to a value that 
is a little greater than ty(2a). Hence 2 is a minimum when x — %/(2a). 
But, by (i), when x = %/(2a) we find y = h\ , (2a). Therefore when 2 is 
a minimum, t y=^.r, or the depth is half the width. 


EXERCISES XXVIII. 


1. Calculate the turning value of x 2 — 2x—l (see Fig. 70). 

2. Prove that the graph of y = {2-x)j{x—\) has no turning value 
(see Fig. 77). 

3. Calculate the turning values of the following functions, and 
the corresponding values of x : 


(i) x 2 -x (Fig. 89) ; 
(iH) .rg-l) . 


(ii) x+\ + ~ (Fig. 94); 


(v) 


(x- l)(.v — 2) . 
x 2 — x +1 


(iv) 

(Vi) 


x 2 -\-x+\ 
x 2 — x+\ ’ 

X 2 — x+l 
(x— l)(x — 2) ’ 


(vii) (•*-•-!)(■*-2) 

(x — 3)(.r— 4) 


4. Calculate the turning values of the following functions : 
(i) x 2 (x-2) (Fig. 73) ; (ii) x + \ -J^ (Fig. 94); 

(“) fcSr (Fig - 95) - 


5. If (/>, k) is a turning point on the graph of y■=/(#)> find the 
forms of the first approximations to the equation of the graph when 
the origin is ‘shifted to the point (A, Jc\ (1) when k is a maximum 
value, (2) when k is a minimum value. 
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6. Shift the origin of the graph of y=x\x - 
and then calculate the turning values of x\x 
maximum and which is a minimum. 


- 3) to the point (2, — 4), 

- 3), stating which is a 


7. A\ : hat change of origin will transform the equation 

y = {x- l)(.r-2)(.r —3) 

into an equation of the form t/ = £ 3 + 9 £? Find the point of inflexion 

on he graph of the equation, and calculate the maximum and minimum 
values of (.v ~l)(.v-2)(.v- 3). 


8. It (.v- t)- is a squared factor of x 3 - 4.r 2 - ?/= 0, calculate the 
va ue ot /•, and the corresponding values of y. Hence find the turning 
values of the graph of ;/=.r%r- 4); and determine from a rough 
graph winch is a maximum and which is a minimum. 


9. Find the discriminant of the equation „ = -^±£±i re£rar( jed as 

an equation in x, where y is known. Draw a rough graph of how 

the discriminant varies as y varies, and find the turning values of 
(.r 2 +.r+l)/(.r 2 -.r+l). ° 

10. Find the discriminant of the equation 

V =(a* 2 + 38.r +1 )/(x 2 + 6.r+l) 

legalded as an equation in .?*, where y is known. Draw a rough graph 
of how the discriminant varies as y varies, and find the maximum and 
minimum values of (.r 2 +38.r+ l)/(.t- + 6.r+1). 

a nsi Fi nd §d’ ea test rectangle that can be inscribed in a triangle 
A IjC of base a and height />, one side of the rectangle lying along BC 
and two vertices falling on AB y A C respectively. 

12. A shepherd has a length l of netting with which to fence three 
sides of a rectangular piece of a field, the fourth side being formed by 
a dyke already made. I*ind the dimensions of the rectangle which 
contains the greatest area. 

If part of the netting has to be used to divide the area into two 
rectangles, the division being at right angles to the dyke, what would 
be the dimensions for the greatest area? 


13. A length l of wire is to be cut into parts ; one part is to be 
lent into the form of a circle and the other into the form of a square. 
In what ratio must the wire be cut if the sum of the areas of the 
circle and the square is the least possible ? 


14. I'rom two points A, B on a straight line two straight lines 
A A, B) are drawn perpendicular to A B and on the same side of AB ; 
r is a point between A and B such that AC=a and CB=l>; from C 
t wo straight lines T/>, CB are drawn at right angles to each other to 
meet A A at 1) and B} at E. I f A I)=x, find the value of x 
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(i) when AD + BE is a minimum ; 

(ii) when DE is a minimum ; 

(iii) when AD-\-DE+BE is a minimum ; 

(iv) when the area of the trapezium ADEB is a minimum ; 

(v) when the sum of the areas of the triangles ADC\ BCE 
is a minimum ; 

(vi) when the area of the triangle DCE is a minimum. 

15. Through the point A (a, b) in the first quadrant a straight line 
is drawn cutting the axes OX, OY on the positive side of the origin 0 
at B , C respectively. Find 

(i) the minimum value of the area of the triangle OBC ; 

(ii) the minimum value of OB + OC ; 

(iii) the minimum value of BA .AC; 

the maximum value or —* 

16. A straight line of given length is divided into two parts so that 
twice the square on one part with thrice the square on the other part 
is the least possible ; find the ratio of the two parts. 

17. Ay B, C, D are the vertices in order of a variable quadrilateral 
such that AB=CD = a,y a constant, and AC = BD = b> a constant ; 
prove that BC-\- AD is least when A BCD is a rectangle. 

18. The perimeter of a triangle is given, and the length of one side 
is twice that of another. Show that the ratio of the shortest side to 
the perimeter lies between J- and J, and that the area is greatest when 

this ratio is (11 — \Zl3)/36. 





Prove that 5.x 1 > 4x 2 — 1 for all positive values of x. 


Discuss the inequality 


3x-l> 
x - 1 < ' 


21. Find the maximum and minimum values of the ordinate of 
the curve (x+y) + x 2 +y* = 0. 


22. Verify that y is a maximum or minimum at the points (1, 1), 
(2, 2) on the curve ^ + ^_ 9rjH _ 6r+7y _ 6 = 0 , 

and discriminate between the alternatives. 


23. Investigate the maximum and minimum values of the following 
functions : 


/•v x 2 -4 x+7 . 
' x 2 — 2# +4 ’ 


(iv) 


3.i* + 7x+2 . 
5x 2 + 8x + 3 9 


x..v x 2 4-6x — 11 

(n) — — -—; 

+ 4«r — o 

v 8.r 2 + 10.r + 2 _ 
' V ‘ x 2 + 2# + 2 



^ 2 4-2.r + 3 # 
x 2 + 3x+2 * 


( .x x 2 — 2x+3 
^ 2 + 2 ^; + 3 * 
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24. If the expression 

ax- -f 2//.r + b 
a'.ct + Zh'x + b' 

be capable of all real values for real values of x f prove that 

a'k’ < h' 2 and {ah' - abf < 4 (a'h - ah')(bh' - b'h). 


25. Prove that for real values of .r, will be capable of 

all values whatever if b 2 > (« + c) 2 , that there will be two values 
between which it cannot lie if 4 ac<b 2 <(a + c) 2 , and two values between 
which it must lie if b 2 <4ac. 


CH. XV. §§ 109, 110] 


CHAPTER XV. 

APPROXIMATE SOLUTION OF EQUATIONS. 

109. Real Roots of an Equation. If f(x) is an integral 
function of x the real roots of the equation f(x) = 0 can be 
found roughly by graphing the equation y=f(x) and read¬ 
ing off the abscissae of the points where the graph meets 
the cc-axis. 

In Fig. 70, p. 190, is shown the graph of y — x 2 — 2x — 1 
for the range from x = — 1 to x = 3. From the graph we 
see that 2*41 and —0*41 are approximations to the roots 

of the equation x 2 -2x -\=0. 

By now choosing larger scale units and making an 
entirely new graph of the equation y = x 2 ~ 2x— 1 in the 
neighbourhood of x = 2*41, we might obtain the correspond¬ 
ing root to more than two decimal places. A third graph 
with still larger scale units would lead to a still closer 
approximation to the root, and so on. But once a real 
root has been “delimited,” a more expeditious method is 
available, which will now be explained. The method will 
be first applied to the solution of a quadratic equation, 
so that the student may have the whole process under 
control, the ordinary method of solving a quadratic equation 
and the graphing of a quadratic function being quite 
familiar. 

110. Approximate Solution of a Quadratic Equation. Let 

the equation be & 2 — 2x — 1 = 0. 

Denote the function x 2 — 2x — 1 by f(x) and graph the 
equation y=f(x) (Fig. 70, p. 190). A real root of the 
equation f(x) = 0 is seen to lie between 2*4 and 2*5; in 
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technical language one root lias been “ delimited.” We 
want to find a closer approximation to this root. 

The gradient of the graph is 2a,'-2; near a = 2'4 the 
gradient is positive and increases with x. Let AB 
(Fig. 100) represent the graph from ,-r = 2'4 to x = 2 5; the 

origin 0 is not shown on 
the diagram. M is the 
projection of A, and N 
that of B on the cc-axis; 
P is the point where the 
arc AB and Q the point 
where the chord AB crosses 
the rc-axis. OP represents 

, . , ^ the exact value of the root 

we are seeking and OQ an approximation to it; we have 
now «to calculate OQ. 

Let MN= h, MA = —a\ NB = b\ the numbers h, a\ b' being 
all positive (the ordinate MA is negative). Now the 
triangles AMQ, BNQ are similar, and therefore 

mq_qn 

a b' * 

But each fraction is equal to ^f that is, A~r, 

ci+b a +o 



Fig. 100. 


Therefore 
We have also 


MQ=~, 


ah 


a'+b r 


so that 


OM = 2-4, MA = -a' =/( 2-4) = - 0'04, 
ON = 2-5, NB = b'= /(2-5) = + 025, 

MN = ON— 0M= 0-1, 

h = 0*1, a' = 0'04, b' = 0'25, 


and therefore 


MQ = —TrxTr— = 0014, 


0-29 

OQ = OM + MQ = 2-414. 

In obtaining this approximation we take the point Q 
at which the chord AB crosses the a>axis as approximately 
the point at which the arc AB crosses; hence the name 



CHORD RULE FOR APPROXIMATION. 




of the chord rule by which this method of approximation is 
known. The substitution of the chord AB for the arc AB 
enables us to calculate MQ by means of the proportion 

MQ: MN= a : a + b\ 

and this method of calculating MQ is spoken of as the Rule 
of Proportional Parts —a rule that is extensively used in 
connection with all mathematical tables. The rule was also 
frequently spoken of by older mathematicians as the Regula 
Falsi , or the Rule of Falsehood, or the Rule of False Position. 

We can now go on to closer approximations, by taking 
2*414 and 2 415, instead of 2*4 and 2 5. We have 

/(2*414)= -0-000604, /(2*415) = +0*002225, 

so that the curve crosses the #-axis between the points 
for which x = 2*414 and x = 2*415. We now take 

0M= 2-414, MA=f( 2*414)= -0000604, 

ON = 2415, NB = /(2*415)= +0002225, 

MN= ON- 0M= 0 001, 

so that now 

h = 0-001, a = 0-000604, V = 0*002225. 

Putting these numbers in the formula for iVQ, we get 

/ 7 

MQ = = 0-0002135, 

a +5 

OQ = OM + MQ = 2-4142135. 

When x = 2*4142135 we find by calculating f(x) that/(cc) 
is negative; when x = 2*4142136 it will be found that 
f(x) is positive. We have therefore found the root with 
an error that is less than one unit in the 7 th decimal place. 
The result can be confirmed by solving the quadratic in 
the ordinary way. 

We could now proceed to a closer approximation if that 
were wanted. 


Ex. Find correct to 4 decimal places the real roots of the 
following equations : 

(i) x 2 — 2x — 2 = 0; (ii) 7x 2 + 5x— 1=0; (iii) 4.r 2 —9^T3 = 0 

by the use of graphs and the chord rule, and verify the results by 
solving the equations algebraically. 
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111. Use of two Graphs. In delimiting the real roots of 
an equation it is often advisable to use two graphs. 

For example, let us try to find the number of real roots 
of the equation 

as 3 —x 2 + ;c —2 = 0,.(1) 

and to obtain rough approximations to their values. 

Write the equation in the form 

x 3 — x 2 = — x + 2, 

and then graph the equations 

y 1 = x z —x 2 y y 2 = —cc-f 2 

with reference to the same axes and with the same scale 
units for the two curves (Fig. 101). The graphs have only 



one point, P, in common, and for that point y 1 = y 2 . If a 
is equal to 0M y the abscissa of P, then 

MP = y l = a z — a 2 , because P is on the graph of y 1 ; 

MP = y 2 — — a+ 2, because P is on the graph of y 2 . 

Therefore 

a 3 — a 2 = — a + 2 or a 3 — a 2 + a — 2 = 0, 
that is, a is a root of equation (1). 
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Again, the graph of y Y crosses the cc-axis at A, where x = l, 
and the graph of y 2 crosses at B } where x = 2. The root a 
thus lies between 1 and 2. 

We have thus shown that equation (1) has only one real 
root, and we have delimited the root. 


Ex. 1. Prove that the equation 

.r 3 — x 2 + 2.r — 3 = 0 

has only one real root, and that it lies between 1 and 2. 

Ex. 2. Prove that the following cubic equations have only one real 
root, and delimit the root : 

(i) — 3=0; (ii) .r 3 —2.r —5 = 0; (iii) .r 3 +x 2 +1 =0 ; 

(i v) x 3 + x 2 -l=0 ; ( v) .v 3 - 2.r 2 + bx -6 = 0. 

Ex. 3. Find the number of real roots of the following equations, 
and delimit each root: 

(i) .“J 7 3 — 3o? — 5 = 0; (ii) lO.r 3 - 10.z’ 2 -h 1 =0 ; (iii) x 3 — 3.r 2 — .r-f 1 =0 ; 
(iv) x 4 — x 2 + x — 2 = 0. 


112. Combination of two Graphs and the Chord Rule. 

Having delimited a root by the use of two graphs, or by 
any other method, we can apply the chord rule to find closer 
approximations. If the equation to be solved is/(a;) = 0, we 
first find two numbers, a and b say, between which a root 
lies ; the expressions /(a) and f(b) will have opposite signs. 

Take the equation 

f(x) = x 6 — x 2 + x — 2 = 0 . 

We have seen (§111) that this equation has only one 
real root, and that it lies between 1 and 2. Now the 
gradient of the graph of f(x) is given by 

f\x) = 3x*-2x + l. 

When x — 1 , f'(x) = 2, and when x = 2, f'(x) = 9; as x 
increases from i to 2 the gradient increases steadily from 
2 to 9, so that the curve rises pretty rapidly. Before 
applying the chord rule we try to obtain a closer delimitation 
of the root. 

We find, by trial, that f(x) = — 0T93 when x = l’3, and 
f(x)=+ 0T84 when x = l 4, so that the root lies between 
1*3 and 1*4. 
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The figure and relations of § 110 will apply here. 

Oil/=13, MA= -a'=/(l-3)= -0193, 
OiV = 1 -4, NB = 6'=/(i-4)=+0184, 

MN- ON- Oil/= 01, 

so that 7i = 01, a' = 0193, 6' = 0184, 


and therefore 



0051, 


0Q = OM + MQ = 1351. 

To test this approximation, as well as to prepare for 
a closer approximation, we calculate the value of f(x) for 
ai= T351 and 2 j = 1"352. We find, to 4 decimal places, 

/(1-351)= -0-0084, /(!•352)= -0-0046. 

Both 1351 and 1-352 are too small, and we must go on 
calculating f(x) till we find a positive value. 

/(l-353)= -00008, /(l-354)= +00030, 

so that the root is 1*353, correct to the third decimal place. 
We might now take the values 

h = 0001, a' = 0-0008, 6' = 00030, 

and calculate the new value of MQ. It will be found that 
the root lies between 1*35320 and 1*35321. 


113. The Tangent Rule or Newton’s Rule. There is 
another rule which is so generally useful for the solution 
of equations, whether algebraic or transcendental, that we 
shall give it here; it was stated by Newton. 

In Fig. 100, if we draw the tangent BT at B it will 
fall between the ordinate NB and the curve PB , and if T 
is the point where BT crosses the ft-axis, OT will obviously 
be a better approximation to OP than ON is. If then 
ON be taken as an approximation, we take OT as the 
next better approximation, and we shall now calculate 

OT. 
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We have 


therefore 


NB 

TN 


gradient at B 


= m, say; 


TN = —— = 


NB V_ 

m 


m 


= 1*4 and 


and 0T= ON— TN = ON — b'/m. 

Apply this to the equation of §112, taking ON 
b' = 0*184. We must calculate the gradient at B. 

f(x) = x z — x <z -\-x — 2, f\x) = 3x 2 — 2cc+l; 
therefore (§ 103) the gradient at B is /'(1*4) = 4*08. 

We now find 

0T= ON- — = 1-4 — = 1-355. 

m 4*08 

We now begin over again, taking 1*355 instead of 1*4 
as the value of ON and /(1*355) or 0 0068 as the value 
of b'. The new value of m may be taken as 3*8, and we get 

0T= ON- — = 1 355 -= 1-3532. 

m 3*8 

It will be found that /(1*3533) is positive and /(1*3532) is 

negative. If we go on to a further approximation we 
must take 1*3533 to be the value of ON so that B may be 
above the axis and BT may fall between NB and the curve. 

114. General Statement of Rules. We shall now state the 
chord and tangent rules in general terms. 

Chord Rule. Let a real root of the equation f(x) = 0 lie 
between a and 6, the numbers/(a) and f(b) being therefore 
of opposite signs; in the diagram (Fig. 100) we have 

0M=a, MA = f(a ); 0N=b, NB =f(b ); MN=b-a, 

The equation of the chord AB is 

y-na )= m=M u- 


b — a 


(x — a). 


When y = 0 we have x=0Q ; therefore 

/(") 


0Q = a — 


f(b) - f(a ) 


(b — a). 
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If a is the approximation we begin with, then the term 

_z A a > (b-g) 

m-f(a)V a) 

is the correction which we add to a to get the next 
approximation. 

Ihe value for OQ may also be written 


OQ = b- 




(b — a). 


f(b)-f(a) 

and if b is the approximation we begin with, then the term 

_ -f( b ) (b a) 


is the correction which we add to b to get the next 
approximation. 

Since f{a) and f(b) are of opposite signs, one of the 
corrections is positive and the other negative; it is a 
mere matter of convenience which of the formulae for OQ 
we take. 

Tangent Rule. In Fig. 100 the tangent BT falls between 
the curve and the ordinate at B , and we are thus certain 
that T is nearer to P than N is; if we draw the tangent at 
A y and if that tangent crosses the a:-axis at T, we cannot 
be certain that T will be nearer to P than M is. But the 
tangent rule depends only on the abscissa, the ordinate 
and the gradient at one end of the arc AB\ the abscissa is 
the first approximation that we start from. 

Attention to the following statements will lead in all 
cases to the choice of the end of the arc that will give 
the correct approximations. 

(i) f(a) and f(b) must be of opposite signs. 

(ii) f{x) must not vanish as x varies from a to b. 


(iii) f"(x) must not vanish as x varies from a to b. 


It will be a good exercise for the student to show that 
condition (i) secures that there is one root between a and 6, 
and that condition (ii) secures that there is only one. The 
third condition secures that there is no point of inflexion 
between A and B. 
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Now let B be that end of the arc at which f(x) and f (x) 
have the same sign ; then the tangent will fall between the 
ordinate NB and the curve AB, and we shall have, in 

the notation of § 113, 


0T= ON— 


ordinate at B _ , _ /(/') 
gradient at B 


The equation of the tangent at B is 

y-f(b)=(x-b)f(b), 

and when y = 0, x=OT; this gives another proof of the 

above value of OT. , . 

In applying the rule we must verify at every stage that 
f(b) and f"(b) have the same sign; f"(x) must not change 
sign by (iii) above; and therefore if the ordinate at B is 
positive to begin with, it must at each subsequent stage be 
positive; if negative to begin with, then always negative. 


EXERCISES XXIX. 

Find to 3 or 4 significant figures the real roots of the equations 

i-a 

1. .r 3 - 2.r - 5 = 0. 2. a^+.r-3 = 0. 3. 2-r 3 + 6.r - 3 = 0. 

4. 3.T 3 -4a--5 = 0. 5. x 3 -x t +2x-Z=0. 6. a 3 + A- -1=0. 

7. x*-x * + #-2=0. 8. 2,r 4 — 3.r — 4 = 0. 

9. Calculate the root of the equation 

ar* - 4a' 3 - 4r 2 + 16.r +10 = 0 

that lies between 2 and 3. 

10. Calculate the root of the following equation that lies between 

2 and 3: - 12.r 2 +12a-3 = 0. 

11. A sphere of radius unity is divided by a plane into two parts 
whose volumes are in the ratio of 1 to 2. Show that the distance x 
of the plane from the centre of the sphere is a root of the equation 

3a 3 -9a- + 2 = 0, 

and find x. 

12. A hemisphere of radius unity is divided into two equal parts 
by a plane parallel to the base. feho\v that the distance x of the 
plane from the base is a root of the equation 

1 = 0 , 


and find x. 
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115. Division by Zero. To divide a number (Sj by a 
number x is to find a third number which, when multiplied 
by x, will give a. If, however, x happens to be zero, there 
is no such third number unless a is also zero. The working 
rules of algebra are carried out on the assumption that the 
product of two numbers is zero when one of them is zero. 
If then x is zero, the product of x and any other number is 
zero, so that if a is not zero there is no number which 
when multiplied by x will give a, and therefore there is no 
answer to the question, “ What is the quotient of a by 
zero ? ” If, however, a is itself zero and x also zero, then 
any number whatever will, when multiplied by x> give a; 
in this case there is no definite answer, and the symbol 
0 “T~ 0 has really no meaning at all. It is perhaps worth 
noticing that even if we assume, for the sake of argument, 
that the symbol Oh-O can have a definite numerical value, 
we should land ourselves in all sorts of absurdities. For 
example, 8x0 = 0 „ d 9x0 _ 0; 

therefore 


8 x 0 = 9 x 0; 


therefore 8 X 0 = 0 = 9 X 0 = 0 ; 

therefore 8 x (0 = 0) = 9 x(0 = 0 ). 

Now divide by the “number” 0 -kO, 1 and we find that we 
have proved that 8 is equal to 9. 

We have therefore to exclude division by zero from the 
algebraic operations. It is possible, however, in certain 
cases to give a useful interpretation of a quotient, which in 
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the course of an investigation is in general quite definite, 
but for some particular relation of the variables of the 

problem assumes the form <x-hO. 

In preceding sections ( e.g . § 88) we have tacitly assumed 

that the form 1 — 0 means “ infinity,” and have used the sym¬ 
bol oo for infinity; the circumstances in which this symbol 
was used showed clearly enough its graphical interpretation, 
and that was all we were concerned with. In all the cases 
the process was essentially that of allowing the denomi¬ 
nator x of a fraction such as 1 /a; to become smaller and 
smaller, tending to zero. Asa; gets less and less, 1/x gets 
Greater and greater, and the corresponding point on the 
curve goes further and further off; we say that when x = 0 
the point is “at infinity,” and we then say that the symbol 
l-r-0 represents the “number” infinity. But this “number’ 
is not a number in the same sense that 2 is a number, any 
more than “ infinity ” is a point in the same sense that 
A in Fig. 77 is a point. The circumstances in which the 
symbol a-h -0 arises are essential to the whole matter, and 
we now give some illustrations of the utility of this “ ideal 
number ” and of the way in which it arises in investiga¬ 
tions. 


116. Infinite Root of a Simple Equation. Let B (Fig. 102) 
be the point (0, b) referred to rectangular axes X'OX, 
Y'OY ; the number b is sup¬ 
posed to be not zero. Through 
B draw the straight line of 
gradient a to meet X'OX at 

P. 

The equation of BP is 

y = ax + b .(1) 

To find OP, we put y = 0 
and solve the resulting equa¬ 
tion for x ; - 

thus c,x-\-b = 0, .(^) 



Fig. 102. 


which gives 
provided a is not zero. 


x= 0P= — 

a a 
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Now, as a gets smaller and smaller, OP gets larger and 
larger; the line BP turns about B and the point P moves 
off, say to the right, along X'OX. When a is very small 
x is very large and P is very far off. 

When a = 0, equations (1) and (2) take the forms 

y = 0.x+b .(l r ), 0.a’ + fr = 0.(2'). 

Since b is not zero, equation (2') has no solution ; but 
the fact that equation (2') has no solution corresponds 
with the geometry of the case because, since a = 0, the 
line BP is now parallel to X'OX , and therefore does not 
meet it. 

We may now, however, as a convenient form of speech , 
say that (2') has a root, namely oo, and, correspondingly, 
that BP , when it is parallel to X'OX , does meet it, not 
at any ordinary point, but “at infinity.” To say “two 
straight lines meet at infinity ” means exactly the same 
thing as to say “ the two straight lines are parallel.” 

As an example, consider Fig. 33, p. 90. We proved that 
the line A'C'B'D' is cut by the rays OA , OB , 0C\ OD of the 
harmonic pencil 0(ABCD) } so that (. A'B'G'D') is a harmonic 
range; we may therefore write 

A'C' A'D' A'D' ^ 


C'B' 


D'B' B'D' ’ 


But A'D' — A'B' + B'D', so that 

A'D' A'B' 
B'D' “ B'D ' + 


(4) 


Now turn A'B' about C' till it is nearly parallel to OD ; 
the ratio A'B'/B'D' is now very small, so that, by (4), 
A'D'I B'D' is nearly equal to 1, and therefore, by (3), A'C'I C'B' 
is also nearly equal to 1. When A 'B' is exactly parallel to 
OD , A'B' and OD “ meet at infinity ” ; D' is now called “ the 

A'D' 

point at infinity ” on A'B', the ratio ppjy or, as it is some- 

A' cc 

times written, — is exactly equal to 1, and therefore the 

Jj GO 

ratio A'C'/C'B' is also equal to 1, so that C' is the middle 
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Doint of A'B'. In fact, A'B' is now X'T, which (§ 45) is 
bisected at C'. It is convenient to use the phrase 

“(X'Y'C'oo ) is a harmonic range.” 

^ If the student goes back to § 4 he will see that the posi¬ 
tion-ratio AP/PB of a point P with respect to the base 
noints A, B is never equal to -1 for an actual point but 
continually approaches -1 as P gets further and further 
away from H and B ; -1 is the value of A co /oo B, or (as 

A oo /B oo is equal to +1. , , 

If (7 is a point that is not on the line ^ and wesspeak 

of the line ]oining C to “ the point at infinity on AB, then 
we mean the line through G parallel to AB ; every othei 
straiedit line through C meets AB in an actual point. 
Hence it follows that any number of parallel straight lines 
may be spoken of as “ intersecting ’ or “meeting at 
infinity; a system of parallel straight lines is a system of 
concurrent lines, the point of concurrence being the point 
at infinity on each line. 

Though this mode of speech may seem strange, the 
student should practise it; he will soon become convinced 
of its advantages and will see that it involves no contia- 
diction with the ordinary propositions of geometry He 
must however, always remember that the point at infinity 
on a straight line is an “ ideal ” point, just as infinity is an 
“ideal” number. Further, we must assume that there is 
only one point at infinity on a straight line and not two. 
BP (Fig. 102) can be turned so as to be parallel to A OX, 
•whether P move along OX or along OX . When B1 
not parallel, it meets X'OX in only one point, and we must 
assume that when it is exactly parallel it still meets 

X'OX at only one point. 

117. Infinite Root of a Quadratic Equation. Let a quad¬ 
ratic equation be written in the standard foim 


then 


ax 2 + bx + c = 0; 

-fc + ./(b 2 -4oc) - b - J (b* - 4ac) 

*=-2a- OT 2a 


provided a is not zero. Let us transform the expression 
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for the first root so as to see its behaviour when a is sup¬ 
posed to be very small. We have 

— 6 + v /(6 2 — 4f/c) _ [ — 6 -b s /(6 2 — 4r/c)] [ — b — J( h 2 — 4 ac)] 

2a 2a[ — b — b 2 — 4ac)] 

2c 

— b — J(b 2 — 4>ac)' 

When a tends to zero, N /(6' 2 — 4ac) tends to N /(6 2 ) or 6, and 
the root tends to — c/b . 

Again, when a tends to zero, the numerator of the second 
root tends to — b — J(b 2 ) or —2b: the numerical value of 
this root therefore becomes greater and greater as a gets 
nearer and nearer to zero. 

If then a is exceedingly small, one root of the quadratic 
equation is nearly equal to —c/6, and the other is ex¬ 
ceedingly large. We are thus led to the following mode of 
speech. 

When a = 0, one root of the quadratic equation 

ax 2 -\-bx + c = 0 .( 1 ) 

is —c/b and the other root is infinite. 

Of course it may be said, and said truly, that if a = 0 
equation (1) is not a quadratic, but is a simple equation, 
and therefore has only one root, namely —c/b. But the 
advantage of this other way of stating the matter lies in 
the fact that when, in treating a problem, the language of 
infinite roots is introduced, a quadratic equation, and not a 
simple equation, is the general expression of the relations 
implied in the problem, and the infinite root has a definite 
geometrical interpretation. We may say that we make 
use of the infinite root when a quadratic equation “ is in 
question ” or “ is expected.” (See $ 118.) 

If a = 0 and also 6 = 0, while c is not zero, then both roots 
of the quadratic equation are infinite. 

118. Geometrical Illustration. Consider the graph of 
the equation ^ 

^ = o: + l+ or xy = x 2 + x +1 .(1) 

represented in Fig. 103. 
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Equation (1) is of the second degree in x and y. Any 
straight line, y — ax + b, meets the graph in two points, 
their abscissae being the roots of the quadratic equation 

x(ax -\-b) = x 2 -f x +1.(2) 

Whenever, then, we are discussing the intersections of a 
straight line with the graph of equation (1), a quadratic is 
to be expected. 

For example, the straight line y = %x + 1- meets the graph 
where x (? s x + £) = x 2 +x-i -1 or x 2 — 4x + 3 = 0, 

that is, where x = l and x = Z (see dotted line in diagram). 



- The line QQ' in Fig. 103, the equation of which is 

y = x + 1, 

does not meet the curve at all. Solving this equation and 
equation (1) as simultaneous equations, we have 

x(x + l) = x 2 + x + 1, 

0.# 2 + 0.a + l = 0. 


that is, 
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Since a quadratic equation is expected, we interpret this 
form of equation to mean that both roots of the quadratic 
are infinite. 

Next take a line parallel to QQ', say y = x + lc. Solving 
this equation and equation (1) as simultaneous equations, 
we get 

x(x-\-k) = x 2 -\-x +1 or 0. x 2 + (k— \)x— 1 =0. 

We now have one infinite root, and, so long as 7c=|=1, one 
finite root, namely l/(/c—1). When lc tends to 1, this 
second root also tends to infinity; the parallel to QQ' tends 
to become coincident with QQ', which meets the curve in 
“ two coincident points at infinity.” QQ' is an asymptote of 
the curve. 

The y- axis is also an asymptote. To find where the 
2 /-axis meets the curve, we solve (1) and x = 0 (that is, 
x = 0.y) as simultaneous equations; the equation we get is 

0.2/ 2 + 0. y +1=0, 

which shows that both roots are infinite, and therefore that 
the y-axis meets the curve in two coincident points at 
infinity. All straight lines parallel to the y -axis meet the 
curve in one point at a finite distance and in one (ideal) 
point at infinity. 

We remind the student of the purely conventional use of 
the phrase “ meet at infinity ”; the example we have just 
discussed shows how infinite roots come to be considered at 
all, and how it is possible to interpret them by picturing the 
intersections of curves as the points of intersection move off 
to a very great distance. We are also led to a new defini¬ 
tion of an asymptote. Let us draw any straight line, which 
we may call a search line , say y = ax-\-b (Fig. 103), where 
we suppose b =|=1 ; this line will cut the curve (as a rule) in 
two distinct points. Now turn the line about the point 
(0, b), in which it cuts the y-axis, until a is nearly equal 
to 1; one of the points in which it meets the curve will 
have gone off to a great distance, and when a = 1, the line 
will be parallel to QQ', and one root of the equation 

x(ax + b) = x 2 + x +1 

will have become infinite. Next move the search line 
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CONDITIONS FOR INFINITE ROOTS. 


parallel to itself till 6 is nearly equal to 1 ; the second 
point of intersection is now very far off, and when 6 = 1 
the line coincides with QQ\ and the other root of the above 
equation has become infinite. In other words, when our 
line becomes an asymptote it meets the curve in two 
coincident points at infinity. Hence the definition: 

Definition. An asymptote to a curve is a straight line 
which meets the curve in two coincident points at infinity. 
Or, an asymptote to a curve is a tangent whose point of con¬ 
tact is at infinity hut which is not itself at infinity. 

This definition of an asymptote is not so general as that 
given on page 207, but it is specially suitable for curves 
represented by rational algebraic equations. 


119. Conditions for Infinite Roots. In the equation 


ax + b = 0 



put 1 fz for x, and then multiply by 0 ; we get 

a-\-bz = 0 .(!') 

Now when 0 becomes very small x becomes very large, 
and as 0 tends to zero x tends to infinity. But if a = 0 
and 6=|=0, equation (T) shows that 0 = 0. Hence the root 
of equation ( 1 ) is infinite if a = 0 and 6 = 1 = 0 . 

Applying the same transformation to the quadratic 


equation ax l + bx + c = 0 , .( 2 ) 

we get a + 60 + C 0 2 = 0 .( 2 ') 


One value of 0 is zero, and therefore one value of x is 
infinite, if a = 0 and 6=|=0; both values of 0 are zero, and 
therefore both values of x are infinite, if a = 0, 6 = 0 and 
c=|=0. 

Quite generally, the equation 

a 0 x n +a 1 x n - 1 + a^'- 2 +...+a 1 x n - r +...+a n = Q 

has one root infinite if a 0 = 0, ^=1=0 ; it has two roots 
infinite if a 0 = 0,^ = 0 and a 2 =|=0: it has r roots infinite 
if a 0 = 0, a x = 0,..., a r _ x = 0 and a r =|=0. 
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EXERCISES XXX. 


Solve the simultaneous equations in Examples 1-7, stating in each 
case the number of points, (i) at a finite distance, (ii) at infinity, in 
which the graphs of the equations meet. The diagrams referred to 
show the graph of the second equation. 

1. y+l=0, y(x-\)=2-x (Fig. 77). 

2. y=x+l, ?/ =.v+l-~ (Fig. 94). 

%As 


3. y=.v+1, V = (Fig. 95). 

4. y=x+1 , y(x-2)=x(x-l). 

5. (a) x=0, x(y/-x)= 1; (b) y=x, x(y-x) = l. 

Draw the graphs. 

6 . (a) ,r = 0, 2y = .r-2 + l; (b) 2t/=x-‘2, 2y=x-2 + ~ 

Draw tlie graphs. 


7. (a) a7 =1, (.r-l)(y-.r-l) = l ; 

(b) y = x+1 , (o;-l)(y-ar-l) = l. 

Draw the graphs. 


8 . Prove that the asymptote of the curve y=x+l+- - 

parallel to the ?/-axis is the line .r=l, and find the oblique asymptote. 
Graph the equation. 

9. Graph the equation x — 2y-3 — and prove that y= 0 and 

x = 2y - 3 are asymptotes. $ 

10. Graph the following equations, and find the equations of the 
asymptotes 

(i) .y0/-.r) = l ; (ii) y 2 (y-x) = 1 ; 

(iii) y0/~^+l) = l ; (iv) y 2 (?/-#+!) = !. 


11. Prove by Descending Continued Division that the graphs of 
the following equations have the asymptotes stated, and graph the 
equations: 



(x-2)(x- l) 


asymptote, y=x- 3; 


(ii) y 


_ (.r — 2)(.r-f-1) 
x-l 


..... (.?4-2)(.r-f-4) 

(lu > y 1 — ; 


asymptote, y=x\ 
asymptote, y=x+b. 
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12. Find the asymptotes of the graphs of the following equations : 

.r(.r-fl) 


..... x 2 -\-x+\ 

( m > ; 

. x A’ 2 — .27+1 

< v > y= ( a-i)(.r-2 ) ; 


® ■■ 

<*> ^<-9^> 


-f V — 1 

13. Draw the graph of x= ,L r t ———. 

y~-y + 1 

Prove thaty=.r— 1 is an asymptote, and find the coordinates of the 
third point in which the asymptote meets the curve. 

1^20. To find Asymptotes. We shall now show how, in 
many cases, asymptotes may be found. 

I. By Inspection. Consider the equation 

(2x-y-l)(x + 2y-%) = 5 .(1) 

The equation is of the second degree in x and y. Clearly 
the abscissae (or ordinates) of the points in which the line 


2x — y — 1 = 0 

meets the graph of equation (1) satisfy the equation 0 = 5. 

But a quadratic equation is in question ; therefore both 
roots of this quadratic are infinite, and the line is an 
asymptote. 

Similarly x+2y — 3 = 0 gives an asymptote. 

See Fig. 104, p. 292, for the graph. 

If the line axby c = 0 meets a curve of the n th degree 
(that is, a curve given by an equation of the 71 th degree in 
x and y) in points whose abscissae are given by an equation 
of degree (n— 2) in x, then the line meets the curve in two 
points at infinity, and is, in general, an asymptote. (Of 
course, in this statement we may replace “ abscissae ” by 
“ ordinates ” and x by y.) Thus 

x + y = 0, x — y = 0 and 2x — t/ + 1 = 0, 
are asymptotes of the curve given by the equation 

(x + y)(x — y)(2x — y + l) + bx— 11t/ + 9 = 0 ; i 

because each of the factors x + y, x — y and 2x — y + l, when 
equated to zero, reduces the equation from the third degree 
to the first. 


Q. A* 6# 


T 
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II. By Descending Continued Division. See p. 206. 
III. By a Search Line. Consider the equation 

x 3 + y z — 3xy = 0.(1) 


Use y = mx-\-c as a search line. To find its intersections 
with the graph of (1), put mx-\-c for y in equation (1), and 
arrange the resulting equation as a cubic in x ; we get 

(m 3 + l)x 3 +3 (m 2 c — m)x 2 + 3 (me 2 — c)x +c 3 = 0.(2) 

Two roots of this equation must become infinite; we 
therefore choose m and c to satisfy the equations 

m 3 + 1=0, m 2 c — m — 0, 

which give m = — 1, c= — 1. Hence the line given by 

y= —x — l or x-\-y +1 = 0 

is an asymptote. It will be noted that the values found 
for m and c make the coefficient of x in (2) also vanish, so 
that in this case the asymptote meets the curve in three 
points at infinity and nowhere else. (Fig. 105, p. 293.) 

* Ex. Apply this method to find the asymptotes of the cubic given 
to illustrate the first method. 


IV. From Freedom-Equations. The straight line 

ax + by = c .(3) 

meets the curve given by the freedom-equations 

x = t 2 /(t — 1), y = t/(t 2 -l) .(4) 

in points for which the values of t are the roots of the 
equation at 2 /(t-l) + bt/(t 2 -l) = c 

or at 3 + (a — c)t 2 + bt + c = 0.(5) 


If the line (3) is a tangent, equation (5) must have two 
equal roots (see Ex. 5, p. 261), and if the point of contact 
of the tangent is at infinity the equal roots must make one 
or both of the coordinates in (4) infinite. 

Now we find, from (4), that (i) &=oc, y = oc, if t = 1; 
(ii) y = cc,x=—b, if t = — 1 ; (iii) x = cc , y = 0, if t = oc. 
We must therefore consider these three cases. 
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(i) If t = l is a double root of (5), that equation may be 

written (* -1 f( a t + c) = 0 

or at 3 -\-(c — 2a)t 2 + (a — 2c)t-\-c = 0 .(6) 

Comparing the coefficients in equations (5) and (6), we find 

a — c — c — 2a, b = a — 2c, 

and therefore a = %c, b= —-|c. Equation (3) now becomes 

§ cx — %cy = c or 2x — My = 3, 
and this equation gives the asymptote corresponding to i = 1. 

(ii) If t= — 1 is a double root of (5), that equation may 

be written (t + l) 2 (ut + c) = 0, 

and, comparing coefficients as before, we find a = — 2c, b = 0. 

The asymptote corresponding to t = — 1 is therefore 

' — 2cx — c or x — 

/A (iii) If £ = oo is a double root of (5), we see that a = 0 
and a—c = 0; that is, a = 0, c = 0. Hence the asymptote 

corresponding to t = oo is?/ = 0. 

The student may find the constraint equation of the , 
curve and verify these results by the preceding methods. 

121. Approach of Curve to Asymptote. To find on what 
side a curve approaches an asymptote, we may proceed as 
shown in the following examples. 

Ex 1. (2x-y- l)(.r+2y-3)=5.•••(!) 

One asymptote is given by 2.v — y — 1=0; therefore a portion, or 
branch, of the curve must be near this line at a great distance from 
the origin. We may therefore consider the equation 

2x — y — 1=0 or y = 2x— 1 .(2) 

as the first approximation to equation (1) for points that are far off in 
the direction of the asymptote. 

To find the second approximation, write equation (1) in the form 

5 5 

(2x — y — 1) =---- or ?/ = 2x — 1 -— - ^. (3) 

v y ' x-\-2y-Z J x + 2y-% v ' 

’ For points of the curve, that are far off in the direction of the 
.asymptote we are dealing with, the value of y is equal to (2x — 1) 
approximately. Our second approximation is found by putting 2x - lj gg 
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for y in the expression on the right side of equation (3). 
have 


We thus 


2 nd app. 
that is, 


y = 2x — 1 — 
y = 2x — 1 — 


x+2(2x-l)-3 9 

1 

x — 1 


or 


y = 2 -^ - 1 - -> 

»v 


where 1/# is the most important term of the quotient l/(.r—1). 



Fig. 104. 

Hence the curve appears below the asymptote on the far right and 
above it on the far left (Fig. 104). 

To find the approximation for the other asymptote, write equation 
(1) in the form 

. < 4 > 

and then in the expression on the right side of equation (4) put 
-£•*+§ for V ; that is, put for y the value in terms of x obtained 
from the equation of the asymptote we are now dealing with. We 
thus obtain ^ 

y=-$*+§+—j or y=-^+f+i 

as the required second approximation. In this case the curve appears 
above the asymptote on the far right, and below it on the far left 
(Fig. 104). 
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Ex. 2. x 3 -f- y 3 — Sxy = 0 . (1) 

The asymptote is (§ 120) 

x+y+ 1=0 or y——x—\ .(2) 


At a great distance from the origin therefore in the direction given 
by the asymptote represented by equation (2), the curve must be 
close to the asymptote, and equation (2) may for such values of x 
and y be taken as the first approximation to equation (1). 

Now write equation (1) in the form 


then 


x+y = 
X+y + I = 


&K f / . 

x 2 — xy +y 2 ’ 
x 2 + 2 xy 4 - ?/ 2 
x 2 — xy+y 2 




Fig. 105. 


As before, in the expression on the right of equation (3), put —x—l 
for y ; that is, put the value of y in terms of x given by the first 
approximation (2). We then get 

^ +y + 1 = 3^+ar+1 5 

or, using descending division and retaining only the most important 
term of the quotient, namely 1/3-r 2 , 

x+ y +1= i*' 


that is, 


y— —x — l + 



Hence the curve appears above the asymptote at both “ends” of 
the asymptote (Fig.. 105). 
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These examples are sufficient to indicate the methods 
of obtaining a knowledge of the way in which a curve 
approaches its asymptote. They also illustrate a method 
of obtaining approximations to an equation for large values 
of x and y. , Corresponding to each asymptote that a curve 
has there is an approximation. In these two examples 
both x and y tend to infinity; we have already (§ 100) 
discussed the approximations when only one of the 
variables tends to infinity. 


EXERCISES XXXI. 

1. Find the asymptotes of the curves given by the following 
equations : 

(i) if-x 2 = l ; (ii) x 2 -y 2 =l ; (Hi) x(y-x)=l ; 

(iv) (y-.r)(.r+y + l)=l ; (v) (y-2x)(x-2y) = 1 ; 

(vi) (’2.v—t/ +1 )(.r — ?/ — 2 ) = 1 ; (vii) y(y-x)(y- 2.r) = l ; 

(viii) xy{y-x)(y - 2 .r)=l ; (ix) xy(x+y)+a?+y 2 =0 ; 

(x) y 2 — 3 x 2 y + 4a ; 4 =y 4 . 

2. Prove that the shape of the graph of x 2 —y 2 = 1, for large values 
of x and y , is given by the following equations : 

<0 (ii)y=-*+L; 

and graph the equation. 

Show that the corresponding approximations for the equation 
y 2 — x 2 = 1 are 1 \ 

« y=*+Yx' Wy=- x ~Tx’ 

and graph the equation. 

3. Prove that, for large values of x and ?/, the approximations to 
the equation (y -x)(x+y+ 1 )= 1 are given by 

(i) .v=x+^.; (») y= 

and graph the equation. 

Sketch the graph of (.r-y)(.r + ?/ + l) = l. 

4. Graph the equation (y - 2x)(x - 2y) = 1. 

5. Graph the equation ( 2 .r-y +1 )(#-?/-2) = 1. 

6 . Show that each of the asymptotes of the curve 

2/(y-x)(y-2 x )= l 
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meets the curve in three points at infinity. P^vethat the curve 
approaches its asymptotes in the way specified by the lollowi g 

equations: 1 

Asymptote, y = 0 ; y = ^• 

1 

Asymptote, y = x ; y = x-^ 

Asymptote, y = 2x ; y=2x+^> 

Draw the curve. 

7. Sketch the graph of the equation 

xy(y-x)(y-2x)=i. 

Show that the y-axis meets the curve in four points at infinity, and 
that the curve approaches that axis in the way specified by the 

equation : v=\jy 3 . 

8 . Trace the graph of the equation 

xy (x 4- y) 4- x 2 +y 2 = 0. 

9. Draw the curves given by the following equations : 

(i) ,y=3.r-i+ (r _ 1) 2 ( ^ ) ; (ii) y=3^-l+ (A ._i )( 2 ,_2p- 

10. Draw the curves given by the following equations : 

(i) y=*?+^ ; (ii) y=(^-i)*+^_ 1 )S ; 

(iii) y+b—{x+a) 2 -\r 


{x+a) 2 ' 

li. Draw the curves given by the following equations : 

(i) y=* 2 +i ; (ii) ; (in) y=^~ 


~ 3 * 


12. Graph the equation y 2 =x 2 + —§• 

13. Draw the curves given by the following equations : 

(i) x(y — x) 2 = \ ; (ii) x 2 (y-x) = \ ; (iii) xy(y-x)=\. 

14. Trace the curves : 

(i) y 2 (y-x)(y + 2x) = l ; (ii) y(y-x) 2 (y + 2x) = l ; 

(iii) y(y-x)(y + 2x) 2 =l. 

15. Prove that any straight line parallel to y+x— 0 meets the 
curve x 5 +y 5 =x 2 in one point at infinity, but that y+x= 0 (the 
asymptote) meets the curve in three points at infinity, and that 
the curve appears above the asymptote at both ends. 
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16. Find the equation of the line that meets the curve x?+y h =afi 
in two points at infinity, and state how the curve appears at the ends 
of the line. Find the coordinates of the finite point in which the 
asymptote intersects the curve. 

17. Trace the variation of the shape of the hyperbola given by the 

equation (# — 2y+ \){2x+y — l) = a, 

as a assumes values from 1 down to zero. 

What is the graph of the equation 

(x — 2y + \)(2x+y —1 )=0? 

18. Factorise 2 -r 2 — .r?/ - ?/ 2 +x + 2 ?/ — 1 ; then trace in one diagram 
the graphs of the following equations : 

(i) 2x 2 — xy — y 2 -\-x + 2y — 2 = 0 ; (ii) 2x 2 -xy — y 2 +x + 2y=0 ; 

(iii) 2x 2 — xy — y 2 + x + 2y — 1 = 0 . 

19. Graph in one diagram the equations : 

(i) (x+y- 3)(2.r —3y + 4) = l ; (ii) (x+y- 3)(2a?-3?/ + 4)=0 ; 
(iii) (x+y-Z)(2x -3y + 4)= - 1. 

20. Prove that the equation 

2x 2 + 3 xy - 2 y 2 — 5 y — 3 = 0 

represents a hyperbola, taking a hyperbola to mean a curve of the 
second degree which has two real and distinct asymptotes. Draw 
the curve. 


21. Prove that the equation 

ax 2 + 2 hxy + by 2 + 2 gx + 2fy + c =0 

represents either a hyperbola or two real straight lines if A 2 >a 6 , 
the letters other than x and y denoting constants. 

22. Find how the curve given by the equations 

t 2 t 

approaches its asymptotes. Sketch in one diagram the curve and its 
asymptotes. 

23. Find the equations of the asymptotes of the following curves: 

t .... 3* 3 1 2 


(i) x=t 2 , y = 


(«- 1 ) 3 ’ 


/ * • \ V/ V V V 

<"> *=r+?’ y = T+fi ; 


..... t + \ 2 1 

(in) x=jzri> y = «~ 
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written 


HARDER CURVES. 

Tangent at Origin. Let the equation 
in the form 


of a curve be 


0 = 'M'] -\-U^-\-U^~\- • •• "b'W'n?. (A-) 

where u lf u 2 > u 3 , ... u n are homogeneous polynomials in x 
and y of the 1 st , 2 nd , 3 rd , ..., n th degrees respectively; since 
there is no constant term the origin lies on the curve. 

The equation of the tangent at the origin is u x = 0. To 
see this take a definite example, 

0 = 4x — 2y + 3a; 2 + 2 xy — y 2 + Sx s — \xy 2 + 2 y s , . (1) 

so that u x = 4x — 2 y, and the line to be considered is therefore 

4<x — 2y = 0 . ( 2 ) 


Solving equations (1) and (2) as simultaneous equations, 
we get for x the equation 

0 = 3# 2 + 3x* = 3# 2 ( 1 + x) ......(3) 


The line (2) meets the curve (1) in two coincident points 
at the origin, and is therefore the tangent; any other line 
through the origin meets the curve in only one point there. 

If equation (1) had no terms of the 2 nd degree, then the 
equation corresponding to (3) would have three roots equal 
to 0; the line (2) would therefore be an inflexional tangent. 
In general, if equation (a) contains u x and u s but not u 2 , 
the origin will be a point of inflexion, because the line 
u x = 0 will there meet the curve in three coincident 
points. 
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Suppose now that equation (a) contains no terms of the 
lirst degree; it will then be of the form 

0 = U 0 4“ ^3 T • • • “f" 'W'n.(-A- ) 


In this case every line , y = mx , through the origin will 
meet the curve there in two coincident points, because, 
obviously, when we put mx for y in (a'), x 2 will be a factor 
of the right-hand side. The origin is therefore said to be a 
double point of the curve. 

To illustrate this type take the example 

0 = ax 2 + y 2 — x z .(4) 

Here u 2 = ax 2 +y 2 , and we have three cases to consider 
according as the factors of u 2 are (i) real and different, 
(ii) real and equal, (iii) imaginary. 

Case (i). Factors of u 2 real and different: a negative, 
say a= — 1. The equation (4) becomes 

y 2 — x 2 — x 2 = 0,.(4') 

while u 2 = (y — x)(y + x). The line y — x = 0 meets the 
curve (V) in three coincident points at the origin; similarly 
the line y + x = 0 meets the curve (4') in three coincident 
points at the origin. These two lines therefore lie closer 
to the curve than any other lines through the origin; two 
branches of the curve pass through the origin, and these 
lines are the tangents, one for each branch. The curve is 
identical with Fig. 76, p. 202, if B is taken as origin ; 
y — x = 0 is the tangent at B to the branch ABC , while 
y-\-x — 0 is the tangent at B to the branch A'BC'. The 
double point is in this case a node (§ 83). 

Case (ii). Factors of u 2 real and equal: a = 0. The 
equation (4) becomes y* — x z = 0, ... .(4") 

while u 2 = y 2 . In this case the origin is a cusp (§83); 
the graph of equation (4") is Fig. 74, p. 200. 

Case (iii). Factors of n 2 imaginary: a positive, say 
a=l. The equation (4) becomes 

y 2 + x 2 — x s = 0, .(4'") 

while u 2 = y 2 +x 2 . Here the coordinates of the origin 
satisfy equation (4 /// ), but there is no other point of the 
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curve in the neighbourhood of the origin. Writing (4 ) 
in the form y 2 = x 2 ( x -l), 

we see that, except when x and y are both zero, x must be 
equal to or greater than 1 if y is to be real, so that the 
point ( 1 , 0 ) is the nearest point on the curve to the origin. 
The origin is called a conjugate point or an isolated point. 

The graph of equation (4"') resembles Fig. 75, p. 201, y 
we suppose the oval to shrink to a point at A ; it consists 
of the isolated point at A and an open branch 
where AB= 1, the point A being the origin for the graph 

of equation (4 /,/ ). _ . _ , , , 0nd 

If equation (a) contains no terms of the I s and 2 

degrees and begins with u 3 , then every line through the 

origin will meet the curve there in three coincident points; 

the origin is called a triple point, and the factors of u 3 

furnish the tangents to the three branches that pass 

through the origin. Different cases arise according to the 

nature of the factors of u 3 (real and different, repeated, 

imaginary); in §124, Ex. 4, an example of a curve with a 

triple point is given. 

The following examples show how the gradient may 
be obtained in cases to which the rules of § 102 are not 
directly applicable. 


Ex. 1. Find the gradient at any point on the graph of the equation 

.r 3 + y 3 — 3 axy = 0.(i) 

Let (A, Jc) be any point on the curve, and let the origin be shifted 
to the point by putting h + £ for and k + v for y ; equation ( 1 ) becomes 

(h + £) 3 + (k + ' n )*-3a(h + £)(k + V ) = 0 . (H) 

or (A 3 +A 3 - Zakk) + 3 (A 2 - ak) f+ 3 (A 2 - ah) v 

+ 3 (A£ 2 - a£q + tcrf) 4- £ 3 + rf = 0.(hi) 

The term (A 3 + P —3aAA) is zero, since (A, k) is on the Curve; 
equation (iii) is thus of the form of equation (a) with f, r) instead of 
x, y. Hence the tangent at the new origin is 

3 (A 2 — ak) £ + 3 (A 2 — ah) 7 ?= 0 ,.(iv) 

and therefore the gradient is 

3(A 2 -aA) alc-h 2 
~ 3 (A 2 - ah) ~ k 2 — ah' 


(v) 
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But (/*, k) is any point on the curve ; we may therefore put x for h, 
and y for k y and thus get the result, 

gradient at (.r, y)=%^^ 


ax 


In finding gradients it saves labour to write x for h and y for k in 
equation (ii) instead of in equation (v). We can then state the Rule : 

Rule. In the equation of the curve put x 4- £ for x and y 4- y for y, then 
pick out the terms of the first degree in £ and y ; if these terms are 
+ fiy, where «. and (3 will usually contain both x and y, the gradient 
at (x, y) is - a.//?. 


If /(.r, y)=x 3 4- ?/ 3 - 3axi/, then the derivative of f(x , y) when x 
is variable and y kept constant is 3.r 2 — Say; if, however, x is kept 
constant and y is variable, the derivative is Sy 2 — Sax. It will be 
seen that if the expression ol£4- fir) is formed as directed by the Rule, 
we shall have a. = Sx 2 — Say and /3 = Sy 2 - Sax. We are thus led to 
a convenient method of finding the gradient as will be shown in the 
next example. 


Ex. 2. Let /(.r, ?/) be a polynomial in x and y ; denote by f x the 
derivative of /(.r, y) when x is variable and y is kept constant, and 
by f[, the derivative of /(.r, y) when y is variable and x is kept 
constant; then the gradient jf at any point (#, y) on the graph of the 
equation /(#, y)=0 is given by the equation 

£+/»•/ = 0 or y'=- 4- 

Jy 

We shall prove the rule when f(x, y) is the polynomial 

a + bx + cy + dx 2 + exy+gy 2 + l.v 3 4- mx 2 y + nxy 2 +py 3 ;.(i) 

and it will be easily seen to hold for any polynomial. 

In (i) put x + £ for x and y + g for y ; then pick out the terms of 
the first degree in £ and rj and arrange them in the form cL^ + fiy- 
The gradient will be —a./f3. The expression (i) becomes 

a + b(x + £) + c(?/ + y)-\-d(x + £) 2 + e(x + £)(y + y)+g(y + rj) 2 
+ 1 {*+f ) 3 + m(x + £) 2 (y + y) + n (x+£)(y + yf +p(y + yf- 

The part of the first degree in £ and y is 

(b + 2 dx + ey + Six 2 4- 2 mxy 4- ny 2 ) £ 

4- (c 4- ex 4- 2 gy 4- inx 2 4- 2 nxy 4- Spy 2 ) y. 

The coefficient of £ is f' xy the coefficient of y is f y , and therefore 
tlie gradient is —f' z ^rf y . 

This rule is of very general application. Thus take 

y 2 - 2 xy — x 2 - Sx 4- 2// -5 = 0. 

Denote the polynomial by f(x y ?/); then 

f x = -2y-2.r-3, f' = 2y-2x + 2 
- 2y - 2x - 3 _ 2 1 / 4- 2.r 4- 3 
2y-2x + 2 ~~2y-2x 4-2* 


and 
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If y = f m ~\ then (,r 2 + l)?/-(.r 2 - 1) = 0. Denote this polynomial by 

X “f" 1 

f(ay) ; we then have 

Ax,y)=(x* + \)y-(x*-\), f x =2xy-2x, /'»=& +1 

, 2x — 2xij 2.27 (.r 2 4-1) - 2x(x 2 — 1) _ 4o?_ 

and y = a? + l ~ {x 2 +1 ) 2 _ (.r 2 +l) 2 * 

We have expressed the gradient in terms of x alone by putting 
for y its value (x 2 - l)/(^r 2 +1). 

Ex. 3. Find the gradient in the following cases : 

(i) y 2 +x 2 —a 2 =0 ; (ii) x 2 +4xy-y 2 - 1 =0 ; 

(iii) y 2 =2 ax + bx 2 ; (iv) o^* 2 + ZJixy + by 2 + 2 gx + 2/y + c = 0 ; 

(v) x(x 2 +y 2 ) = a(x 2 -y 2 ) ; (vi) = ; 

(vii) (x 2 4- y 2 ) 2 = £ax 2 y ; (viii) (y-x 2 ) 2 =xr>. 

Ex. 4. Find ?/ and express the result in terms of x alone in the 
following examples : 

(i) (x+2)y=x-\ ; (ii) x 2 y= 1 ; (iii) x n y = 1 ; (iv) (. 2 T 3 +1) ?/= .r ; 
(v) (l+^ 3 )?/=x 2 -l ; (vi) (1 + x)y 2 =x; (vii) (1 +x)y 2 = x*. 

Ex. 5. If y=ufv and if u, v are 'polynomials in x alone , then 

. vv! — uv' 

where v! and v' are the derivatives of u and v respectively. 

Write the equation y = u/v in the form vy — u = 0, and denote vy — u 
by y) ; then 

f(x, y) = vy-u, f x = v'y — u\ f y = v 


and 


. f x _ vl - v'y _ vv! -uv' 

y ~ 'fy v ~ v 2 


sine ey=u/v, and therefore u'-v'y = (vu'-uv')/v. 

1 v ' 

If y — ~ so that u = 1, u =0, then f = — -j. 

We have thus found a rule for obtaining the derivative of a 
quotient, and it contains also the rule for a product uv. Write uv as 

the quotient of u by - ; then 


1 , • -v‘ 

-U —U. -jr- 


U . 

y= t > /= 


= vv! + uv. 
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Ex. 6. Find y in the following cases : 

... x 2 + x+l , . ax 2 + bx + c m 

(0 3/ x 2 _ <v +i 5 ( ) ./ Ax 2 +Bx+C 9 


(iv) y = 


>/(* 2 + l)’ 


(v) y = 07 + V(^ 2 + 1 ) ; 


(iii) y=*J(* 2 +i); 

(vi) y 2 =(x + a) 2 (x+b). 


123. Orders of Small Quantities. In determining the 
shape of a curve near a given point on it, we retain some 
terms and reject others as being small in comparison with 
those retained; we are thus led to speak of different orders 
of small quantities. 

When x is small, x 2 is small in comparison with x, and x z 
is small in comparison with x 2 , because the ratio of x l to x 
and of a: 3 to x 2 is the small quantity x. The quantities 
x 2 and a 3 are called small quantities of the second and 
third orders respectively, x itself being considered as the 
standard small quantity or the small quantity of the first 
order ; ax 2 and foe 3 , where a and b are constants, are also of 
the 2 nd and 3 rd orders respectively. 

The following examples show how these notions of 
order are applied; we suppose the equation to be in the 
form 0 = u 1 + u 2 +u s +... of §122. 


Ex. 1. 0 = 2.r — 4?/ — 3-r 2 + 4.ry + 2y 2 +tf 3 ,.(i) 

The tangent at (0, 0) is 2.r-4?/=0, and this gives the first approxi¬ 
mation ?/ = i.r ; near the origin therefore y is of the 1 st order. Since 
?/ is of the first order, xy and y 2 are each of the 2 nd order, so that the 
second approximation to equation (i) is + . It i s > however, 

more convenient, as a rule, to give this approximation explicitly in 
terms of x ; we therefore write 


y = k r + i(-3^ + 4.r^ + 2 /),.(ii) 

and in the terms on the right side, in place of y put the value of 
y from the first approximation. We thus find 

y = \x +i ( - 3*r 2 + 4.r. \x +2. Ja 2 ) = \x - .(iii) 

Equation (iii) shows that near the origin the curve lies below the 

tangent. 


Ex. 2. 0=,?/-.r 2 + 3.ry + 2y 2 + ^+y 3 .(i) 

The tangent at (0, 0) is ?/=0. Near the origin y is much smaller 
than x ; it is of a higher order of smallness. The equation suggests 
v -.r 2 = 0 as the next approximation ; this makes y of the second 
order, and therefore xy of the 3 rd order, y- of the 4 th order and f of 
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the 6 th order. Hence y=x 2 is the correct approximation, and near 
the origin the curve is approximately a parabola. 

Similarly for the equation 

0 =x — ?/- 4- 3 xy + 2.r 2 + x 3 + y 3 , .00 

the approximation is x=y 2 ; when we take y to be of the first order, 
xy is of the 3 rd order, x 2 of the 4 th and x 3 of the 6 th . It depends on 
the given equation whether x or y is to be taken as the standard 
small quantity or the quantity which we call that of the first order. 


Ex. 3. 0=y-xy + 2y 2 -x 3 .(i) 

In this case the terms of the second degree contain y as a factor, 
and therefore vanish when y = 0 ; in .Example 2 (i), y is not a 
factor of the terms of the 2 nd degree. The next approximation is 
given by y-x 3 =0 ; this makes y of the 3 rd order, xy of the 4 th and y 2 
of the 6 th . 

When u x is a factor of ?/. 2 , the second approximation is derived 
from ^ + ^3 = 0 , and not from ?q + w 2 = 0. Take, for instance, 

Q—y — x— 2x 2 -f -xy +y 2 — x 3 —y 3 .(ii) 

Here — x)(y + < 2x) = Ui(y + 2x). Write equation (ii) in the form 

.. ^+y 3 =3? . W+ihin+^x ) 

y l+y + 2 a 7 ** l+y-\-2x 

Since the first approximation is y=x, the numerator of the fraction 
last written is of the 4 th order, while the denominator is nearly unity ; 
the fraction is thus of the 4 th order, and the second approximation is 
therefore ?/ - x =a.- 3 + y 3 = 2.V 3 . 

The origin is a point of inflexion. 


Ex. 4. x 3 +y 3 -3axy = 0. 

Near the origin, on the branch to which y = 0 is the tangent, 
y must be much smaller than x ; we therefore try x 3 — 3axy = 0 or 
3 a y=x 2 as the approximation. This makes y of the 2 ud order, and 
therefore the rejected term y 3 of the 6 th order, so that 3ay = x 2 gives 
the correct approximation. 

Similarly 3ax=y 2 is the approximation when = 0 is the tangent ; 
this makes the rejected term x 3 of the 6 th order when y is of the first. 


Ex. 5. y 4 — x 4 — kx 2 y = 0. 

The approximation, when y = 0 is the tangent, is 4 y=-x 2 : this 
makes the rejected term y 4 of the 8 th order. 

Corresponding to the repeated tangent x=0, the approximation is 

given by y 4 — 4x 2 y = 0 or 2 x=±y*. When y is of the first order, 
x is of the fractional order §, and the rejected term x 4 of the 6 th order. 


Ex. 6 . Show that 2y 2 +.r 3 = 0 is a first approximation to the equation 
of Example 1 when x and y are large. 1 

The equation 2y 2 +x 3 =0 gives y= ± (- J-r 3 ) 7 ; we may call y a large 
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quantity of order § when x is the standard large quantity. The 
term xy is of order **§, x 1 of order 2, y of order :j, x of order 1 ; thus 
the two terms y 2 and .r 3 are of the 3 rd order, and the rest of lower 
order. Obviously x must be negative if y is real. 


124. Curve Tracing. We shall now give some harder 
examples of curve tracing; the following general directions 
should be noted. 

The usual procedure is to select some points on the 
curves, to obtain approximations to the equation for each 
selected point and draw the corresponding elements of the 
curve, and then to join up the elements thus found. In 
joining up the elements any symmetry, axial or central, 
will be very helpful; symmetry will also lessen the labour 
of calculating approximations. It will sometimes be 
possible to find values of one variable that make the 
other imaginary, and thus to determine regions through 
which the curve does not pass; the student should look 
carefully for such regions. 

Important points to be examined are: the origin and the 
points where the curve crosses the axes, the points at 
infinity and points whose coordinates can be seen by 
inspection of the equation. If turning points can be found, 
these are very useful, but there is generally considerable 
difficulty in locating them exactly. Occasionally it will 
be necessary to solve equations, and the methods of Chapter 
XV will be useful. The determination of the gradient by 
the methods of § 122 will also be helpful in some cases. 

It should be remembered, however, that all we profess 
to give are the leading features of the curve; accurate 
determination of its details is beyond our plan. 


Ex. 1. .r 4 4- y* 4- a 2 (.r 2 - y 2 ) = 0. 

The curve is symmetrical about both axes (Fig. 106); the origin is a 
node and the tangents there are y=x and y= —x. 

Near y=x, we have 

.r 4 + V 4 .r 4 4-.r 4 , x 3 

y=x+ - 9 ? —r~\=- r +-27—;— \=x+ — 

J a 2 {y 4- x) a- (x 4- x) 

Near y— — x, we have y— —x — 

(t 


a 4 


The points (0, a), (0, - a) are on the curve. Shift the origin to 
(0, a), and the equation becomes 

0 = 2a 3 rj 4- a 2 £ 2 4- bah) 2 4- 4ar^ 3 4- 4- rf-, 
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and the shape near the new origin is given by 2a?;+ £* = 0. Near 
(0, — a) we have 2a?; = £ 2 . 

By solving the equation for y we see that the greatest value of x is 
given by the equation x 2 = ^( s J2 — l)a 2 , in which case y 2 = ^a 2 . At the 
points given by these values of x and ?/ the tangent is perpendicular 
to the #-axis. Since x- is not greater than -i( v /2 — l)a 2 the values 
of y must also be finite, and the curve is a closed curve. The curve is 
shown in Fig. 106, where a is represented by 10 divisions on each axis. 




Ex. 2. ( y-x 2 ) 2 =x 6 or y=x 2 ± f Jx^ > . 

The origin is a cusp (Fig. 107), but here both branches lie on the 
same side of the tangent y = 0 near the point of contact, and the cusp 
is called a cusp of the second kind (or a rhamphoid cusp). The lower 
branch crosses the 37 -axis at (1, 0) and has a turning point where 
37=0‘64. The curve is easily traced by plotting points (Fig. 107). 

Ex. 3. 37 s 4-y 3 — Saxy=0 .(i) 

The origin is a node (Fig. 105, p. 293), and the shape there is given 
(§ 123, Example 4 ) by 3ay= ^ and ?>ax=f . 

By § 122, Example 1, the gradient at any point (37, y) is 
(ay - x 2 )/(y 2 - ax), and is zero when ay=x 2 . If we solve equation (i) 
and the equation ay=x 2 as simultaneous equations, we shall find the 
turning points; disregarding the solution 37 = 0 , y = 0 , we find x=a if 2, 
y—alj^. as the coordinates of a turning point. The gradient is 
infinite when y 2 =ax , and by solving this equation and equation (i) 

G.A.G. U 
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jts simultaneous equations we see that the tangent at the point 
{a -J/ 4 , a $2) is perpendicular to the .r-axis. 

Since equation (i) is not altered by interchanging .r and;/, the curve 
is symmetrical about the bisector y — x of the angle AO 1 ; from this 
symmetry the coordinates of the point of contact of the tangent 
perpendicular to the .r-axis might be deduced from those of the 

turning point. . 1 

The relation of the curve to the asymptote x+y+a= 0 is discussed 

in § 121, Example 2, for the value 1 of a. 

If we seek the points in which the line ?/ + .r=A, parallel to the 
asymptote, meets the curve, we get the equation for .r, 

3 ( A + a)x 2 — 3A (A. + a)x + A 3 = 0.(ii) 

Since this equation is of the 2 nd degree, one root is infinite, as it 
should be ; the discriminant of the equation (ii) for the other two 
points of intersection is 

/) = 9A 2 (A + af - 12 A 3 (A + a) = 3A 2 (A + a)(3a- A). 


For real roots therefore we must have 3u=l A = — a, and the curve 
lies between the asymptote x-\-y=— a and the line x+y = 3a, which 

touches the loop at 

The curve is shown in Fig. 105, p. 293, for the value 1 of a. 

In equation (i) put y = tx and solve for .r ; we thus find the freedom 

equations of the curve, 3a , 3^2 

* = T+?’ ‘ /== TTF. 1 0 


and from these equations the coordinates of points may be easily 
calculated. It will be a good exercise for the student to show that, 
if P is the point given by equations (iii), the curve is traced in the 
following order. As t increases from -go to -1, P moves from 0 
along the branch OE to infinity ; as t increases from -1 to 0 , 
P returns to 0 from infinity along the branch DO ; and finally, as t 
increases from 0 to + oo, P describes the loop OABC. 

Note that the line y = tx meets the curve in two points at 0 and 
once at a point P different from 0 ; the coordinates of P are therefore 
rational functions of t. When the freedom equations can be obtained, 
they enable us to calculate easily the coordinates of points, and thus to 
draw the curve with greater accuracy. 

Ex. 4. y*-x A -4x 2 y=0 .W 

The origin is a triple point (Fig. 108), and the approximations there 
are, by Example 5 or § 123, 

4 y = -.r 2 .(ii) and 2 x= ± v /y 3 .(iii) 

This is an ordinary or keratoid cusp, or a cusp of the first kind 
(sgg Ex. 2). 

The graph of (ii) is a parabola with its vertex upwards ; the graph 
of (iii) is a semiciubicai parabola (§ 83) with the ?/-axis as the tangent 
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at the origin, which is a cusp. The triple point is thus made up of 

an ordinary point and a cusp. . . 

There are two asymptotes, and their relation to the curve is given 

by the equations 1 . . , 1 

J y=x+\— — and y=-x+\ + ^ 

To find where an asymptote crosses a curve at a finite distance from 
the origin, we solve the equations of asymptote and curve as simul¬ 
taneous equations. The asymptote y = x +1 crosses at the points 
(-0-3, 0*7) and (-1*7, -0*7), while the asymptote y =-x+l crosses 
at (0-3, 0‘7) and (1*7, -0*7) ; these numbers are approximate. 



Fig. 108 . 


The freedom equations of the curve are 

4 1 4 t 2 

x ~if^ v \ 

It is fairly obvious now how the curve goes (Fig. 108). 

Ex. 5. (x 2 +y 2 ) 2 = 4 axhy .(i) 

We suppose a~>0 ; we may note at once that y cannot be negative, 
and that the y-axis is an axis of symmetry (Fig. 109). 

The origin is a triple point, and the approximations there are 

4 ay=x 2 and y 3 — 4 ax 2 . 

Solving the equation for x 2 , we get 

x 2 = 2 ay—y 2 ± 2 y>J(a 2 — cty) .(ii) 

Equation (ii) shows that y cannot be greater than a ; therefore x 
also is finite, and the curve does not go off to infinity, as is otherwise 
obvious, since {x 2 -\-y 2 ) 2 cannot vanish for real values of x and y . 
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I rom (ii) we see that two values of x 2 are equal when y = a\ the 
two points (a, a), ( — a, a) are therefore turning points. 

I he freedom equations of the curve are 

_ 4 at , 4 at 2 

(i +ty' 



Fig. 109. 


It may be shown that the gradient ?/ is given by the equation 


y __ - .r(.r 2 + ?/ 2 ) 2y (.r 2 - ,?/ 2 ) 

V (•*“ + i/ 2 ) - ax 2 a’(a* 2 - 3/ 2 )’ 


the second fraction being obtained from the first by using equation 
(i). io find the points where the tangent is perpendicular to the 
#-axis, solve equation (i) and x(x 2 -Si/ 2 ) = 0 ; we get 

3 /3 

sjQ — _^ /» a ._ 3 M ^ J - 1._ rv a\ 


y — 1« (and also a’ = 0, y = 0). 


The curve is shown in Fig. 109. 

Ex ; 6 ‘ 0 = 2.r-4y-3.r 2 + 4.CT/ + 2y 2 + .r 3 .(i) 

This example is much harder than the previous ones. 

The curve (Fig. 110) goes through the origin and crosses the axes 

also at the points (1, 0), (2, 0), (0, 2). The shape near these points 
is given as follows : 

Near (0, 0) ; y = \x- £.r 2 . 

Near (1,0); 2t ? 2 = f. 

Near (2,0); 

Near (0,2); 

Now solve equation (i) for ?/ in terms of x ; we get 

(2. y + 2 .v - 2) 2 = (2.r - 2) 2 - 2 (a- 3 - 3.r 2 + 2.r) 

= -2(.r-l)(.r 2 -4.r + 2) 

= — 2(.r —0’6)(.r- l)(.r-34).(ii) 

where we have taken = 1 -4 in finding the factors of .r 2 -4.r+2. 
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From equation (ii) we see that y is imaginary (a) if ,f > 3 ' 4 ’ ^ 
l>x> 0 6, and is real for all other values of x. When x 3 4, 
v= -2'4 twice ; when ar=l, y = 0 twice ; when ^=0 6, y = 0'4 twice ; 
the tangents at (34, -24), (1, 0) and ((Hi, 0 4) are perpendicular to 

the .r-axis. 



The shape near (1, 0) has already been determined ; it is easy to see 
how the curve runs near (0’6, 0*4) and (3'4, —2*4), since the curve 

exists only on one side of the tangent at the point. 

For large values of .r and y we have seen in Example 6, § 123, that 

the curve approximates to the graph of 2 y 2 = —x 3 . 

The graph therefore consists of an oval and of a branch extending 

to infinity on both sides of the .r-axis. (Fig. 110.) 

Ex. 7. 0=y-x 2 + Z.vy + 2y 2 + x 3 +y 3 .(i) 

The curve (Fig. Ill) goes through the origin and meets the axes 
also at (1, 0) and (0, -1). The approximations are : 

Near (0,0), y=x 2 ; near (1, 0), »;= hid 2 ; near (0, -l),i; 2 =-3£. 

The asymptote is x-\-y—^ and the relation of curve to asymptote 
is given by 2 

y= -•*+§ + -• 

The asymptote crosses the curve at the point (§5> s 4 i) or (0’6> 0*05). 



310 ANALYTICAL GEOMETRY. [CH. XVII. 

lo get further information, find where the curve meets the line 

. 5 + 7 / = A parallel to the asymptote; the abscissae of the points of 
intersection are given by 

(^A — 2).v- — (3 A- + A + l).r + A(A +1) 2 =0.(ii) 


riii i ^ ts ^ n Igss A = 2/3, as it should have, 

lhe discriminant D of equation (ii) is 

D = (3 A 2 4- A +1) 2 - 4A(A + 1) 2 (3A - 2) 

= ~ 3 A 4 — 10 A 3 +11 A 2 + 10A +1. 



D is obviously negative for large values of A whether A is positive 
or negative. It will be found by trial that D is negative (i) if A is 
greater than 1*4, (ii) if A lies between -0*2 and -0*5, (iii) if A is 
negative and numerically greater than 41 ; these values are approxi¬ 
mate, but are sufficient to show how the curve goes. 

The curve consists of a branch extending to infinity and lying 
between the lines .?•+?/= 1'4 and x+y=-0% and of an oval lying 
between the lines x+y= -05 and .v+y= -4*1. 

By giving to A a series of values we can get a number of points, 

ana thus have a fair idea of the general course of the curve. We 
give the table : 


X 

1 

0 

-1 

-2 

-3 

-4 

-0*6 

X 

L 4 

0 . - 0 f> 

0 , - O'f) 

-0*22, -1 ■!(> 

-0 69, -1*58 

-1-5,-171 

-0-08, -0*31 


The curve is sketched in Fig. 111. 
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Trace the curves given by equations 1-30: 

1. a 2 (.v 2 — y 2 ) = x A , the Lemniscate of Gerono. 

2. a 2 (.v 2 -y 2 ) =(a* 2 + y 2 f, the Lemniscate of Bernoulli. 

3. a 2 x 2 ± b 2 y 2 = (a’ 2 +y 2 ) 2 , the Lemniscate of Booth. 

4. a 2 (x 2 +y 2 )=y i . 

5. a(y 2 -x 2 )=x(x 2 +y 2 ), the Logocyclic Curve. 

6. a,(y 2 -x 2 )=y(x 2 +y 2 ). 7. a(?/ 2 + x 2 )=x(x 2 -y 2 ). 

8. a(y 2 -Zx 2 )=x(x 2 +y 2 ), the Trisectrix of Maclaurin. 

9. a(x 2 -\-y 2 )=x(%y 2 — x 2 ). 10. (a — x)y 2 = x 3 , the Cissoid. 

11. ax 2 + by 2 =x (x 2 + y 2 ), a > 0, b > 0. 

12. ax 2 - by 2 = x(x 2 +y 2 ), ct > 0, b > 0. 

13. ay 2 = (^-^)(^ 2 +/> 

14. y 2 (#+«)=# (#-■«) (#-&), /;>«>0. 

15. y%v -a) = bx(x + c), a > 0, 6 > 0, c > 0. 

16. a 2 y 2 — b 2 x 2 = x 2 y 2 . 17. y(x-y)=x(x 2 +y 2 ). 

18. (y-2x) 2 =x 3 +y 3 . 19. a(y-x) 2 =xy 2 . 

20. x 2 (x+y)=(x 2 +y 2 ) 2 . 21. ^y(a-+y)=^ 4 + ^ 2 /+y 4 - 

22. a 2 xy = x*-y\ 23. a 2 vy = (x 2 -\-y 2 ) 2 . 

24. x(4y 2 -^ 2 )=y 4 . 25. a^+y 3 -a; 2 + 3^ + 4y 2 +y 

26. a 2 (x 2 + y 2 )=(x 2 +y 2 - ax) 2 , the Cardioid. 

27. V*y 2 ={x 2 +y 2 )(y-a) 2 . 28. ^ 4 -y 4 - 100a 2 .r 2 + 966 2 >/ 2 ==0. 

29. (y-2# 2 ) 2 =4 x'y 2 . 30. y*+rf-5y 2 -3x* + 6 = 0. 


= 0 . 


31. Prove that the curve 

&y 2 = {2x +\){±x 2 - 1) 

has a double point and two real points of inflexion, and that these 
three points are the vertices of an equilateral triangle. 

32. Trace the curve 

(x+y+l)(2x-\-y+\)+x 2 y = 0, 

and show that the curve 

(x+y+\)(ax-\-by-\-c)+x?y=zQ 

will have a double point if b = c. 
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CHAPTER XVIII. 

CANONICAL EQUATIONS OF THE CONIC SECTIONS. 

125. The Parabola and its Canonical Equation. Let a 
variable point P move so that its distance from a fixed 
point S is equal to its perpendicular distance PM from a 
fixed line ZX ; then the locus of P is a parabola of focus S 
and directrix ZX. The form of the curve is shown in 
Fig. 112. A, the middle point of the perpendicular SX 



from S to ZX, is the vertex of the curve and the line AS is 
the axis. It is clear, from the definition, that the curve is 
symmetrical about its axis. 

Let the curve be referred to AS and the perpendicular 
through A to AS as axes of x and y respectively; let AN , 
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NP be the abscissa and ordinate of any point P(x, y ) 
on the curve; then we have, as the equation of the curve, 


NP 2 = 4,AS.AN .(!) 

or y 2 = 4ax, .( 2 ) 

where AS = a. 


Proof. 

XP 2 = SP 2 — SN 2 

= PM 2 — SN 2 y since SP = PM , 

= XN 2 - SN 2 

= (AS+AN) 2 — (AN—AS) 2 ) since XA=AS y 
= 4 AS.AN .(!) 

y 2 = .( 2 ) 

Since the curve is symmetrical about its axis, the 7/-axis 
is the taDgent at the vertex; hence y 2 = 4a# is the equation 
of a parabola referred to its axis and the tangent at the 
vertex as axes of x and y , and is called the canonical 
equation of the parabola. 

Let LSL' be the double ordinate through the focus; then 

SL = XS=2AS=2a , 


or 


therefore LL' = 4a. 


LL' or 4a is the latus rectum of the parabola. 

Freedom equations of the parabola y 2 = ^ax are x = at 2 , 
y = 2at. 

Ex. 1. Find the equation of the parabola whose focus is the origin 
and whose directrix is y — .r = 2. Find also the equation of its axis, 
its latus rectum and the coordinates of its vertex. 


(i) Let P{pc , y) be any point on the parabola. 

Then the defining condition gives 

square of distance from P to origin 

=square of^distance from P to x—y-\- 2 = 0 


or 


# 2 +?/ = 


_(x-y± 2) 


whence x 2 +y 2 + 2xy- 4# + 4y- 4 = 0 

is the equation of the parabola. 
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(ii) The axis is the perpendicular from the focus (0, 0) to x — t y + 2 = 0 
or x+y = 0. 

(iii) The latus rectum = twice distance of focus from directrix 

= 2(2/ v /2) = 2 v /2. 

(iv) With the usual notation, A, the vertex, is the middle point 
of SX. 

Now X is the intersection of the axis and the directrix, that is, of 

x+y=0 and x — y + 2 = 0. 

Hence X is ( — 1, 1) ; therefore A is ( - 1/2, 1/2). 


Ex. 2. AQ , AR are chords of a parabola drawn at right angles to 
each other from the vertex A. The rectangle AQPR is completed on 
AQ, AR. Prove that the locus of P is another parabola. 

Let the given parabola be y 2 = 4a,r. 

Let Q, R be the points (ctff, 2 at x ) and (atf 2 2 , 2 at 2 ). 

Then the gradients of AQ, AR are or 

° at 2 at 2 2 t x t 2 

But AQ , AR are at right angles ; therefore t x t 2 = -4.(i) 

The coordinates of the middle point of QR are \ a(ti + t 2 ). 

Hence the coordinates (//, h) of P are such that 

h—a (tj 2 + 1./) an d k = 2 a (t x + £ 2 ), 

or h = a(t x + 1 2 ) 2 - 2 «^i ^2 .(ii) 

a nd k=2 a(t x +1 2 ) .(iii) 

Using (i) and (iii) to substitute in (ii), we get 


= ^ + or £ 2 = 4a(A — 8a). 

Writing x for h and y for k to denote a varying point P, we have 

y 2 = Aa (x — 8a) 

as the equation of the locus of P; and this represents a parabola 
whose vertex is the point (8a, 0), whose latus rectum is 4a and whose 
concavity is in the direction of the .r-axis. 


Ex. 3. Prove that the chord x + by = Aa subtends a right angle 
at the vertex of the parabola y 2 = Aax. 

If we put x + by for 4a in the equation ?/ 2 = 4a,r, we get 

y- = x (x -f by) or x 2 + bxy -y 2 = 0, 

a homogeneous equation of the second degree which represents the 
two straight lines joining the origin, or vertex, to the intersections 
of the chord and the curve. Since the sum of the coefficients of 
x 2 and y 2 is zero, these lines are perpendicular, by §42 ; so that the 
chord subtends a right angle at the vertex. 
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This artifice of making one equation homogeneous oy means of 
another is of some importance ; it enables us at once to. get _an 
equation giving the lines joining the origin to the intersections of the 

curves specified by the equations. 

EXERCISES XXXIII. 

1. Draw the parabola whose focus is the origin and whose directrix 
is 3.27-4y = 6. Find its equation, the equation of its axis, its U 
rectum and the coordinates of its vertex. 

2. Draw the parabolas whose foci and directrices are as follows ; 
find their equations, the equations of their axes, then lateia lecta, 
and the coordinates of their vertices ; 

(i) focus ; (3, 4); directrix : y = x. 


(ii) » 

(2, l) ; 

yy 

4.r —3y — 6 = 0. 

(iii) „ 

(i, i); 

yy 

Sx + 4y — 8 = 0. 

(iv) „ 

0, -i); 

yy 

4.r+3y -6 = 0. 

(v) ,, 

(0, 0); 

yy 

5.v + 12y — 13 = 


3 Show that y=x-.t 2 may be defined geometrically as the locus 
of a point which moves so that its distance from (1/2, 0) is equal to its 
distance from y = l/2. Give a geometrical definition of x-y >J. 
Sketch both curves. 

4. Find the focus and directrix of each of the parabolas 

y=x\ y =-•**, *=/> *= -y' K 

5. Refer the curve whose equation is )/=j; 2 - 4.r +1 to parallel 
axes of i and it through the point x = 2, y= - 3, and prove that it 
represents a parabola. Find its latus rectum ; and also the focus 
and directrix referred to the x and y axes. 

6. Prove that y=.r 2 , y = (x - 1 ) 2 , y=x*-2x + 2, y = x 2 + 3.r + 3 and 
y = x 2 + px 4 -q are congruent parabolas. 

7. Prove that tf = iax and tf- = \a(x + a) are congruent parabolas. 

8 . Prove that y = 2x\ y = 2.r 2 + ‘lx + 3,y = 2x 2 + px + q are congruent 
parabolas. 

9. Prove that y = ax 2 + bx+c represents the parabola whose 

vertex is ( — — — ^ ac \ r whose latus rectum is the absolute value 

of 1/a, whose axis is parallel to the y-axis, and whose concavity is 
upwards or downwards according as a is positive or negative. 

10. Find the equation of the parabola whose axis is parallel to 
the y-axis and which passes through the points (1, - 3), (2, - 4), (3, I). 

11 If ax 2 + bx+c and dx 2 + ex+f have equal values when x=x x , 
x=x 2i and x=x 3 , prove that they have equal values for all values 

of x. 
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12. Parabolas with their axes parallel to the y-axis are drawn 
through the following sets of three points; find whether their 
concavities are turned upwards or downwards : 

(i) (0, 1), (-1, 6), (2, 3); (ii) (0, 1), (-2, -5), (3, -5); 

(iii) (-1, 2), (-2, -2), (1, -8) ; (iv) (1, 0), (-1, 4), (2, 7). 

13. I ind the distance between the foci of each of the following 
pairs of parabolas : 

(i) y°~=\ax and y 2 = Ab(x+b) ; 

(ii) y 2 = 4 a(x+b) and ?/ 2 = 4 c(x+d). 

14. P is the centre of a variable circle which touches the .r-axis 
and the fixed circle, centre (0, a), radius a ; prove that the locus 
of P is a parabola. Find its latus rectum, the coordinates of its focus 
and the equation of its directrix. 

15. A variable circle passes through a fixed point A and touches a 
fixed straight line L ; and AP is the diameter of the circle through A. 

Prove that the locus of P is a parabola ; and find its focus, vertex and 
directrix. 

16. A variable point P moves so that the length of the tangent 
from P to the circle .r 2 +y 2 = 2ay is equal to the ordinate of P ; prove 
that the locus of P is a parabola. 

17. The vertex A of a variable triangle ABC is the fixed point 
(0, p ); the variable vertices Z?, C move on the a’-axis so that OBr + OC 2 
is constant, where the origin 0 is the foot of the perpendicular from 
A to BC. Prove that the locus of the circum-centre of the triangle 
is a parabola. 

18. A variable circle cuts a fixed circle at right angles and touches 
a fixed straight line. Prove that the locus of its centre is a parabola. 

. 19. A chord PQ of the parabola whose vertex is A meets the axis 
in 0. If MP y NQ are the ordinates of P and §, prove that 

AM .AN = AO 2 . 

20. Two chords PP and QQ' of a parabola intersect at a point on 
the axis ; prove that the rectangle contained by the ordinates of 
B and P is equal to the rectangle contained by the ordinates of Q 
and O'. 

21. If Pp be a focal chord of a parabola, of vertex A and focus S , 
and if AP, Ap meet the latus rectum in Q, q , prove that SQ , Sq are 
equal to the ordinates of p, P. 

22. NP is the ordinate of any point P on a parabola of vertex A. 
PM is drawn perpendicular to AP to meet the axis in M\ MQ 
perpendicular to the axis meets the parabola in Q. Prove that 

QM*-PJV*=16AS*. 

23. A parabola is described through four consecutive angular 
points of a regular hexagon. Show that the radius of the circle 
inscribed in the hexagon is equal to the latus rectum of the parabola. 
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24. If from the vertex of the parabola y 2 = \ax a p ai r of ehords be 
drawn at right angles to each other, find the equation of the 

the middle point of the chord joining the further extrei ?^ ies „ ? the 
that the locus is a parabola, and find its latus lectum 

coordinates of its vertex and focus. 

25. Prove that the locus of the middle points of a series of chords of 
a parabola drawn through its vertex is a parabola. 

26. Given the axis of a parabola and two points on the curve, 
determine the focus and directrix. 

27. A variable chord of a parabola subtends a right angle at the 
vertex. Prove that it passes through a fixed point. 

28 Find the coordinates of the middle point of the chord of the 
parabola y 2 = 4a.r whose equation is y=:c + c, and deduce the equation 
of the locus of the middle point as c varies. 

29. Prove that y = 2a/m is the locus of the middle points of the chords 
of the parabola y 2 = 4ax which have a gradient m. 

SO. Prove that y = mx + c is a tangent to the parabola y 2 = 4ax if 
c=a/m. 

126. The Ellipse. Let a variable point P move so that 
its distance SP from a fixed point S bears a constant ratio 



e , less than unity, to its distance PM from a fixed line ZX , 
then the locus of P is an ellipse of eccentricity e , focus S 
and directrix ZX, The form of the curve is shown in 

Fig. 113. 
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Let A and A' divide SX, the perpendicular from S to 
ZX, internally and externally, so that 

SA = e . AX and SA' = e.A'X; 

let C be the middle point of AA'; and let B'CB, L'SL , per¬ 
pendicular to A A', meet the curve in E, B and L', L. By 

the definition of the ellipse, SB = e.CX and SL = e.SX. 
Then 

A A' is called the major axis and BE the minor axis ; 

C is called the centre and LL' the latus rectum of the 
ellipse. 

Let AA'~2a and BE = 2b. 


Theorems. 

CS=e. CA = ea ; .(1) 

CA=e. CX or CX = a/e ;.(2) 

CS.CX = CA 2 = a 2 ; .(3) 

b 2 = a 2 ( 1-e 2 ); .(4) 

SL = b 2 /a .(5) 


Proof. (1) SA=e.AX and SA' = e . A'X ; 
therefore, by subtraction, 

SA' — SA =c(A'X — AX), that is, 2CS = 2e. CA, 
whence CS = e. CA = ea. 

(2) Also, by addition, 

$A' + >Shl = e(A'X + AX\ that is, 2 CA = 2 e.CX 
whence CA=e. CX or CX = a/e. 

(3) CS. eCX = eCA . CA , by (1) and (2); 

hence CS . CX = CA 2 = a 2 . 

(4) b 2 = CB 2 = SB 2 - CS 2 = (e. CX) 2 - CS 2 

= a 2 — a 2 e 2 , by (1) and (2), 

= a 2 (l —e 2 ). 

(5) SL = e. SX = e(CX — CS) = e(^ — ae^ = a(l —e 2 ) = b 2 /a. 
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The student will have noticed that we have not used 
"steps” in the proofs. In this respect we are following 
the customary practice of Geometrical Conics , and we shall 
continue to do so in similar cases. 


EXERCISES XXXIV. 

1. If Ca$ = 5 and CA=6, calculate e and the distances of S and C 
from the directrix. 

2. If CA=6 and CX= 7, calculate e and the distances of £ and A 
from the directrix. 

3. If a = 5 and 6 = 3, calculate e and SX. 

4. If CA=6 and e=l/2, calculate CB> SX and 

5. If CS = 4: and CX=6 , calculate CA, CB and e. 

6. If a = 5 and e = 4/5, calculate 6, CS, CA , A A. 

7. If 6 = 4 and e = 3/5, calculate a, CS , SX. 

8. If a = 5 and 6 = 3, calculate the length of the latus rectum. 

9. If the focus of an ellipse, whose eccentricity is 1/2, is 3 ins. 
from the directrix, calculate the lengths of the major and minor axes. 

10. Prove that SB = CA and that CS 1 4- CB- = CA 2 . 

11. If AS/A'S = 29/30, as in the case of the Earth’s path round the 
Sun, calculate e. 

12. If CS=CB , calculate e. 

13. Prove that AS. A'S= CB 2 . 

In the following exercises the ellipse is referred to CA and CB as 
axes of .v and y ; CN, NP are the abscissa and ordinate of a point 

P(x y y) on the curve. 

14. If a = 5, 6 = 3, SP= 4, prove that e = 4/5, NX =5, CN= 5/4, 

NP= ±3\/l5/4 and .v 2 /a 2 +y 2 /b 2 = 1. 

15. If a = 5, 6 = 3, SP= 3, prove that 07 = 5/2, ?/= =fc 3 \/3/2 and 
x 2 j a 2 + y 2 ! 6 2 = 1. 

16. If (^, y) are the coordinates of Z, prove that x 2 la 2 -fy 2 /6^ = l. 

17. If (x, y) is a point where y=x meets the ellipse, prove that 
x= ± ab/sf a 2 + 6 2 =y and x 2 /a 2 + y 2 fb 2 = 1. 

18. P is any point on an ellipse, M its projection on the directrix. 
If the bisector of the angle SPM meet SM in $, find the locus ot y. 

19. If the focus of an ellipse be the common focus of two parabolas 
whose vertices are at the ends of the major axis, these parabolas wi 
intersect in points whose distance from each other is equal to twice 

the minor axis. 



320 


ANALYTICAL GEOMETRY. 


[CH. XVIII. 


127. Canonical Equation of the Ellipse. If the ellipse, 
whose semi-major and semi-minor axes are CA=a and 
CB = b, is referred to CA and CB as axes of x and y , its 
equation, then called the canonical equation, is 

v 2 

—-L —= 1 
a 2 ‘ b 2 

Let P(x, y) be any point on the cui've (Fig. 113); let 
CN=x, NP = y. 

Then y 2 = NP 2 = SP 2 - NS 2 = e 2 . PM 2 - NS 2 

= e 2 . NX 2 - NS 2 
= e 2 (C'Z- ON) 2 - ( CS - CN ) 2 

= e 2 (^ — x y — (ae — xf, by (1) and (2) of §126, 

= (a — ex) 2 — (ae — x) 2 
= a 2 + e 2 x 2 — a 2 e 2 — x 2 
= (a 2 — x 2 ) (1 — e 2 ) 

= (a 2 - a 2 ).by (4) of § 126. 

ct 


Therefore 


or 


y 2 a l — x l _-. x 2 
b 2 “ a 2 ~ a 2 

x 2 y 2 

a 2 "^ 2 


iVofe. (1) The equation may be put in the form 

]fl NP 2 CB 2 


T _ 

d 2 — x 2 a 


or 


CA 2 -CN 2 CA 2 ’ 


or, as it is usually written, 

NP 2 


CB 2 


AN.NA' CA 2 ' 


(2) The curve is symmetrical about both axes. For the 
image of P(x, y) in A A' is (*, -?/), which lies on the 
curve; and the image of P in BB' is (— x, y ), which also 

lies on the curve. 
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(31 Every straight line drawn through C and terminated 
by the curve is bisected at C. This follows from (2). 
Such a line is called a diameter. 

(4) For any point Q(x lt y 2 ) inside the curve, 

cc^/a 2 + Vi/b 2 1. 


For if CQ meet the curve in P(x, y), x 2 < x and y x <2/ 
(numerically), so that x^+yS/b* <x 2 /a 2 +yW, and 

therefore < 1. 

(5) For any point R(x 2 , y 2 ) outside the curve, 

x 2 ! a. 2 + y 2 2 /b 2 > 1. 

If CR meet the curve in P{x, y), x 2 > x and y 2 > y 

(numerically), so that x 2 la 2 + y 2 2 /b-> x-/a~ + y /b , 
therefore > 1. 

Ex 1 Find the equation of the ellipse whose focus is the origin, 
directrix /^U^o/lnd eccentricity 1/2. Find also the coordinate. 

° f Letbe the focus, PM the perpendicular from a point P(*. y) 
on to the directrix ; then SP 2 =e 2 PM 2 


or 


.r i +y 2 =i( rr+ Jr^)’ 


which reduces to 7P + 7y 2 - 2xy - 4r - 4y -4-0. 

Let X be the foot of the perpendicular from S to d, ^ ct " j s ; 

-V But £T1T^ and Sl'jS “J/J '^ 

(1/3, 1/3). 

Ex. 2. Perpendiculars through P to PA and PA’ meet the major 
axis in M and V ; prove that MAP is equal to thedatus rectum. _ 
Let P be the point (.r„ y x ). Then gradient of PA isy,/^ a) , so 
that gradient of PM is (a - ^)M, and the equation of PM is 


. *-*-*§? (*-**>■ 


When y=0, x=-CM ; therefore C!Jf=^i + 




x-y-a 


Similarly 


CM'=x x + 


. ? /i 




Therefore MM’= CM' - CJf-8«. since x^+y.W-l. 


G. Aa G. 


X 
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EXERCISES XXXV. 


1. Find the eccentricity of the ellipse + •—= 1 

^ 25^16 

2. Find the eccentricity and the latus rectum of the ellipse 

#2/25-h y 2 /9 = 1. 

. ^he canonical equation of the ellipse whose minor axis 

is 6 and latus rectum 2 . 

4. Find the distance from the focus to the directrix of the ellipse 

4 ,2 /16-f # 2 /7 = 1. 

5. Find which of the following points are inside and which are 
outside the ellipse specified by a = 5 and 6 = 3 : 

( 2 >“3); (-4,2); (-0-3, 3-2); (3*2, 2 8 ). 

6 . Determine the points of intersection of the ellipse 

x 2 /a 2 +y 2 /b 2 = 1 , 

and the diameters formed by the bisectors of the angles formed 
by the axes. Find also the length of either diameter. 

7* Find the distance from the centre of the ellipse specified by 
a = o } 6 = 3, to either of the points on the curve whose abscissa is 2. 

8 . Establish the following formula for the length of the semi¬ 


diameter of gradient tan 0 : 


r 2 = 


1 - e 2 cos 2 0 


This is the polar equation of the ellipse, referred to C as pole and 
6/1 as initial line. r 

. diameter of gradient unity is equal to the major semi¬ 

axis, nnd the eccentricity of the ellipse. 

10. Establish the formulae : 

SP= s /\(ae-.v) 2 +f} ; 

SP=a -ex. 

viL Th r points (.r, ,/) (-.r, y ) (-X, -.?/), (.r, -?/), A , A' are the 
vertices of an equilateral hexagon inscribed in the ellipse 


prove that 


x 2 /a 2 -f- y 2 /b 2 = 1 ; 

v=s ,<* W + b 2 ) 

3a 2 + b 2 * 


12. If CA and CB are the lines 2.r-?/-fl=0 and r 4 - 9 ?/_^-o 
f^Q = 5, CD= 3, find the equation of the dlipse. J ’ 

/ 
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/i the line 4x-\- 3y+2=0, and S and A are the points 

(1, 1) and (2, 7/4), find the equation of the ellipse. 


JV? d cei . lties » an< ^ the equations and lengths of the axes 
of the following ellipses ; and sketch the curves : 




X 2 


(ll) (a + bf + {a-bf~ l ' 


(Hi) 

4 - 1-0 -i- 


(iv) (-^-.y) 2 , (■'>•+yf , 
18 ^ 8 • 


M ( 3 v + 4 y ) 2 , (4-r - %) 2 , 

' 125 + 80 =1 ' 


(vii) &B*+4y 2 -6r + 8y = 5. 

(ix) 9c: 2 + 3y 2 - 12.r+% = 2. 


fvA (£^%+l) 2 , (2.*+.y+l) 2 , 

' 30 + 7 _1 - 


(viii) 8x 2 + 45;/ 2 -8.r+60y+12 = 0. 
(x) 9a- 2 + 3^ 2 +12x + Qy = 2. 


15 Draw on squared paper the ellipse whose focus is the origin 
latus rectum“ ?/= ^ eccentlicit y */& Find its equation audits 


o^ r f' v °" squared paper the ellipse whose focus is (1, 2), directrix 

ct;dt:tes:f°it s a ce d ntr ntriCit7 1/2 ' Knd ftS e q ua tion and°^the 


«&,$■ S“ ,!L;'„rs“ e “s 

xirtTi „ P ,„ 


Y/ 

(o + 6) 2+ (a-ft)» =1. 


18. A straight line of fixed length moves so that its extremity li* 

iliS 0 «ver, poinTo” “Sfo',1 £ 

..C.::::.,:.": 


20. Circles are described on ACA\ BOB’ the 3 y P « nf or, oir 

■S3T3S.& ~ vi! 

■ffiS 35 ^^? S “p" 


^ is a point on the ellipse whose axes are AT A P'nn a 
the projection of P on the minor axis B’CB , prove Sit “ ” 18 

nF 2 : 73' w . n B=CA 2 : CIP. (, J* 


(, J* 
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22. NQ is a variable ordinate of the circle x 2 -\-t/ 2 =a?, and P is 
taken on AQ so that AP =i NQ ; prove that the locus of Pis the ellipse 


7*2 y /2 

— J—— =1 

a- a-/4 


If iVP = -. AQ , find the equation of the locus of P, and the area 
contained by the locus. 


23. AC A’ and BOB’ are straight lines of lengths 2 a and 2 b 
respectively, which bisect one another at right angles at C ; on AC A' 
are taken points Q and Q' so that CQ. CQ' = a 2 . If BQ , B'Q' cut at P, 
find the equation of the locus of P, and sketch the locus. 


24. A point P moves so that the length of the tangent from P to 
a given circle bears a constant ratio e, less than unity, to the 
perpendicular distance of P from a given tangent to the circle. 
Prove that the locus of P is an ellipse whose eccentricity is e and 
whose latus rectum is equal to the diameter of the circle. 

25. CP and CQ are two per pendicular semi-diameters of the ellipse 
x 2 /a 2 +y 2 /b' 2 =\ ; prove that 


1 


CP 2 


7 , + 


_L = I + i 

CQ- a-b' 2 


26. If the two ellipses 


x 2 if* , , 

-3+,®=1 and 
a L b l 


- 4-^-1 


have the same eccentricity, prove that aja x = blb x . If a radius vector 
CPQ meet the first in P and the second in Q, prove that CP: CQ is 
constant. (The ellipses are said to be homot/ietic or similar and 
similarly situated.) 


27. If P is a point on the ellipse .r-/a 2 + ?/ 2 /6 2 =], and CS' equal to 
CVS' is cut off from CA\ and if SP and S'P are at right angles, show 
that the ordinate of P is equal in length to SA. 

28. On CV1, CB as diameters, circles are described ; find the coordi¬ 
nates of their points of intersection with the ellipse whose semi-axes 
are CA and CB. 


29. If a tangent to the circle whose equation is 

x 2 + i/ 2 = a 2 b 2 l(a 2 + b 2 ) 

meet the ellipse .r 2 /« 2 -f t/ 2 /b 2 = 1 in P and Q, prove that PQ will 
subtend a right angle at the centre of the ellipse. 

30. Find the coordinates of the middle point of the chord of the 
el 1 ipse 2.r 2 + 'At/ 2 = 6, whose equation is x -f y = 1. 

31. Find the locus of the middle points of chords of the ellipse 
ax 2 + bt/ 2 = 1 parallel to the diameter y=mx. 

32. Find the equation of the ellipse whose focus is (1, 2), directrix 
x-\-y=\, eccentricity 1/2. Find the equation of the straight line 
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which bisects all chords parallel to the .r-axis. Draw the curve and 
the line. 

33. Prove that a pair of common chords of the circle x 2 + y 2 = a 2 — b 2 
and the ellipse x 2 fa 2 +y 2 /b 2 =l pass through the common centre. 
Find the equation of the pair. 

34. Prove that y = mx ± Va 2 m 2 + b 2 

are the tangents of gradient m to the ellipse x 2 /a 2 4- y 2 /h 2 = 1, and that the 
join of the points of contact passes through the centre. 

35. Prove that lx-f my = n is a tangent to the ellipse x 2 /a 2 + y 2 /b 2 = l if 
a 2 l 2 -f - h ,2 m 2 = n 2 . 


128. Foci of the Ellipse. If the ellipse (Fig. 113) be folded 
about the minor axis BB' so that A falls on A\ the two 
halves of the figure will be superposed. Let P fall on P', 
S on S', ZX on Z'X\ PM on P'M'. Then S'P'^e.P'M', 
so that the ellipse may be traced from S' and Z'X' as focus 
and directrix, instead of from S and ZX. The ellipse has 
thus two foci and two corresponding directrices, and the 
following theorem, which was taken in § 71 as the definition 
of an ellipse, can now be proved. 

Theorem. 

The sum of the focal distances of any point on an 
ellipse is constant and equal to the major axis; or 

SP + S'P = A A'. 

Proof. We have (Fig. 113), if GN =x , 

SP = e.PM=e.(CX-CN) = e.CX-e.CN=a-ex 9 (1) 
S'P = e.M'P = e. (X'G+GN) = e.CX + e.CN=a+ex, (2) 

because e . CX = GA =a. By addition, we now get 

SP+S'P=2a = AA'. 

The relations (1) and (2) that express the focal distances 
of a point in terms of a, e f and x , the abscissa of the point, 
are of some importance. 


EXERCISES XXXVI. 

1. A string, 10 in. long, has its extremities at fixed points 8 in. 
apart. If the string is kept tight by a moving point, find (i) the 
eccentricity, (ii) the major axis, (iii) the minor axis of the ellipse 
traced out by the moving point. 
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2. If the ellipse .r 2 /49 + ?/ 2 /16 = l is drawn by the use of a string, 
find the length of the string and the distance apart of its extremities. 

3. If S and S' are the points ( ac , 0), ( -ae, 0), and a variable point 
.P(.r, y) moves so that SP+ S'P=2a, establish directly the equations : 


.2 


(i) SP—\!(ne -+. ? / 2 , (ii) S’P=J(ae+.vf+y\ (iii) 1, 

putting b 2 for a 2 (l-e 2 ). 


4. One circle lies completely within another. If a variable circle 
move so that it touches the inner of the fixed circles externally and 
the outer internally, prove that the locus of the centre of the variable 
circle is an ellipse, having for foci the centres of the fixed circles. 

5. A variable circle, centre P, touches the fixed circles 

.r 2 +y 2 - 20*=0 and .r 2 + y 2 - 28.r +160 = 0. 

Find the equation of the ellipse which is a locus of P, and the 
eccentricity of the ellipse. 

6. A BCD is a jointed frame-work consisting of four rods AB, AC. 
DB, DC, of which the members AC and BD cross at P. If AB=CD 
and AC=BD , and if A and B are fixed, prove that the locus of P is 
an ellipse whose foci are A and B. If AB=a, AC=b, find the 
eccentricity of the ellipse. 

7. If P is a point on the ellipse, eccentricity e, and foci S and S\ 
prove that 

tan $PSS’. tan hPS’S =—. 

1 +e 

8. A is a fixed point within a fixed circle, centre B. Through A is 
described any circle, centre C, of the same radius as the fixed circle, 
and intersecting it at Q and R. If A C and QR cut at P, prove that 
the locus of P is an ellipse of foci A and B. 


129. The Hyperbola. Let a variable point P move so 
that its distance SP from a fixed point S bears a constant 
ratio e, greater than unity, to its distance PM from a fixed 
Jine ZX ; then the locus of P is a hyperbola of eccentricity 
e, focus r S and directrix ZX. The form of the curve is 
shown in Fig 114. 

Let A and A divide SX, the perpendicular from the 
focus to the directrix, internally and externally, so that 

SA =e.AX and SA' = e.A'X ; 

*et C be the middle point of si A', and let L'SL perpendi¬ 
cular to A A' meet the curve in L and L. 
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Then A A' is called the transverse axis of the hyperbola 
and is denoted by 2 a ; C is called the centre and L L the 
latus rectum of the hyperbola. 

If B'CB be perpendicular to AA\ and B'C = CB = b, where 
b 2 = a 2 (e 2 — 1), then B'B is called the conjugate axis of the 
hyperbola. 



Theorems. 

CS—e.CA=ea ; .(1) 

CA = e . CX or CX = aje ;.(2) 

CS.CX=GA 2 = a 2 ; .(3) 

SL = a(e*- 1) = ^.(4) 


Proof. (1) SA=e.AX and SA' = e.A'X ; 
therefore, by addition, 

SA+SA'=e(AX+A'X), that is, 2CS = 2e.CA, 
whence CS=e. CA = ea. 
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(2) Also, by subtraction, 

SA'- SA = e(A'X -AX), that is, 1C A = 2e. CX, 
whence CA—e. CX or CX = 

e 

(3) CS.e.CX = e.CA.CA, by (1) and (2); 

hence CS. CX = CA 2 = a?. 

(4) SL — c. SX = e(CS-CX) = e(ae -= a(e 2 - 1) = ^ 

since b 2 = a 2 (e 2 —l). 


EXERCISES XXXVII. 


1. If CS = 6 and CA = 5, calculate e and the distances of £ and C 
from the directrix. 

2. If CA = 6 and CS =7, calculate e and the distances of S and A 
from the directrix. 

3. If a = 4 and 6 = 3, calculate e and the distance from the focus to 
the directrix. 

4. If a = 3 and 6 = 4, calculate e and the distance from the focus to 
the directrix. 


5. If CA = 6 and e = 2, calculate CB, SX and SA. 

6. If CS = 6 and CX = 4, calculate CA , CB and e. 

7. If a = 5 and e=J-, calculate 6, CS, CX, AX. 

8. If 6 = 4 and e = §, calculate a, CS, SA, SX. 

9. If a = 3 and 6 = 5, calculate the length of the latus rectum. 

10. If the focus of a hyperbola, whose eccentricity is 2, is 3 in. 
from the directrix, calculate the lengths of the transverse and 
conjugate axes. 

11. Prove that AS. A , S=CB 2 and ASlA'S=(e-l)l(e+l). 

12. If e > V2, show that 6 > a. 

13. Draw on squared paper the hyperbola where CA = < 2,, CS=3. 

• 

14. If l is the semi-latus rectum of the hyperbola specified by 
CA = a, CB = b and eccentricity = e, prove that 
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In the following exercises <7A, CB are taken as axes of x and y , 
CiV, NP are the abscissa and ordinate of P(x> y ), a point on the 

hyperbola. 

15. If a = 4, 6 = 3, SP= 5, then e = 5/4, iVAT=4, CiV =36/5, 

iVP= ±6*/l4/5 and x 2 /a 2 -y 2 /b 2 = l. 

16. If a = 12, 6 = 5, £P=13, then e= 13/12, iVAT= 12, (7^=300/13, 
NP=± 10n/T 14/I3 and x 2 /a 2 —y 2 /b 2 =l. 

17. If (#, y) are the coordinates of X, prove that x 2 /a 2 -y 2 /b 2 = l. 


18. If 6 

prove that 


a and y=x meets the hyperbola in the point ( x , ?/), 


# = ± 


ab 


/ 


LCL' i 

, — =?/ and 

n /& 2 -« 2 ^ 


X 2 ?/ 2 _ 


a 


2 A2 ‘ 


130. Canonical Equation of the Hyperbola. If the hyper¬ 
bola, whose semi-axes are CA = a and CB = b, be referred 
to CA and CB as axes of x and y, its equation, then called 

the canonical equation, is 

a.2 b 2 


Let P(x, y) be any point on the curve (Fig. 114); let 
CN = x, NP = y. Then 

y* = NP 2 = SP 2 -NS 2 = e 2 . PM 2 - NS 2 

= e 2 .NX 2 -NS 2 

= e 2 (CN—CXf -(CN-CS ) 2 

= e 2 (® - - (as - ae) 2 , by (1) and (2) of §129, 


= (ex — a) 2 — (x — ae ) 2 
= e 2 # 2 + a 2 — a; 2 —- a 2 e 2 
= (x 2 -a 2 )(e 2 - 1 ) 

6 2 

= (* 2 “<* 2 ).^; 


therefore 



cc 2 t/ 2 _ 
ct 2 6 2 


or 
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Note. (1) The equation may be put in the form 


y 


b 2 


X 


2 — a? a? 


or 


NP 2 


or, as it is usually written, 

• NP 2 


CB 2 

CN 2 — CA 2 ~ CA 2 ’ 


CB 2 


AN ,A'N~CA 2 ' 

. ^ ^ e J? u . rve / s symmetrical about both axes; for the 
image o P in A A , viz. (x, — y ) t is on the curve, and the 
image of P in BB , viz (—a-, y\ i s also on the curve. 

(3) Every straight line drawn through C and terminated 
by the curve is bisected at C, such a line being called a 
diameter of the hyperbola; for if POP' is bisected at C, P' 
is he point (—x, —y), and (—x, —y) is on the curve. 

A »■% 


a \ 2 


/ \J 

(4) d 2 ~!y 2<1 for an y P oin t (*!,»!> outside both 
branches of the curve. 


o 

x n 2 


i 

/c\ ±2_ V£ 
a 2 b 2 

of the curve. 



1 for any point ( x 2 , y 2 ) inside either branch 
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1. Find the eccentricity of the hyperbola —i. 

2. Find the eccentricity and the serui-latus rectum of the hyperbola 

9 O 

f!_r , 

16 9 

3. Find the canonical equation of the hyperbola whose semi¬ 
conjugate axis is 3 and semi-latus rectum 1. 

4. I ind the distance from the focus to the directrix of the 

,.2 j .2 

hyperbola—-^=1. 

5. Find which of the following points are inside and which are not 

inside a branch of the hyperbola specified by a = 4, 6 = 3: (2. -5\ 
(-5, 2), (6, -4), (-7, -4). V h 

6. If vi < find the coordinates of the points of intersection of 
y = mx and y— — vix with the hyperbola -^ — '^=1. Discuss the case 


where m= 

a 
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7. Show that the bisectors of the angles formed by CA and CB 
meet the curve in four real and distinct points if b > a. 

8. If a = b, prove that e = s /2. 

9. Find the distance from the centre of the hyperbola specified by 
a = 4, b = 3, to the points on the curve whose abscissa is 6. 

10. Establish the following formula for the length r of the semi¬ 
diameter of gradient tan 0 : 

,. 2= _ * _ 

e 2 cos 2 0 — 1 

When is r real and finite, infinite, imaginary ? 

This is th e polar equation of the hyperbola referred to C as pole and 
CA as initial line. 


11. Establish the formulae : 

SP = s/{(ae-x) 2 +y 2 ) ; 

SP= ex — a. 


12. Find the equations and lengths of the axes, and also the co¬ 
ordinates of the centres of the following hyperbolas. Sketch the 


curves 

(i) 


9 




(iii) 3x 2 - 4 y 2 - 6x - 8y = 13 ; (iv) Sx 2 - 45 y 2 - 8x — 60y = 28 ; 


/ v \ o ~ %) 2 0/ + 2 - g ) 2 = -i . 

V ; 40 15 


(vi) 


(x-y + 1) 2 (^+y-2) 2 ^ 1 ^ 


16 


9 


13. Draw in one diagram the hyperbola x 2 /a 2 — y 2 /b 2 = 1, and the 
lines y—± bx/a. 

14. Draw in one diagram the hyperbola = - 1, and the lines 

y=± bx/a. “ b 

15. If a radius vector CP=r be drawn to meet the hyperbola 
x 2 /a 2 —y 2 /b 2 = 1 in P, and another radius vector CP'—r', perpendicular 
to CP, to meet the hyperbola y 2 /b 2 — x 2 /a 2 = 1 in P', prove that 


1 



1 _ 1 1 

r' 2 “ a 2 ~ b 2 * 


16. Draw on squared paper the hyperbola whose focus is ( — 2, 1), 
directrix x-\-y = 2, and eccentricity 2. Find the equation of the curve 
and its latus rectum. 


17. Draw on squared paper the hyperbola whose focus is the 

origin, directrix x+y = 3, and eccentricity */2. Find its equation and 
the coordinates of its centre. 
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18. Prove that the equations 

y — mx ± \/a'Yn 2 - b 2 

give the tangents of gradient m to the hyperbola x 2 /a 2 -y 2 /b 2 = l. 

19. Prove that the line lxH-my=n touches the hyperbola 

x 2 /a 2 —y 2 /b 2 = l if a 2 l 2 -b 2 m 2 =n 2 . 

131. Foci of the Hyperbola. If the hyperbola (Fig. 114) 
be folded about the conjugate axis BB' so that A falls on 
A , one branch of the figure will be superposed on the 
other. Let P fall on P\ S on S', ZX on Z'X\ PM on P'M'. 
Then S P =e.P M , so that the hyperbola may be traced 
from S' and Z X as focus and directrix instead of from S 
and ZX. The hyperbola has thus two foci and two corre¬ 
sponding directrices, and the following theorem, which was 

taken in § / 2 as the definition of a hyperbola, can now be 
proved. 


Theorem. 

The difference of the focal distances of any point on a 
hyperbola is constant and eqnal to the transverse axis; or 

SP ~ S'P = AA\ 

Proof. We have (Fig. 114), if CN=x, 

SP=e.MP = e.(CN—CX)=e.CX—e.CX=ex—a, ( 1 ) 

SP = e.M P=e. {CN+ X'C ) = e. CX + e. GX = ex + a, (2) 
because e. CX = CA = a. By subtraction, we now get 

S'P — SP = 2a = AA'. 

If P were on the other branch, the abscissa x would be 
negative, and we should have 

8P= —ex+a, .(T) S'P=-ex-a .(2') 

and SP — S'P = 2a = A A'. 

The expressions (1), (2), (1'), (2') for the focal distances 
are of some importance ; these expressions are all positive. 
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EXERCISES XXXIX. 

1. In the mechanical description of a hyperbola, §72, the ruler S K 
is 12 in. long, the distance between the fixed end of the ruler and 
the fixed end £ of the string is 10 in. and the string is 4 in. long ; 
find (i) the eccentricity, (ii) the transverse axis, (iii) the conjugate axis 
of the hyperbola described. 

O 9 

2. If the hyperbola '^--^- = 1 is mechanically described, what is 

It) J 

the distance between the fixed ends of ruler and string ? 

3 If S and S' are the points ( ae , 0), { — ne y 0), and a variable point 
P(x, y) move so that SP~S'P=2a , establish directly the equations : 

(i) SP=J{{ae-x) 2 +y 2 }: (ii) S'P=*J{(ae+x) 2 +y 2 } ; 

(iii) x 2 /a 2 -?/ 2 /b 2 = 1, putting b 2 = a 2 (e 2 - 1). 

4. One circle lies completely outside another. If a variable circle 
move so that it touches both circles externally, or both internally, 
prove that the locus of the centre of the variable circle is a hyper¬ 
bola, having for foci the centres of the fixed circles. Discuss the 
case*where the contacts are one internal and one external. 

5. A variable circle, centre P , touches the fixed circles 

x 2 y 2 — Sx -}-12 = 0 and x 2 + ?/ 2 + 8.r + 15 =0 ; 
find the equations of the hyperbolas which form the locus of P, and 
their eccentricities. 

6. Through a given point P, outside a fixed circle, centre C, is 
described anv circle of the same radius as the fixed circle. If the line 
■joining the centre of the variable circle to P meet the common chord 
of the two circles in §, prove that the locus of Q is a hyperbola whose 

foci are C and P. 

7 A parabola passes through two fixed points and has its axis in 
a given direction. Prove that the locus of its focus is a hyper- 

bola. 

8. A variable circle touches two fixed straight lines on which A 
and B are fixed points. The second tangents drawn from A, B to the 
circle meet in P. Prove that the locus of P is a hyperbola. 


132. The Asymptotes of the Hyperbola. The equation 
x 2 /ci 2 — y 2 /b 2 = 1, may be written in the form 


> . « 


The two lines 


--?=o 

a b 


(2) and ~+7 = 0 
7 a b 


( 3 ) 
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are the asymptotes of (1). For if we solve equations (1) 
and (2) or equations (1) and (3) as simultaneous equations, 
we get the anomalous equation 0 = 1, where a quadratic is 
m question. Hence (§117) the lines(2) and (3) both meet(l) 
a wo points at infinity, and may be considered tangents 
to (1) whose points of contact are at infinity. Lines (2) 
am (, ) aie shown in Fig. 114. The asymptotes have 
certain important properties which we proceed to investigate. 

Theorem 1. 


// parallels to the asymptotes of a hyperbola drawn from 

° n tke CUrve meet them at M and Nfthen 
rM. .PN is constant. 



I IG. 115. 


PK (Fig. 115) be the perpendiculars from the 

p01 i n /o'r^ T r’m 2/ ^ 0n the h yp erb °l a (!) to the asymptotes (2) 
and (3). Then ( numerically ) 


PH. PK = 



because x 2 /a 2 —y 2 /b 2 =l. 


x 2 y 2 

a 2 ~¥ a 2 b 2 

i 

a 2 + b 2 
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Now let 2o) be the angle between the asymptotes ; 
( numerically ) 

PM sin 2<o = PH and PN sin 2 co = PK; 

a 2 b 2 


then 


therefore PM . PN sin 2 2o> = PH. PK= 


a 2 +b 2 ' 


so that 

Since tan co = b/a , 


PM . PN is constant. 


sin 2co = 


2 tan co 


2 ab 


1 -f tan 2 co cC 2 -f- b 2 


Hence, 


PM. PN= - 


a 2 4- b 2 


so that the value of the constant is (a 2 + & 2 )/4 
The theorem may be stated analytically as 


Theorem 2. 

If a hyperbola , of semi-axes a and b , be referred to its 
asymptotes as axes of x and y , its constraint equation may 
be written in the fomn , 

xy = c 2 , 

and its freedom equations in the form 

, c 

x = ct, y =-> 

where c 2 = (a 2 +6 2 )/4. 

These axes are rectangular if, and only if, the asymptotes 
are at right angles to each other; in this case the hyperbola 
is called a rectangular hyperbola, or an equilateral hyperbola. 

If the axes are not the. asymptotes but lines parallel to 
the asymptotes, then, as is easily seen by changing the 
origin, the equation of the hyperbola will take the form 

axy + bx + cy + d = 0 , 

an equation which may also be written in the form 

px + q 
rx + s 
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Theorem 3. 

If PM, PN , P'M', P'N' are drawn parallel to the 
asymptotes from points, P, P' on the curve , then MN', M'N 
and PF are parallel. 

For, in Fig. 115, MN', M'N are parallel if 

CM:CM' = CN':CN, 

that is, if CM . CN= CM'. CN' ; and this is true, since P, F 
lie on the curve xy = c 2 . 

Again, parallelogram CMPN= parallelogram CM'P'N' 
since CM . CN = CM'. CN'. 

And the parallelograms CMPN , CM'P'N' are double the 

triangles NM'P , NM'P' respectively; so that the triangles 

NM P, NM P are equal, and therefore M'N is parallel 
to PP'. 


Theorem 4. 

If the chord PP' of a hyperbola meet the asymptotes in 
R, R, then RP = R'P'. 

Using the notation of Theorem 3, we see that MN', M'N , 
PP in Fig. 115 are the diagonals of parallelograms, and 
that the other diagonals form one and the same straight 
line through C. Hence the same diameter of the hyperbola 
bisects PP and MN'. But the diameter which bisects 
MN' also bisects the parallel RR: therefore PP' and RR 
have the same middle point, V, so that RP=Ii'P'. 


Theorem 5. 

The locus of the middle points of parallel chords is a 
diameter. 

The diameter which bisects PP' in Fig. 115 also bisects 

MN ';. As Pr moves parallel to itself, so does MN', and 

MN is constantly bisected by the same diameter; therefore 
so is PP' 

Theorem (Si 

The portion of a tangent intercepted between the 
asymptotes is bisected at the point of contact, and the 
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tangent forms with the asymptotes a triangle of constant 
area. 

The first part follows from each of Theorems 3 and 4. 
Take Theorem 3 and let P' (Fig. 115) move into coincidence 
with P; then M' coincides with M and N' with N ; P P' 
becomes the tangent at P, so that the tangent at P is 
parallel to MN. If the tangent meet the asymptotes at 
T, Ty then PT and PT are both equal to MN. 

Again, triangle CTT is twice the parallelogram CMPN y 
and therefore its area is constant. 

fa3. Polar Equation of a Conic. The polar equation of 
a conic with the focus as pole is often useful, and though 
we shall make little use of it in this book, we shall establish 
it here so that it may be referred to when required. 

Take S' in Fig. 113 as pole and S'X' as initial line; 
denote S'P by r and angle X'S'P by 6. Then 

S'P = e. M'P = e.X'N=e(X'S' + S'N ) = e. X'S' + e. S'N. (1) 


But e. X'S' is equal to the semi-latus rectum, which we 
shall denote by l ; also 


S'N=S'P cos NS'P = r cos {ir~ 6)— —r cos 6. 
Equation (1) now becomes 

r = l — ercos6 or r(l +e cos 6) —l, .... 


( 2 ) 


(3) 


so that the required equation is 


l 


r = 


1 + e cos 6 ’ 


(4) 


The proof holds for any conic; for the parabola e=l. 

If the initial line is not S'X\ but a line which makes 
with S'X' the angle a, then the vectorial angle 6 will not 
be X'S'P but X'S'P increased or diminished by oc; instead 
of 6 in equation (4) we shall have (6 ± a). 

The changes in equation (4) when the vectorial angle is 
not X'S'P but XyS'P, or when the focus S , instead of S' 
is pole, will be easily made. 

G.A.G, y 
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Ex. Show that the semi-latus rectum is the harmonic mean between 
the two segments S'P, S'Q of any focal chord PQ. 

Let 0 be the angle X'S'P; then (0 + tv) is the angle X'S'Q. From 
equation (4) we have 

1 _l-fecos0 1 l+ecos(0 + 7r) 

S 7 ?* l ’ &Q~ l ’ 
and therefore —L_ 4 . _L_ — 

S'P^S'Q l 

since cos (# + 7 r)= — cos 6. Hence 44) l is the harmonic mean between 
S'P and S'Q. 


EXERCISES XL. 


1. Prove that the line y=mx meets the curve .r 2 /a 2 - y 2 /b 2 =l in 
real points if m lies between b/a and - b/a. 

2. What are the asymptotes of the hyperbolas : 


(i) 4.r 2 — 9y 2 = 36 ; (ii) .r 2 -.y 2 =l; 

(i V) &x-y?_ Qg+2 .yf & 

K ’ 16 9 1 ’ w a 2 

Draw the curves and the asymptotes. 


(*-l ) 2 (y + \f 

V } 4 9 

^=- 1 ? 

b 2 


l; 


3. Prove that the conjugate hyperbola o^/a 2 - ?/ 2 / 6 2 = -1 has the 
same asymptotes as .r 2 /a 2 - < y 2 / 6 2 = +1. Show the asymptotes and both 
curves in one diagram. 


4. If the asymptotes of a hyp erbola of eccentricity e meet at an 
angle 2 o>, prove that sin to = s/e 1 - l/e, sec (o = e y and tanw = \/e 2 — 1 . 


5. If the two hyperbolas 


£:_.y 2 -i 

a 2 b 2 ~ 



have the same eccentricity, prove that a/a l = b/b 1 . If a radius vector 
meet the first in Pand the second in <J, prove that CP : CQ is constant. 
(The hyperbolas are said to be homot/ietic or similar and similarly 
situated.) 


6 . Discuss the variation of the form of the hyperbola x*/a 2 -y 2 /b 2 = k, 
as k diminishes from 1 to 0 . 


7. A rectangle is formed by drawing parallels to A A' through 
Z?, B and to BB through A> A '; prove tnat the diagonals of the 
rectangle are the asymptotes. 

8 . If the axes of x and y are at right angles, show that the 
length of each axis of the hyperbola xy = c 2 is 2c»J2. 
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9. Prove that xy + 2.r —3// = 0 represents a rectangular hyperbola. 
Find the equations of its asymptotes and the coordinates of its centre. 
Draw the curve and its asymptotes. 

10. Find the asymptotes of the hyperbola 

axy + b.v + cy + d = 0. 

11. Find the lengths of the semi-axes of the rectangular hyperbolas 

(i) xy= 1; (ii) Qxy + 4x - 9y = 7. 

12. Prove that the product of the perpendiculars from any point 
of the curve 3.r 2 + 4 xy = () on to the asymptotes of the curve is the 
constant 6/5. Find the squares of the semi-axes of the hyperbola 
represented by 3.r 2 -f- Axy = 6. 


13. Find the asymptotes and centres of the hyperbolas : 

(i) (2x —y+l)(x + # ?/ — 2) = 3 ; (ii) 3.r 2 - 4xy - 4y 2 - 5.r - Gy = 3. 

14. Find the equation of the hyperbola whose asymptotes are 
parallel to 2a’ + 3y = 0, x— 2^ = 0, whose centre is at (1, 2), and which 
passes through (5, 3). 

15. Show that the two chords of the hyperbola 

xy - 2x — 3y + 5=0 

which pass through ( 0 , 2 ) and subtend a right angle at the origin 
are inclined to the .r-axis at angles 135° and cot -1 5 . 

16. P is any point on the fixed line y=mx, A and B are the fixed 
points (Cy 0) and ( — c, 0). The line PQ subtends a right angle at each 
of the points A and B ; prove that the locus of Q is a hyperbola one 
of whose asymptotes is the ?/-axis and the other the perpendicular 
through the origin to the locus of P. Sketch the locus of Q . 

17. Prove that the equation of the tangent to 

xy = c 2 , 

at the point (x ly y x \ is x/x x +y{y x = 2 . 

18. Prove that the equation of the chord of x 7 / = c 2 whose 
extremities are {ct u c/t x ) and (ct 2 , c/e 2 ) 9 is 


- i i 


Deduce the equation of the tangent at the point t. 

i , A i P ara ;^^ 0 o ram has its sides parallel to the as} r mptotes of a 
hyperbola and the extremities of one diagonal lie on the curve • prove 
that the other diagonal passes through the centre. Deduce that the 
locus of middle points of parallel chords of a hyperbola is a diameter. 

20. A chord PQ of a hyperbola meets an asymptote in R, and M N 
are points on this asymptote such that MP*NQ are parallel to the 
other asymptote ; prove that CM—NR. 
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21. Any two points P, Q are taken on a hyperbola, centre C. 
Lines through P, Q parallel to the asymptotes meet in K. Prove 
that CK bisects PQ. 

22. E and F are fixed points on a hyperbola, P a variable point. 
PA’, PF meet an asymptote in M , N. Prove that MN is of constant 
length. By considering P at infinity on the curve, verify what the 
constant length is. 

23. Show that the tangents at the extremities of a chord of a 
hyperbola meet either asymptote in points equally distant from its 
intersection with the chord. 

24. MM' is any chord of a hyperbola and P is an extremity of the 
diameter bisecting the chord. Lines MK, PQ, M'IP are drawn 
parallel to one asymptote to meet the other in K, Q, K'. Show that 
CK. CK' = CQ 2 , where C is the centre of the hyperbola. 

25. Prove that the tangents at the vertices of a hyperbola meet 
its asymptotes on the circumference of the circle of which the line 
joining the foci is a diameter. 

26. Given one asymptote of a hyperbola, two tangents and the 
point of contact of one of them, construct the other asymptote. 

27. The tangent at a point P on a hyperbola meets the asymptotes 
in T, T' and the circum-circle of the triangle CTT' cuts the axes at 
(7.and g ; prove that the line Gg is the normal at the point P (that is, 
the perpendicular at P to the tangent). 

28. The straight line x/a+y/b=l meets the axes at A, B , and C is 
the middle point of AB. Find the equation of the hyperbola which 
passes through C and has the axes as asymptotes. If the axes are 
rectangular, find the length of either semi-axis. 

29. If r, r be focal radii of an ellipse at right angles to each other, 

prove that ^1 lj 2 /I 1J 2 

is constant, where l is the semi-latus rectum. 

30. If/,/' be two focal chords of a parabola at right angles to each 

other, prove that 111 

f + f = 2 T 

where l is the semi-latus rectum. 
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CHAPTER XIX. 



/ 

. I 


THE ELLIPSE AS THE ORTHOGONAL PROJECTION 

OF A CIRCLE. 


134. The Auxiliary Circle. We shall now consider the 

ellipse from another point of view. On the major axis 

AA'oi the ellipse x 2 /a 2 + y 2 /b 2 = 1, as diameter, describe a 

circle; its equation is „ , „ 0 

x 2 + y 2 = a 2 . 



Let NP , an ordinate of the ellipse, meet this circle in 
Q (Fig. 116). Then 


ON 2 , NP 2 
—H—— = 1 and 


a 


b 2 


CN 2 , NQ 2 , 

H— 2" = i; 


a 


a 


NP 2 NO 2 b 

TT-# or 


therefore 
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Hence the ellipse x 2 /a 2 -\-y 2 /b 2 = l may be derived from 
the circle x 2 + y 2 — a 2 by shortening each ordinate NQ of 
the circle in the ratio b : a. Or we may suppose the circle 
AQA' to be tilted round A A', out of the horizontal plane 
of the paper, till Q lies vertically over P, then the upper 
halt* AQA' of the circle will lie vertically over APAjthe 
upper half of the ellipse, and the under half of the circle 
will lie vertically below the under half of the ellipse. If 
vertical rays descend upon the circle in its tilted position, 
those which graze the circumference of the circle will mark 
the outline of the ellipse. Hence an ellipse is said to be 
the orthogonal 'projection of a circle. The circle on A A' 
as diameter is called the auxiliary circle and P, Q are called 
corresponding points. 

The angle ACQ is called the eccentric angle of P, and if 
this angle is denoted by 0 the coordinates of P are 

x = a cos 0, y = b sin 0. 


CN x 

For cos 0 = and therefore x = a cos 0,. 

a 


but 


GQ 

NQ 


NQ 


sin 0 = and 'therefore NQ = a sin 0; 


CQ 


a 


y = NP = --NQ = b sin0. 
1 a 


P is often called “ the point 0.” 

The equations x = a cos 0, y = b sin 0 
are Freedom Equations of the ellipse. 


Ex. 1. Show that the area of the ellipse is Trab. 

Compare the areas of two strips, one hounded by the .r-axis, the 
auxiliary circle and two ordinates JYQ, iV 'Q\ and the other bounded 
by the *.r-axis, the ellipse and the two corresponding ordinates NP, 
iV’P'. The line iVN' is the same for both strips, and all correspond¬ 
ing ordinates are in the ratio 6 : a, so that 

area of ellipse : area of circle = b : a. 

Therefore area of ellipse = ^ • (area of circle) = - • tt a 2 = 7r ah. 

Ex. 2. If M is the projection of P on the minor axis BB\ and if 
NP meet the circle on BB' as diameter in P\ show that MP \ MP' is 
constant and equal to a : h. Deduce the theorem that the circle on 
BB' as diameter is the orthogonal projection of the ellipse. 
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We have, from the equations of ellipse and circle, 

Ml vi CM 2 , MP'- , C'4/ 2 _ 1 

-^2- + -p *2 + fo2 L 


so that 


MP 2 MP' 2 MP 
~a 2 ~~ b 2 ’ MP' b 


By tilting the ellipse round BB' till P lies vertically over P', we 
prove the projection theorem, as we proved the corresponding theorem 
m the text on the relation of the auxiliary circle to the ellipse. 


135. The Tangent and Normal. * The normal at any point 
P on a curve is the perpendicular through P to the 
tangent to the curve at P. We now prove 


Theorem 1. 


Tangents at P and Q , corresponding points on the 
ellipse and the auxiliary circle , meet on the major axis at 

apcnnt T such that (Jfif OT _(7/1 % 


where N is the projection of P or Q on the major axis 
(Fig. 116). 

Let QQ\ a secant of the circle, meet A A' in T\ Now 
tilt the circle, and the secant with it, round T'AA' till the 
circle projects into the ellipse; T'QQ' then projects into 
T'PP\ the corresponding secant of the ellipse. Let T 
move along the major axis so that T'QQ' turns round Q , 
bringing Q' finally into coincidence with Q; T will reach 
some point, T say, on the axis A A/. Since P, Q and P, Q 
are pairs of corresponding points, P' will come into coinci¬ 
dence with P when Qj comes into coincidence with Q. 
Hence the tangents at P and Q to the ellipse and the circle 
will meet at T. 

From the similar triangles CNQ , CQT, we now have 


ON :CQ = GQ : CT 


or 


CN.CT=CQ 2 = CA 2 . 


In the same way, by making use of the circle on BB' as 
diameter (§ 134, Ex. 2), we deduce 
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Theorem 2. 

The tangents at P and Q, corresponding points on the 
ellipse and tlte circle on BB' as diameter , meet the minor 
ax is at a point t such that 

Cn . Ct = CB\ 

where n is the projection of P or Q on the minor axis. 

From Theorems 1 and 2 we readily deduce the equations 

of the tangent and normal at any point P(acos0, bsinO) 

on the ellipse x 2 /a 2 + y 2 /b 2 = l. 

Let the tangent (Fig. 116) meet the major and minor 

axes in T and t respectively ; 

fi pt CA * a rt cw - h 

then CT = w = — e > 

and therefore the equation of the tangent is (§ 32, (4)) 

JL+V= i .(l) 

CT^Ct v ’ 

xcos 0 , y sin 0 , /q\ 

or 1-v— = 1. \ A ) 

a b 

If P is the point (x v y x ), then CT=ct?lx v Ct = b 2 ly x , and 
equation (1) becomes 

.(3) 

a - b- 

The normal at P is the perpendicular to the line (2) 
through the point (a cos 0, b sin 0); the equation of the 
normal is therefore 

(a —aeosfl^-Oj-fcsin^J^ 0 
or = a 2 -b 2 .(4) 

cos 0 sin 0 

The equation of the normal at (x v y x ) is 

* _ = _ b=. .,.,<5) 
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Ex. 1. Show that the condition that the line 

‘ a Ix+my—n . 

should be a tangent to the ellipse x 2 /a 2 +y 2 lb 2 =l is 

l 2 a 2 -f m 2 b 2 = n 2 . 

Equation (i) must, if the line touch the ellipse at the point 
equivalent to equation (2) above. Hence 

l cos 0 m sin 6 

—-> — 1 ) .. 

nano 



0 , be 



and therefore a 2 l 2 + b 2 m 2 = n 2 (cos 2 0 4- sin 2 6) — n 2 . 

The point of contact is given by equations (ii). 

Otherwise. Express the condition that the equations of the line 
and the ellipse, regarded as simultaneous equations, should have a 
repeated solution. The equation for x is 

(l 2 a 2 + m 2 b 2 )x 2 — 2 nla 2 x + a 2 ( n 2 — m 2 b 2 ) = 0 , 

and the condition for equal roots is 

n 2 l 2 a* = a 2 (l 2 a 2 + m 2 b 2 )(n 2 - m 2 b 2 ) 
or l 2 a 2 4- m 2 b 2 = n 2 . 


Ex. 2. If SY , S'Y' are the perpendiculars from the foci on the 
tangent FT at P, show that 

SY.S'Y' = CB 2 . 

S is the point (ea, 0) and S' the point (-e«, 0 ) (Fig 116) ; form the 
expressions (§30) for the lengths of the perpendiculars on the line 
given by equation ( 2 ) of the text, which may be written in the form 

bx cos 6 +ay sin 0 — ah = 0 , 

and we get 

rv-rr c, tt, eab cos 0 — ab * -eab cos 0-ab 

Y ' J(b 2 cos 2 6+a 2 sin 2 6) * s/{b 2 c os 2 6 + a 2 sin 2 6) 

_ q 2 6 2 (l — e 2 cos 2 0 ) 

~~ b 2 cos 2 0 4- a 2 si n 2 0 

But e 2 a 2 = a 2 — b 2 , and the numerator becomes 

b 2 (a 2 - a 2 cos 2 0 + b 2 cos 2 0) = b 2 (a 2 si n 2 0 + 6 2 cos 2 ^), 
and therefore S Y. *S r Y' = b 2 . 


Ex. 3 . If p is the perpendicular from the centre C on the tangent 
PT at P, show that p = ab /j( a z s i n 2 e + b 2 cos 2 &). 

C is the point (0, 0 ) ; the required perpendicular p is therefore the 
numerical value of - ab/Jib 2 cos. 2 0+a 2 sin 1 6). 

Ex. 4 . R is the point of intersection of the normals at the points 
Pand Q on the ellipse x 2 la 2 +y 2 /b 2 = 1, and the line joining the centre 
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C to R bisects PQ ; show that the tangents at P and Q intersect at 
right angles. 

Let 0, $ be the eccentric angles of the points P , Q. 

Then the equations of Pit, QR, the normals at P and Q , are 


ax 


by 


= a 2 — b 2 and 


ax 


by 


or 


/-»— • r\ — w/ v/ uiivi i • j 

cos 9 sin 9 cos 9 sin 9 

Hence, by § 38, the equation of CR is 

ax by _ ax _ by 
cos 9 sin 8 cos c/> sin c^> 

ax (cos c/> - cos 9) _ by{ sin — sin 9) 
cos 6 cos (j) sin 0 sin</> 


= a 2 — b 2 . 


which reduces to 


But CR passes through the point j|(cos 0 + cos<£), ^(sin 0 + sin <f>)\ 
since this is the middle point of PQ. 

Therefore « 2 (cos^ - co»« 6) = &W <J> - 

cos 6 cos 9 sin 8 sin 9 

b cos 0 b cos <f> _ ^ 

a sin 6 a sin (f> 

Now the equation of the tangent at P is 

x cos 0 , y sin 0 _ n 

1 T — A, 

a 6 

so that the gradient of the tangent is -6 cos 0 /a sin# ; and similarly 
the gradient of the tangent at Q is - b cos <f>la sin </>. 

But we have shown that the product of these is — 1. 

Hence the theorem is proved. 


EXERCISES XLI. 

§ 

1 . If x = a cos 8, y = b sin 8 , prove that x 2 /a 2 +y 2 /b 2 = 1 . 

2. Find the eccentric angle of the point (4, —1*2) on the ellipse 
a?*/25+y 2 /4=l. 

3. Prove that the eccentric angles of the extremities of the latera 
recta of the ellipse x 2 /a 2 +y 2 /b 2 = l are given by the equation 

tan 8= ± b/ae. 

4. Find the abscissae and ordinates of the points on the ellipse 
xP/d 2 + y 2 /b 2 = 1 whose eccentric angles are 30°, 45°, 60°. 

5. Prove that the eccentric angles of the extremities of a diameter 

differ by 7r. 

6 . Prove that, with the usual notation, 

SP=a(\ — ccos 8) aj)d ^^=^(1 + ccos 9). 
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7. If M is the point on the auxiliary circle corresponding to Z, an 
extremity of the latus rectum, prove that SM=CB. 

8 If Z\ Q , points on an ellipse, whose eccentric angles are 0, </>, 
correspond to the points p, q on the auxiliary circle, prove that the 

equations of PQ and pq are 


— cos £(0+ </>)+^ sin -^(0 + </>) — cos ^(0 <£)> 


~ cos i(04- </>) sin ^(0 + </>) — cos 4(0 < / > )* 

CL ~ & 

Deduce (i) that P$, p? intersect on the major axis, (ii) the equation 
of the tangent at the point 0 . 

9 If P and 0 are corresponding points on the ellipse z 2 /a 2 + y 2 \b 2 ;= 1 
and its auxiliary circle, and m is the gradient of CP , find the gradient 

of CQ. 

10 If Pi Q are corresponding points on the ellipse .ir / a 2 +y 2 Jb 2 — 1 
and its auxiliary circle, and m is the gradient of the tangent at l to 
the ellipse, find the gradient of the tangent at Q to the circle. 

11. If .r, is the abscissa and 9 the eccentric angle of P , prove that, 
with the usual notation, 

CT= a 2 jx x = a/cos 0, and NT= (a 2 = a sin 2 0/cos 0. 


NT is called the subtangent. 

12. If 0 is the eccentric angle of P, prove that the gradient of the 
tangent PT is - b cos 0/a sin 0. 

13. Prove that the equation of the tangent at the point (.i \, y Y ) on 
the ellipse x 2 /a 2 +y 2 lb 2 —l is 

*i W\ _ -i 

a 2 + b 2 “ ’ 


by using the equation of the tangent at the corresponding point on 
the auxiliary circle. 

14. If CD is the semi-diameter parallel to PT , the tangent at the 
point 6, prove that D is the point <9 + | or (-asin d, b cos 6), and that 

CP 2 + CD 2 = a- + 6 2 . 

15. Prove that the circle on the subtangent NT as diameter cuts 
the auxiliary circle orthogonally. 

16. The tangent at P meets the major axis in T; AP and A'P 
meet the perpendicular to A A! through T in Q and O' respectively ; 
prove that QQ' is bisected at T. 

17. If F is the projection of the centre C on a variable tangent at 
P to* the ellipse x 2 /a 2 +y 2 lb 2 =l, prove that the maximum value of PF 

is a — b. 
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18. Find the condition that lx-\-my= 1 may be a tangent to the 
ellipse x 2 /a 2 +g 2 /b 2 = 1 . 

19. A variable circle of the same radius as the circle 

x 2 + ?/ 2 4- Sx = 84 

passes through the point (4, 0); prove that the common chord of the 
circles touches the ellipse x 2 ) 25+y 2 /9 = l. 

20. Prove that the equations of the tangents to the ellipse 

x 2 /a 2 +?/ 2 /b 2 = 1 

of gradient m are ?, = ?nx ± Pm 2 -j- b 2 . 

21. If A A , BB are the principal axes of an ellipse and A A' 2 = '2.BB' 2 , 
show that the sum of the squares of the perpendiculars from i?, B' on 
any tangent to the curve is constant. 

22. Find the eccentric angle of Q if the tangent at Q is perpen¬ 
dicular to the tangent at 1\ whose eccentric angle is and prove 
that the locus of intersection of the tangents at l\ Q is the circle, 
called the director-circle, whose equation is" 

x 1 +y 2 =a 1 +b 2 . 

23. Prove that the product of the distances of a chord of an ellipse 
from the two tangents parallel to it is the difference between the 
square of the semi-axis minor and the product of the perpendiculars 
on the chord from the foci. 

24. 1 lie tangent and normal at a point P on an ellipse meet the 
minor axis in t and g ; prove that tg subtends a right angle at each of 
the foci. 


25. Any tangent to the ellipse .r 2 /a 3 4 -y 2 /& 3 =l/(cr-f b) meets the 
ellipse x 2 /a 2 + t/ 2 /b 2 =\ in two points, the normals at which are 
equidistant from the centre. 

26. Find the condition that l,v+wt/ = n may be a normal to the 
el 1 i pse x 2 /a 2 A-?/ 2 /b 2 = 1 . 

27. If from any point on an ellipse perpendiculars are drawn to the 
axes, show that the line joining the feet of these perpendiculars is 
always normal to a (ixed concentric ellipse. 

28. Show that, if the normal to an ellipse meets the minor axis 
in g and S is a focus, Sg = e . Pg. 

29. If Pl v be a diameter of the ellipse x 2 /a 2 Ag~/b 2 = 1 , prove that the 
locus of the intersection of the normal at P with the ordinate at l y is 

g+_ =1 

30. P is the point on the ellipse x 2 /a 2 -\-g 2 /Ir = I whose coordinates 
are «^/ n / c / 4 -/>, iP/^a + b ; find (i) the length of the perpendicular CQ 
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let fall from the centre C on the tangent at P, (ii) the length IQ, 
(iii) the equation of the normal at P, (iv) the coordinates of the point 
where the normal meets the curve again. 

31. If ST, S'Y' are the perpendiculars from the foci of an ellipse 
on the tangent at P, and if the normal at P meets the major axis 
in G, prove that 

_L + _J_i. 

SY 2 ^ S’Y’ 2 PG 2 

is constant. 

32. If the chords joining the pairs of points a, ft and y, 8 respectively 
meet the major axis in two points equidistant from the centre, prove that 

A g 

tan ^ tan P tan ? tan - = 1. 

33. Find the equation of the ellipse, whose semi-axes are a, b , 
referred to A 'A and the tangent at A' as axes of x and y. By 
considering the limiting form of the equation as e lends towards 1, 
while S', A' remain fixed, show that the parabola is a limiting form 
of the ellipse. 

34. If 6 , (f> are the eccentric angles of the extremities of a chord 
through the focus, prove that 

0 — <f> O + fy 

cos - = e . cos —r— 

2 2 

35. PSQ , PS'R are two focal chords of an ellipse and the eccentric 

angles of the points Q and R are <f> v and <£ 2 - Show that tan ^ : tan ~ 
is a constant ratio for all positions of P. 

36. If PQ, PR are focal chords of an ellipse and 2a, 2ft , 2y are the 
eccentric angles of P, Q , R, prove that 

tan 2 a tan ft tan y = 1. 

37 . If P, Q are the points ft <£ on the ellipse x 2 /a 2 +y 2 /b 2 = 1 such 
that SP, S'Q are parallel and in the same direction, prove (1) that 
e = sin £(<£-0)/sin £(</> + #), (2) that PQ touches the ellipse 

.r 2 /a 4 -f -y 2 /b* = 1 /a 2 , 

and (3) that the tangents at P, Q intersect on the auxiliary circle. 

38. P, P are corresponding points on the ellipse arJo 2 +y 2 lb 2 = \ 
and its auxiliary circle. If CP meets the normal at P in Q , find the 
equation of the locus of Q. 


136. Conjugate Diameters. Consider a diameter Q'CQ of 
the auxiliary circle. It bisects all chords of the circle 
perpendicular to it, and these form a system of parallel 
chords of the circle. Now turn the circle, and the system 
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of parallel chords along with it, about A A' till the circle 
projects into the ellipse; the system of chords of the 
circle will project into a corresponding system of parallel 
chords of the ellipse, and the tangents at Q and Q', which 
are parallel to the chords of the circle, will project into 



Fig. 117. 


the tangents at P and P' on the ellipse, which will be 
parallel to the chords of the ellipse. Since the middle 

Jy/vwu th ?i ?, hords o£ the circle lie on the straight line 
y cy, the middle points of the chords of the ellipse will 

ie on the straight line P'CP. Hence we have (Fig. 117) 

Theorem 3. 


The locus of the middle points of a system of parallel 
chords of an ellipse is a diameter of the ellipse, and the 
tangents to the ellipse at the ends of the diameter are 

parallel to the chords bisected by the diameter 

Again, suppose Q'GQ and R'Cli in Fig. 118 to be two 
■perpendicular diameters of the auxiliary circle. Each of 
these bisects chords parallel to the other; therefore they 
project into diameters P'CP and 1)‘CD of the ellipse, each 
01 which bisects chords of the ellipse parallel to the other, 
buch diameters arc called conjugate diameters, and we have 
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Theorem 4. 

If chords of an ellipse parallel to a diameter D'CD 
are bisected by the diameter P'CP , then chords parallel 
to the diameter P'CP are bisected by the diameter D'CD. 

If the angle ACQ = 6, then the angle ACR = 6 + 7r/2 and 
the angle ACR' = 0 —7t/2; therefore if P is the point 0, 
D will be the point 0+7t/2 and D' the point 0 — 7t/2. We 
now prove 

Theorem 5. 

If CP and CD are conjugate semi-diameters , 

CP 2 + CD 2 = CA 2 + CB 2 . 



P is the point (a cos 6, b sin 6) in Fig. 118 and D the 
point ( —asind, b cos 0), because cos(0 + tt/2)= — sin 6 and 
sin(0 + 7r/2) = cos 0. Therefore 

CP 2 = a 2 cos 2 0 + sin 2 (9, <7D 2 = a 2 sin 2 0+ b 2 cos 2 0 
and CP 2 + CD 2 = a 2 (cos 2 6 +sin 2 0) + b 2 (sin 2 Q +cos 2 0) = a 2 + b 2 . 
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Theorem 6. 

If CP, CD are cow jugate semi-diameters and p is the 
perpendicular from the centre C on the tangent at P, then 

p. CD — ab. 

Since CD = J(a 2 sin 2 0 + 6 2 cos 2 0), this theorem is proved in 
§ 135, Ex. 3. 

The tangents at the ends of a pair of conjugate diameters, 
PCP' and DCD', form a parallelogram (Fig. 117), called 
the conjugate parallelogram; Theorem 6 shows that the 
area of this parallelogram is constant, and equal to 4 ab. 

Theorem 7. 

If CP, CD are conjugate semi-diameters, then 

CD 2 = SP . S'P. 

Let P be the point 6 ; then, § 128, 

SP = a — e(x of P) = a — ea cos 6, S'P = a + ea cos 6, 
so that SP . S'P = a 2 — e 2 a 2 cos 2 6 = a 2 — (a 2 — b 2 ) cos 2 Q, 

and therefore SP . S'P = a 2 sin 2 0 + b 2 cos 2 @ = CD 2 . 

Theorem 8. 

If the semi-diameter CP of an ellipse bisect the chord 
QQ' at V, then the tangents at Q and Q' meet at a point T 
on CP produced, such that 

CV.CT=CP 2 . 

Suppose the figure (Fig. 119) projected from the corre¬ 
sponding figure for a circle, and use small letters to denote 
corresponding points on the circle. Then qq is perpen¬ 
dicular to Cp, and the tangents at q and q meet on Cp 
produced at t, so that 

Cv . Ct = Cq 2 = Cp 2 or Cv : Cp = Cp :Ct 

But the ratios Cv : Cp and Cp : Ct are not altered by 
projection, since C, v, p, t lie on the same straight line; 
therefore (Fig. 119) 

CV:CP = CP:CT or CV.CT=CP\ 
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Theorem 9. 

If P'CP , D'CD are two conjugate diameters of an ellipse 
and V the middle point of any chord QQ' parallel to 

CD, then ynt : p-y. VP = CP 2 : CP 2 . 



Projecting from the corresponding figure for a circle and 
using the same notation as in Theorem 8, we have (Fig. 119), 
since d'Cd and q'vq are perpendicular to p'Cp, 

vq 2 : Cd 2 —p'v. vp : Cp 2 , 

because vq 2 =p'v. vp and Cd 2 = Cp 2 . But the ratios vq : Cd, 
p'v : Cp and vp : Cp are not altered by projection, because 
vq and Cd are on parallel lines and p, v, C, p are on the 
same straight line; therefore (Fig. 119) 

VQ 2 :CD 2 = P'V. VP: CP 2 
or VQ 2 :P'V. VP = CL 2 :CP 2 \ 


Since P'V. VP= CP 2 — CV 2 , we may put the result in 


the form 


CV 2 VQ 2 
CP 2 + CD 2 ’ 


and, taking P'CP, D'CD as oblique axes , CV=x, VQ = y , 
CP = a', CD = b', we get the equation 

; , - ' a' 2 ^b' 2 ~ 9 

which is the equation of the ellipse referred to two conjugate 

G.A.G. z 
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diameters as axes. It is easy to show, by Theorem 8, that 
the equation of the tangent at the point (x lt yf) is 


^ . M-i 
a' 2 1 6 /2 ‘ 



Gradients of Conjugate Diameters. If m, m are the 
gradients of the conjugate diameters P'CP , D'CD of the 
ellipse x 2 /a 2 + y 2 /b 2 = 1, then 

mm = .(3) 


a- 


If P is the point 0, then D is the point 0 + 7t/2; the 
coordinates of P are a cos 0, b sin 0, and those of D are 
— a sin 0, b cos 0. Hence 

b sin 0 , b cos 0 , b 2 

m = - m =- .—mm = — 

a cos 0 — a sin 0 a z 


Ex. 1. If the tangent at P on an ellipse meets the directrix in Z , 
prove that the angle PSZ is a right an^le. 

Let the tangent at P(a cos 0, 6 sin 0)he 

- cos 0+^sin 0 = 1.(i) 

a b 

The abscissa of Z is CX or a/e ; therefore, putting a/e for x in (i), 
we find for ?/, the ordinate of Z, the value 

(e - cos 0)6 
e sin 0 

Hence the gradient of SZ is 

(c-cos 0)6 . (1 -e 2 )a b (e- cos 0) 

csin0 * e ° r «(1 — e~) sin 0* 

But the gradient of SP is bsin O an( j therefore the product of 

a (cos 0 — e) 

the gradients of SZ and SP is - 1, since 6 2 = a 2 (l -e 2 ). 

See also § 137, Theorem 2. 

Ex. 2. The perpendicular from *$, the focus of an ellipse, to a chord 
of the ellipse, meets the directrix ZX where the diameter bisecting 
the chord meets it. 

Lot the diameter meet the parallel focal chord QQ' in T, the curve 
in P and the directrix in T. Then, by Ex. 1 and Th. 8, TS is the 
perpendicular to QQ\ and therefore to the given chord. This proves 
the proposition. 






§136] GRADIENTS OF CONJUGATE DIAMETERS. 355 

Ex. 3. To construct a pair of conjugate diameters of a given ellipse 
which shall contain a given angle a, and to find when the angle is a 

minimum. , \ 

Using the notation of Example 2, we see that angle CTS is — a j, 

hence T is found by describing on CS a segment of a circle containing 
an angle (J - a). CT is one of the diameters, the other is the 

neroendicular from C to TS* . 

P There are two positions of T \ when they coincide the angle a is a 

minimum and the conjugate diameters are equal. It may be venhed 
that then tan £a=V(l - e 2 ). 


EXERCISES XLII. 


1. Find the gradient of the diameter conjugate to y = x. 

% A diameter of the ellipse * 2 /25+y 2 /9 = l is parallel to the line 
2 #+7?/ — 5=0 ; find the equation of the conjugate diameter. 

3. Find the equation of the line joining the centre of the ellipse 
5 ^ 2 _|_* 3 ? y 2 = i 5 to the middle point of the chord whose equation is 

x-Vy— 1. 


4. Establish the identity 

(SP- CA) 2 +(CA - SD) 2 = CS 2 , 

following the usual notation. 

5 If the diameter through a point P on an ellipse bisects the 
chord which is normal at Q, prove that the diameter through Q bisects 
the chord which is normal at P. 


6 PQ is a chord of an ellipse normal at P , CZ the perpendicular 
from the centre C on the tangent at P, and UZ) thei semi-diameter 
conjugate to CP. Prove that PQ : 2 CD— CA . CB : CD +1Z . 

7 If CP CQ bisect chords parallel to the bisectors of the angles 
between the x- and y- axes, prove that the product of the gradients of 

CP and CQ is - 6 4 /a 4 . 


8. Prove that the axes form the only pair of conjugate diameters 
at right angles to each other. 

9 If PF, a diameter of an ellipse, subtend a right angle at the 
point R on the ellipse, prove that the axes are parallel to RP, RF. 

10. Prove that the diameters of the ellipse x 2 la 2 +y 2 lb 2 = 1, whose 
gradients are b]a, - bja , are equi-conjugate diameters. 


11 If a diameter of an ellipse subtends a right angle at the ends of 
its conjugate, show that the length of the diameter is determined, and 
find the coordinates of its ends referred to the principal diameters 


as axes. 
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12. Show how to construct a pair of conjugate diameters when the 
angle between them is given, and prove that when the angle between 
a pair of conjugate diameters is a minimum, the inclination of one of 
them to the major axis is tan -1 ^! — e-). 

13. If Cl\ CD are conjugate semi-diameters and the tangents at 
P and D meet in 7*, find the locus of the middle point of PD. and also 
the locus of T. 


14. An ellipse passes through the six points (2, 3), (3, 2), (3, 1), 
0> 3 )> 0> 2), (2, 1) ; prove that its canonical equation is £ 2 + 3^ 2 -2 = 0. 
Find the coordinates of the centre and the equations of the diameters 
which bisect chords parallel to the x- and ^-axes. 

15. If the normal at P meet the major and minor axes at G , a, 
prove that with the usual notation 


(1) NG : CN=PG : Pg = BC 2 : AC'\ 

(2) Sg : CD = CS : CB. 

16. Find the equation of the chord of the ellipse x 2 /a 2 + i/ 2 lb 2 = 1, 
whose middle point is (x u y x ). 

.yi' ^he coordinates of the middle point of the chord of the 

elapse x 2 la 2 +y 2 /b 2 = 1, whose equation is g = 7 nx + c. 

18. A Lingent to the ellipse x 2 ja 2 + y 2 lb 2 = 1, whose centre is C. 
meets the director circle .r 2 +/=a 2 + 6 2 'in Q and Q' ; prove that CQ 
and C(/ are conjugate diameters of the ellipse. 

19. The locus of the centres of all ellipses which touch two given 
s i.light lines at given points is a straight line. 

. ^ le norn ^l at P to an ellipse meets the line joining the centre 
o le corresponding point on the auxiliary circle in Q ; prove that 

PQ = CD. 

21. The perpendicular through £ to CP meets the directrix where 
the conjugate diameter of CP meets it. 


22. Pi'ove that one pair of conjugate diameters of an ellipse is 
harmonically conjugate with respect to the axes, and that these 
diameters are equal as well as conjugate. 
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CHAPTER XX. 

geometrical discussion of secants, tangents 

AND NORMALS OF A CONIC. 

137 The General Conic. Some properties of the conic are 
most simply found by geometry, especially those relating 
to foci, tangents and normals. The following account of 
them will serve to make the student better acquainted 
with the curves, before proceeding to examine their pro¬ 
perties further by analysis. 


M 


- 

7n\ 

--N 


c x 



Fig. 120. 


Theorem 1. 

If a secant PQ of a conic, whose focus is S meet the 
directrix ZX in Z', then Z'S bisects the angle PSQ exter- 

nally or internally . 
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Proof. Let PM, QN (Figs. 120, 121) be perpendiculars 
to the directrix ZX ; join SP , SQ, SZ\ and produce QS, if 
necessary, to R. 

Then Z 'P PM e . PM _ SP 

Z'Q-QN~e.QN-SQ ’ 

therefore Z ' cuts the base PQ of triangle PSQ externally 
(Fig. 121) or internally (Fig. 120) in the same ratio as the 



Fig. 121. 


sides SP , SQ, so that Z'S bisects the angle PSQ externally 
or internally. 

Theorem 2. 

If the tangent at P on a conic , whose focus is S , meet 
the directrix ZX in Z , PZ subtends a right angle at the 
focus S. 

Proof Let the secant PQ in Fig. 121 cut the curve 
again in Q and the directrix in Z\ and let the line PZ ' 
turn about P till Q coincides with P; at this moment 
1*Z takes the position of PZ, the tangent at P. When 
() is all but at P, RSP is all but two right angles, so 
that ZSP , being half of RSP , is all but one right angle. 
Therefore the angle ZSP is exactly one right angle. 
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EXERCISES XLIII. 

1 Show how to draw the tangent at P on a conic whose focus 
and directrix are given. 

2. If PSQ is a focal chord of a conic, the tangents at P, Q meet on 
the directrix. 

3. Show how to draw tangents to a conic from a point on the 
directrix. 

4 Th focal c hord PSQ of a conic meets the directrix in It; prove 
that "PQts divided internally and externally in the same ratio at S 

and R- 


5. If SL is the semi-latus rectum, prove that 


SL 


SP^SQ 


where P, Q are the extremities of any focal chord. 

fi PSQ PSQ ' are two focal chords of a conic. Prove that the 

«£ fSta- joining P, «, P. V jj P"™ >" **» “ tte 

directrix which subtend a right angle at the focus. 

7 PQ is a fixed focal chord of a conic and R is a varmhle point on 
the conic! BP and RQ meet the directrix in U and V ; show that 

US V is a right angle and that X U. A \ — Ao . 

8. PQ is a double ordinate of a conic, and the line 
the foot of the directrix, cuts the curve in P . Show that P Q pas 

through the focus. 

9 PSQ, a focal chord of a conic, meets the directrix in A ; prove 
thut (PQSK) is a harmonic range. 

10. A focal chord PSQ of a conic meets the directrix in K ; prove 

that 2 _ _L + JL, where SP, SQ, SK are steps on the PQAine. 
that m - S p+ S Q> 

11. The segments of any focal chord of a conic subtend equal 
angles at the foot of the directrix. 

12 PSQ a focal chord of a conic, meets the directrix in A, the 

tangent*at P meets the directrix in X and the perpend 
Q to PQ meets the tangent at P in T; prove that Z(PQSA) 

harmonic pencil and that the directrix bisects Q1. 

13 The latus rectum cuts the tangents at the extremities of any 
focal chord in H and H' ; prove that SH=SH . 

14. If the projections of K, any point on a tangent to a conic on 
the directrix and the focal radius of the point of contact be I and 
respectively, prove that S U= e. KI. (Adams's Property.) 
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15. Use Adams’s Property to construct the tangents to a conic 
from an external point, and to show that the tangents -subtend equal 
angles at the focus. 

16. The tangent at Z, the extremity of the latus rectum of a conic, 
meets the ordinate NP of a point P in Q ; prove that JVQ=SP. 

17. Given the focus of a conic, a tangent and its point of contact, 
and another point on the curve, show how to construct the vertex 
and the directrix. 

18. The tangent at P to a conic meets the directrix in Z and the 
axis through S in T ; prove that SM touches the circle SZT. 

19. If Y is the foot of the perpendicular from S to the tangent 
at P, prove that SY : YX=SP : PM, where M is the projection of P 
on the directrix. 

138. Notation and Definitions. The following notation 
will be used unless the contrary is expressly stated. 

S, S are the foci of a conic, ZX and Z'X' the correspond¬ 
ing directrices; X and X' are the feet of these directrices; 
A and A' are the corresponding vertices. L, L' are the 
extremities of the latus rectum. 

The circle on A A' as diameter is called the auxiliary 
circle. 

G is the centre of the conic; GN and NP are the abscissa 
and ordinate of a point P on the curve, PM the perpen¬ 
dicular from P on the directrix ZX. 

1 , Y' are the feet of the perpendiculars from S, S' on the 
tangent at P. 

The normal at P is the perpendicular at P to the 
tangent at P. 

Ihe tangent and normal at P meet the transverse axis 
of the conic in T and G respectively; NT is called the 
subtangent and NG the subnm'mal at the point P. 

139. The Parabola. 

Theorem 3. ^ 

If the tangent and normal at P on a parabola be 
drawn , then 

( 1 ) lSPT=lMPT, ( 2 ) SP = ST y ( 3 ) SP = SG > 

( 4 ) TA=AN, (5) NG = 2AS. 
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Proof. Let the tangent at P meet the directrix in Z 
(Fig. 122). 

(1) Angle ZSP is a right angle, by Theorem 2, so that 
triangles ZSP, ZMP are congruent, and lSPT= lMPT. 

(2) By (1), lSPT=lMPT. 

But lMPT= lSTP, 

therefore l. SP1 = l STP and SP = ST. 



(3) By (2), S is the centre of the semi-circle which 
contains the right angle TPG ; therefore SP = SG. 

(4) TA=ST-SA=SP-SA = PM-SA. 

But PM = NX, SA = AX, so that TA = AN. 

(5) NG = SG—SX=SP — SN = XN—SN = *2, AS. 

Theorem 4. ) > 

- 

The locus of Y, the foot of the 'perpendicular from 
the focus on the tangent at P, is the tangent at the vertex. 

Proof Join SM (Fig. 123); then SPM is an isosceles 
triangle and PT bisects the vertical angle, by Theorem 3. 
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Therefore PT cuts SM at right angles, so that the 
intersection of SM and PT is Y, the foot of the perpen¬ 
dicular from S to PT. 

Now Y y A bisect SM, SX ; therefore AY, being perpen¬ 
dicular to AS, is the tangent at the vertex, and the locus 
of F. 



Cor. 1. SY bisects the angle TSP. 

Cor. 2. y = mx + alm is the tangent of gradient m to the 
parabola y 2 = iax. 

Theorem 5. 


SY 2 = AS.SP. 

Proof. In triangles ASY, YSP (Fig. 123), 

lSAY= lSYP and lASY=lYSP; 

% 

therefore the triangles are similar, and 

AS:SY=SY:SP or SY* = AS.SP. 


Theorem 6. 


\ 


If tangents at P and P' meet in 0, OP and OP' subtend 
equal angles at the focus, the triangles OSP and OSP' are 
similar, and SO 2 = SP . SP'. 
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Proof. Let OP, OP’ (Fig. 124) meet the tangent at the 

vertex in Y, Y' ; join SY, SY', SO. 

Then, by Theorem 4, angles SYO, SY'O are right angles, 

so that the four points 0, Y, S, Y' lie on a circle.(1) 

Also, as in Theorem 5, 

lSPY= lSYA = lSOY, by (1), 
and a&P'7' = SF'A = z.£ 0F, by (1). 



Therefore the angles SPO, SOP of triangle OSP are 
equal to the angles SOP', SP'O of triangle OSP'. 

Hence lOSP= lOSP', that is, OP and OP' subtend 

equal angles at the focus. 

Also, the triangles OSP, OSF are similar, 

and SO 2 = SP. SP’. 


EXERCISES XLIV. 

1. Prove that SPMT is a rhombus. 

2. Prove that every point on FT is equidistant from S and M. 

3. Given the focus and directrix and a point 0 on FT, show how 
to find F ; and then give a construction for drawing the tangents 
from a given point 0 to a parabola whose focus and directrix are 
given. 
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4. Given the tangent PT and P its point of contact, given also 
the focus, draw the directrix. 

5. Given the tangent PT but not P the point of contact, given 
also some point Q on the curve, and the focus, show how to find the 
directrix and the point P. 

6. Given the tangent PT but not P the point of contact, given 
also the axis and the focus, show how to find the directrix and the 
point P. 

7. Tangents at the extremities of a focal chord of a parabola 
intersect at right angles on the directrix. 

8. The circle on a focal chord of a parabola as diameter touches 
the directrix. 

9. Tangents at the extremities Q, Q' of a focal chord of a parabola 
meet at Z , and the parallel through Z to the axis meets the curve at 
P\ prove that QQ' = ASP. 

10. The locus of the middle points of focal chords of a parabola is a 
parabola. 

11. If l = SL , the seiui-latus rectum, and SP—r , prove that PG 2 is 
equal to 2Ir. 

12. If Pl\ PG and P'T', P'G' be the tangents and normals at P, P', 
two points on a parabola, and if the difference of the squares on 
PG and P'G' is constant, prove that TT' is constant. 

13. If l — SL , the semi-latus rectum, and SP=r y prove that 

SZ=rl/sfl(2r-l). 

14. Prove that the length of the perpendicular from the focus on 
to the tangent at the end of the latus rectum is AS. >J2. 

15. Prove that XL is the tangent at Z, the end of the latus-rectum. 

16. Given the focus and directrix of a parabola, draw the tangent 
parallel to a given line. 

17. If P is the point (9, 6) on the parabola y 2 — 4#, calculate PT 
and TiV. 

18. If m is the gradient of PT referred to AS and A T as axes of x 
and //, prove that A V=a/m and AT=a/m 2 . 

19. Provo that y=x/t+at is the tangent to the parabola x—at 2 , 
y = 2at at the point t. 

What is the geometrical significance of the quantity t ? 

20. If )' is a variable point on the line 4.v-3//4-l=0 and £ is the 
fixed point (1, —1), and if VP is drawn perpendicular to ST , prove 
that TP envelops (that is, is a variable tangent to) the curve 

Or 2 + 24.r?/ -f 1 6a/ 2 - 1 22.r 4-1 04// = 31. 
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21. V is the middle point of QQ', a focal chord of a parabola ; and 
the tangents at Q and Q' meet in 0. If the tangent parallel to QQ' 
meet the curve in P and OQ , OQ' in ft, ft', prove that the five points 
0, ft, ft\ S, Vlie on a circle, centre P. 

22. The external angle between the tangents OP, OP' is half the 
angle between SP and ISP'. 

8 Qp2 sp 

23. The tangents at P and P' meet in 0 ; prove that -Qp^^^pr 


24. TP, TQ are tangents from a point T to a parabola, and TS is 
produced to T' so that TS = ST' ; prove that the triangles T'SP, 
T'SQ are similar. 

25. If TQ, TQ' be tangents from T to a parabola, the bisector of 
the angle QTQ' is equally inclined to aST and the axis. 

26. The tangents to a parabola at P and Q intersect in T ; the 
circles circumscribing the triangles SPT , SQT meet the axis again 
in H and K. Prove that PH and TK are parallel. 

27. If TP, TP are tangents to a parabola whose focus is S , show 
that the tangents at the" points where ST cuts the parabola are 
parallel to the bisectors of the angle PTP'. 

28. Two parabolas whose foci are S and S' have a common directrix ; 
prove that the bisectors of the angles formed by SS' and the directrix 
are common tangents to the parabolas. 

29. The tangents at the extremities of a focal chord of a parabola 
meet in T and the normals in F; prove that TF is parallel to the 

axis. 


30. The locus of intersection of the normals at the extremities of a 
focal chord of a parabola is a parabola. 

31. Show that the angle between any two tangents is cos" 1 (ri/r 2 ), 
where r Y , r 2 are the respective distances of their point of intersection 
from the directrix and focus. 

32. The circle passing through the points of intersection of three 
tangents to a parabola also passes through the focus. 

33. If T is a point on the latus rectum of a parabola, the tangents 
from T to the parabola are two of the bisectors of the angles between 
the latus rectum and the tangents drawn from T to the circle 
described on the latus rectum as diameter. 


34. Given two tangents to a parabola and the focus, determine the 
vertex and the directrix. 


35. The tangents OP, OP' are cut by a third tangent in Q, Q' 
respectively ; prove that 0QIQP=P'Q'/Q'0. 

36. If the normal PG be produced to meet the curve again in Q, 
and PQ subtend a right angle at the focus, prove that the ordinate 
of P is equal to the latus rectum. 
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37. If a parabola touches three sides of a triangle, its directrix 
passes through the orthocentre. 

38. Prove the following construction for finding on a parabola a 

point P such that the portion of the tangent at P intercepted between 
the directrix and the tangent at the vertex is of given length L. 
With centre *S' and radius L describe a circle cutting the tangent at 
the vertex in B. With centre S and radius AB describe a circle 
cutting the tangent at the vertex in C. Draw CQ perpendicular to 

SC, and let it touch the parabola at Q. Find a third proportional, 

F, to SQ and AS. Then F is the abscissa of the required point P. 

39. A circle whose centre is on the axis of a parabola touches the 
parabola ; prove that the tangent to the circle from any point on the 
parabola is equal to the perpendicular let fall from the point to 
the chord of contact. 

40. Given three tangents to a parabola, and the point of contact of 
one of them ; determine the focus and directrix. 

41. P is a variable point on a fixed line and A is a fixed point; 

prove that the perpendicular through P to PA envelops a fixed 

parabola. 

42. Prove that the line joining the projections of a point on a 
parabola on the axis and tangent at the vertex envelops a fixed 
parabola. 

43. Prove that the parallel through G, the foot of the normal at a 
point P on a parabola, vertex A, to AP touches the fixed parabola 
whose focus is the point (-2a, 0) and whose tangent at the vertex is 
.r=2a, where the axes of x and y are the axis and the tangent at the 
vertex of the given parabola. 

44. The point P is the foot of the perpendicular from the vertex on 
a variable tangent, gradient m, of the parabola y-==4 ax ; show that 

x = - a/( 1 4- »i 2 ), y = ajm (1 + m-) 

are freedom-equations of the locus of P. Find the constraint-equation, 
and trace the locus from either of these equations. The locus is the 
pedal of the parabola with respect to its vertex. 

140. Central Conics. The following are the important 
properties of the tangent and normal to a central conic, 
ellipse or hyperbola. The proofs refer to the ellipse, but 
they apply with certain obvious changes to the hyperbola. 

Theorem 7. 

The focal distances SP , S'P are equally inclined to the 
tangent and normal at P, and 

( 1 ) SG = e.SP, ( 2 )S'G = e.S'P, ( 3 ) CG = e\CN. 



§ I40j 


CENTRAL CONICS. TANGENTS. 


367 


Proof. Let the tangent at P (Fig. 125) meet the 

^^FrorrT Theorem 2, §137, it follows that S, P, M, Z lie 
on a circle whose diameter is PZ ; PG is the tangent at 

P to this circle. 

Hence in triangles SPG , SPM , 

z. SPG = l SUP and z. ffSP = l SPM. 



Fig. 125. 


Therefore the triangles SPG y SPM are similar, and 

SG:SP = SP:PM = e\ 

so that SG = e.SP ; and similarly S'G = e. S'P. 

Also, by (1) and (2), SG: S'G = SP: S'P, 

so that the normal PG is equally inclined to SP, S P. 

Since the tangent is perpendicular to the normal, it 

also is equally inclined to SP, SP. 

Again, CG = GS — GS-=e.CA e.SP 

= e \GX - PM) = e 2 . CN. 


Theorem 8. 

The locus of the feet of the perpendiculars from the foci 
on a variable tangent is the auxiliary circle. 

Proof. Let S'P (Fig. 116) meet SY in H. Then, since 
P Y bisects the angle SPH, by Theorem 7, 

SP — PH and SY=YH. 
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Therefore S'H = S'P + PH = S'P+ SP = AA', 
so that CY=hS'H=GA. 

w 

Hence the locus of Y is the circle, centre G, radius GA, 
that is, the auxiliary circle. 

Note. GY is parallel to S'P and GY' is parallel to SP . 

Theorem 9. 

SY.S'Y' = CB 2 . 

Proof. Let Y'S' meet the auxiliary circle again in Z 
(Fig. 116). Since YY'Z is a right angle, YZ is a diameter, 
and therefore passes through G. 

Triangles GSY and GS'Z are congruent, so that SY=S'Z. 

Therefore SY. S' Y' = ZS'. S'Y' = AS'. S'A' 

= (CA + CS)(CA - CS) = CB 2 . 

Theorem 10. u Y 

(0 If tangents at the points P and P' on an ellipse 
meet in 0, OP and OP' subtend equal angles at either 
focus, and are equally inclined to OS and OS', each to each. 

(2) If tangents at the points P and P' on a hyperbola 
meet in 0, OP and OP' subtend equal or supplementary 
angles at either focus , according as P and P' are an the 
same branch or on opposite branches of the hyperbola ; 
also OP and OP' are inclined at equal oi' supplementary 
angles to OS and OS ', each to each , according as P and 
P' are on opposite branches or on the same branch of the 
hyperbola. 

Proof. Produce SY t S'Y' in Fig. 126 to meet S'P, SP ' 
in H , H '; join OH, OH'. 

Then, as in Theorem 8, 

SP = HP and S'H = AA'. 

Hence, in triangles SPO and HPO, 

SP = HP, 0P = 0P, l SPO = HPO, 
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because PO, the tangent at P, is equally inclined to PS 
and PS' ; therefore 

l OSP = a OHP, lP0S= lPOH, 

and 0S=0H. 

Similarly, lOS'P' = lOH'P', lP'OS' = lP'OH ', 

and OS'= OH'. 

Now, in triangles OS'H and OH S , 

0H=0S, OS' = OH', S'H=AA' = H'S ; 

therefore lS'0H= lH'OS, so that lS0H= lS'OH'. 

O 


H' 



Fig. 126. 

But it was shown that lP0S = lPOH 

and lP'OS'= lP'OH'; 

therefore lP0S = lP OS , 

or OP, OP' are equally inclined to OS, OS'. 

Also, from the congruency of triangles US tl, UU s, 

L OHS' = A OSH', 

and it was proved that 

l OSP = l OHP ; 

therefore L OSP = l 0SP / , 

that is OP and OP' subtend equal angles at the focus. 


G.A.G, 


2A 
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The Asymptotes as Tangents. Since the asymptotes are 
tangents, Theorems 8 and 9 show that the feet of the 
perpendiculars from the foci on the asymptotes lie on the 
auxiliary circle, and that the length of each perpendicular 
is the semi-conjugate axis CB. 

If the tangent at P on a hyperbola meet the asymptotes 
in T and T\ as in Fig. 127, and SK, SK' are parallel to the 
asymptotes CT , CT', then ST bisects the angle PSK , so that 



Fig. 127. 


T is equidistant from SP and SK. But the perpendicular 
from T to SK is equal to the perpendicular from S to CT, 
which, as remarked above, is equal to CB. Hence the 
perpendicular from T to SP is equal to CB. Similarly, 
the perpendicular from T' to SP , being equal to the perpen¬ 
dicular from T ' to SK\ is equal to CB. Hence T^and T' are 
equidistant from SP y so that P bisects TT (see Th. 6, 
p. 336). 

Further, CP bisects chords parallel to TT ' (§ 132), so that 
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if CD is conjugate in direction to CP, CD is parallel to TT\ 
Hence (§ 45) C{PDTT') is a harmonic pencil, or the asymp¬ 
totes are harmonically conjugate with respect to CP, CD. 

If the hyperbola is rectangular, TPC is an isosceles 
triangle, so that the conjugate directions CP, CD are equally 
inclined to each of the asymptotes. 


141. Worked Examples. We shall now work some ex¬ 
amples of the application of the above Theorems. 

Ex. 1. SP, S'Q are focal radii of a conic which are parallel and in 
the same direction ; prove that the tangents at P and Q meet on the 
auxiliary circle. 


Fig. 128. 



P a, : allel SP or S 'Q and in the same direction 
to meet the auxiliary circle in T. Then the tangents ■eAP and O pass 
through T, according to Theorem 8, Cor. g \ V p 

h ?P«bol» meet tie 

T SVf '£?CD £££££?■ 127 “ - 

L PCT=1 PTC=<?TCD ° f the hyp0tenuse of trian S le TCP ; therefore 
K?r eCtS botil A PC / J an l z - GCB > so tha t lPCG=lBCD 

Now PG, <9(7are perpendicular to CD, CB ; therefore l. PGC=l.BCD 
Hence S-PCG = lPGC and CP=PG. 
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Ex. 3. PSQ is a focal chord of a conic ; the normals at P, Q 
intersect in Oand the tangents in Z\ prove that OZ passes through S'. 

The four points Z, P, 0 , Q in Fig. 129 lie on a circle, Z lies on the 
directrix and ZS is perpendicular to PQ. 



Hence lQZS =complement of lZQS=l OQP—lOZP. 

Therefore ZO and ZS make equal angles with the tangents ZP and 
ZQ , so that ZO passes through S', by Theorem 10. 

EXERCISES XLV. 

1. If the parallel through C to the tangent at P meet SP, S'P at 
E, E, prove that PE=PE'=CA. 

2. Given the focus, directrix and a tangent of a conic, show how 
to determine its centre. 

3. If P is a point on an ellipse, whose foci are 5 and S', prove 
that the in-centre of the triangle SPS' divides the normal PG in the 
ratio 1 : e, where e is the eccentricity. 

4. If TQ and TQ' are tangents to a conic, the bisectors of angles 
QTQ' and STS' coincide. 

5. E and F are points on a tangent to a conic, whose focus is S, 
such that ESF is a right angle. The other tangents from E and F 
to the conic meet it at P and Q ; prove that PQ is a focal chord. 

6. Prove that the external angle between two tangents to an 
ellipse is half the sum of the angles subtended at the foci by the chord 
of contact. 

7. From a movable point Z on the directrix of a conic, a tangent 
is drawn which meets tne major axis in T. Show that the locus of 
the intersection of the other tangents from Z and T to the conic is a 
straight line perpendicular to the major axis. 
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8. Perpendiculars SY, SZ are drawn from the focus £ of an 
ellipse to two tangents TP, TQ meeting them in Y and Z. Prove 
that YZ is at right angles to S'T. 

9. If Y is the foot of the perpendicular from S to the tangent 
at P, prove that SY: YX=SG : SP. 

10. If the tangent and normal at a point P on an ellipse meet the 
major axis at T and G, prove that CG . O'! = CS 2 . 

11 A is a fixed point; P is a variable point on a fixed circle ; PQ 
is drawn perpendicular to AP; prove that PQ envelops a conic which 
is a hyperbola or an ellipse, according as A lies outside or inside the 

circle. 

12 A variable circle is drawn through a fixed point so as to have 
the same radius as a fixed circle ; prove that the common chord of 
the fixed and variable circles envelops a conic which is a hyperbola 
or an ellipse, according as the fixed point lies outside or inside the 

fixed circle. 

13. If the tangent at P meet the directrix in T, and l = SL , r=SP, 
e = eccentricity, prove that 

ST= lr/J{(l -~e . r)(lT~e .r-l )}. 

14. If l = SL and SP=r, prove that 

PG 2 — 2lr — (1 — e 2 )r 2 . 

15. If PSQ, PS'Q' are parallel focal chords of an ellipse, prove that 
the intersections of the tangents at P', P, Q, Q lie on a directrix or on 
the auxiliary circle. 

16. P is any point on an ellipse, PSQ is a focal chord and PCP’ is 
a diameter ; prove that the tangents to the ellipse at Q and P meet 
on the auxiliary circle. 

17. T is a point on the auxiliary circle of an ellipse, TP and TQ 
are the tangents from T to the ellipse ; prove that the focal distances 
of T are at right angles to TP and TQ. 

18. The line through 0, the intersection of the normals at the 
extremities of a focal chord PP f , parallel to SS', bisects PP'. 

19. If 0 is the intersection of the normals PG, P'G' at the 
extremities of a focal chord PP' and OH parallel to PP' meets the 
axis in H , then H is the middle point of GG'. 

20. If 0, Z are the intersections of the normals and tangents at the 
extremities of a focal chord PSP', and if D, E are the projections of 
0 , Z on PP' respectively, prove that PD = P'E. 

21. If 0 , Z are the intersections of the normals and tangents at 
the extremities of a focal chord PSP', prove that the line joining 0 to 
the orthocentre of the triangle ZPP' is parallel to A A'. 
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22. If M is the projection of P on the directrix of an ellipse, prove 
that the locus of the intersection of SM and PG is the line BE’. 

23. The normal at P to an ellipse meets the major axis in G and 
the minor axis in g ; prove that PG/Pg is constant, and that Sg is a 
mean proportional between Pg and Gg. 

24. The circle through the foci and any point on an ellipse passes 
through the intersections of the minor axis with the tangent and 
normal at the point. 

25. If the normal at P meet the minor axis in g, and n be the 
projection of P on the minor axis, prove that Cg/Cn=CS/SX. 

26. The tangent at P, a point on an ellipse, meets the minor axis 
in and the projection of P on the minor axis is n ; prove that 

Cn. Ct— CB 2 . p 

27. The normal PG meets CF\ the parallel to the tangent at P, in 

F; prove that PG . PF= CBK If PG meets the minor axis in q. 
prove that Pg . PF= CA 2 . 

28. Prove that the projection of PG on SP or S'P is equal to 
the semi-latus rectum. 

29. Find an expression for the subnormal of a central conic in 
terms of the central abscissa, and deduce the corresponding theorem 
for the parabola. 

30. Express the subtangent of an ellipse in terms of the central 
abscissa ; and deduce that, for a parabola, the subtangent is twice the 
abscissa measured from the vertex. 

31. A circle has its centre on the major axis of an ellipse and 
touches the ellipse at Q and R ; show that, if P is a variable point on 
the ellipse, the length of the tangent from P to the circle bears a 
constant ratio to the perpendicular from P to QR. 

32. Tangents are drawn to an ellipse from any point T on the 
auxiliary circle. Show that the perpendicular drawn through one of 
the foci, S y to ST is parallel to one of the tangents and meets the other 
on a fixed straight line which is at right angles to the axis and cuts it 
at K, where CK~ - SK 2 = CA 2 . 

33. PG is the normal to a conic at P, and L is the projection of G 
on SP ; the line ON is drawn parallel to S'P to meet the tangent 
at P in N, and LR and S'Z are drawn perpendicular to the tangent 

at P. Prove that PiV/PR = S'P 2 /S'Z 2 . 

34. PG is the normal at a point P of an ellipse. If BOB' is the 
minor axis and M(J the ordinate of a point Q , such that BM=CP, 
prove that AG, A'G are equal to the focal distances of Q. 

35. The four focal radii drawn to any two points of an ellipse have 
one common tangential circle whoso centre is the intersection of the 
tangents at the extremities of the radii. 
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36. An ellipse rolls on an equal ellipse. If extremities of the 
major axes are initially in contact, find the locus of either focus o 

the rolling ellipse. 

37. A variable ellipse touches a fixed ellipse and has a common 
focus with it ; find the locus of its other focus when its major axis is 


given. 

38. Given one asymptote of a rectangular hyperbola and two 
points on the curve, find the centre. 

39. Prove that the intersections of the directrices and the auxiliai) 
circle of a hyperbola lie on one or other of the asymptotes. 

40. If the parallel to an asymptote of a hyperbola through the 

point P on the curve meet the directrices in M and M , pro\e that 
PM and PM' are equal to the focal distances of P. 
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CHAPTER XXL 


ANALYTICAL DISCUSSION OF SECANTS, TANGENTS 

AND NORMALS TO CONICS. 


142. The Parabola. Let 

y 2 = 4>cix .(1) 

and x = at 2 , y = 2at .(2) 

be the constraint- and freedom-equations of a parabola. 

Then (y -y x ){y - y<,) = y 2 -4,ax .(3) 

is the equation of the secant which cuts the curve at the 


points (aq, y x ) y (x 2i y 2 ). For (3) reduces to a linear equation 
in x, y and is satisfied by x = x x , y = y x and by x = x 2 , y = y 2 . 
Put y% = yi and y 2 = 4>ax l in (3); then, after reduction, 

yy 1 = 2a(x+x l ); .(4) 

this is the equation of the tangent at the point (x x , y a ). 

If x l = cit 2 , y 1 = 2at, then (4) becomes 



which is the equation of the tangent at the point t. 


If t = — > (5) becomes ')/ = vix + — 
m J m 


( 5 ) 

( 6 ) 


which gives the equation of the tangent of gradient m. It 
follows that y = mx + c is a tangent to (1) if c = a/vi. 

We also see that £ = cot0, where 6 is the angle between 
the axis and the tangent at the point t y so that the 
freedom-equations of a parabola may be written 

x = a cot 2 0 } y = 2a cot 0. 


CO 
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The normal at the point t is, from (5), 

(y — 2 at) +1 (x — at 2 ) = 0 

or y + tx = 2at + at 3 .(®) 

If t= — m, (8) becomes 

y == mx — 2am — am 6 , .(9) 

which is the equation of the normal whose gradient is m. 
Equation (5) may be written as a quadratic in t, thus . 

at 2 — ty-\-x = 0; .(19) 

if x , y are regarded as known there are two values of t to 
correspond; these values give the points of contact of 
tangents to the curve from the known point (x, y). 

Equation (8) may be written as a cubic in t , thus: 

at 3 + t(2a — x) — y = 0, .(11) 

showing that three normals can be drawn to the curve 
from a known point (x, y)\ the feet of the normals are 
given by the roots of the cubic. One root of the cubic 
must be real, so that one real normal can be drawn from 
any point to the curve. If the three roots of the cubic 
(11) are real, then, by § 106, 

< 2 »-^ £ 

a 3 a 2 

or 27 ay 2 ^ 4(cc — 2a) 3 .(12) 

When 27ay 2 = 4i(x — 2a) 3 , two of the normals are 
coincident. When the feet of two of the normals from a 
point C coincide at P, C is called the centre of curvature, 
the circle, with centre C and radius CP, is called the circle 
of curvature, and, CP is called the radius of curvature at P. 
The locus of the centre of curvature is called the evolute 
of the original curve. The circle of curvature meets the 
curve at three coincident points, and therefore lies as close 
to the curve at the point as a circle can lie. The centre 
of curvature is often spoken of as the intersection of con¬ 
secutive normals. 
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1. Prove that the equation of the chord of the parabola y 2 — 4ax y 
whose extremities are the points t x and t 2i may be written as 

(t x + t-i)y - 2x= 2at x t 2 . 

2. If the cl^ord of the parabola x — at 2 , y = 2 at, whose extremities are 
the points t x and t 2 , is the normal at the point t x , prove that 

2 

t 1 + t 2 — 

‘i 

Hence show that the other extremity of the normal at the point t 
is the point —t — 2/t. 

3. Prove that the tangents at the points t x , t 2 intersect at the 
point whose coordinates are 

{at x t 2 , a(t x + t 2 )}, 
and the normals at the point 

{+ t x t 2 A-t 2 4- 2), — at x t 2 {t x 4- ^ 2 ) }• 

4. If the feet of two of the three normals from a point C to the 

parabola y 2 =4ax coincide at the point t, prove that the coordinates of 
the point C are a (&» + 2 ), - 2 at 2 . 

Find the radius of curvature at the point t , and the equation of 
the evolute. 


5. If the normal at P(at 2 , 2 at) to the parabola ?/ 2 = 4 ax meets the 
parabola again in Q , and A is the vertex, prove that the area of the 
triangle AQP is 2« 2 (1 + < 2 )(2 + < 2 )/i. 


6. If the normal ?/ = — tx +2 at + ut 3 to the parabola y 2 = 4a.r subtend 
a right angle at the vertex, determine the value of t. 

7. Find the values of m so that ?/ = mx + a/m may be a tangent tc 
the two parabolas y 2 = 4ax and y 2 = Ab(x +c). 

8. Chords of the parabola y 2 = 4ax are drawn to touch the 
parabola y 2 = 4bx ; show that the locus of the intersection of tangents 
at their extremities is the parabola by'- = 4a 2 x. 


9. If the straight line ?/ = mx+c touches the parabola y 2 = 4a(.r+ a), 
prove that c = a (771 + 


10. Show that the tangents to the circle .r 2 + ?/ 2 = a 2 at the points 
where the straight line a*4-/<=0 cuts it are also tangents to the 
parabola y 2 = 4 h (x + h ). 

11. Show that if the normal at P to a parabola meets the curve 
again at Q, and U is the middle point of PQ> the product of the 
ordinates of P and U is constant. 


12. If the normal at the point P on a parabola cut the axis in G y 
the length of the chord drawn through G parallel to the tangent at 
P is equal to 4J2. SP. 
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13. Show that the tangent to the parabola y 2 = 4ax at the point 
where the normal parallel to y + / >nx = 0 meets the curve again is 

my (2 4* wi 2 ) 4- m?x 4- a (2 4- wi 2 ) 2 — 0. 

14. From a fixed point P on the parabola y 2 = 4ax, c ^ ord ® ^ 
are drawn making equal angles with the tangent at P. ^how tha 
Q(y will for all values of c p pass through the same point /f. Fro\e 
further that if P moves along the parabola, the locus ol Li is 


(.r 4- 2 a)y 2 4- 4a 3 = 0. 

15. Write down the coordinates of any point upon the parabola 
y 2 + 4k(y — x) = 0 in terms of a single parameter. 

16 If the tangents at two points of a parabola meet at (x, y) and 
the normals at (£, r?), then ar 1 + xy = 0, where 4a is the latus rectum. 

17. Prove that the parabola y^Aax may be defined as the locus of 
a point P such that OP 2 is proportional to PM. PA, where 0 is a fixed 
point on the parabola and PM, PN are the perpendiculars from P on 
two fixed straight lines, one of which is the tangent to the parabola at 
0 and the other a tangent to the parabola y 2 = 4a(^ + 4a). 

18 Find the equation of the normal to the parabola y 2 = 4ax, which 
makes an angle 0 with the axis of*. From any point in thisnormal 
two other normals are drawn to the curve. Prove that the straight 
line joining their feet is parallel to a fixed straight line. 

19, Find the equations of the two real common tangents to the 
CurveS and y 2 = 2lx. 




20 Two normals to a parabola are at right angles and meet the 
axis in G and G '; show that the semi-latus rectum is a harmonic mean 
between the distances of G and G' from the focus. 

21. P 0, R. S are the vertices in order of a variable rectangle. 
P and R lie on the .r-axis, Q on the y-axis, and P is fixed. Prove 
(1) that the locus of S is a parabola, (2) that QR touches a second 
parabola, (3) that RS is normal to a third parabola. 

22. Prove that the locus of points at which a parabola subtends a 
given angle (tt — ol) is a hyperbola with the same focus and diiectrix 

and an eccentricity sec a.. 

23. Show that the line y = mx + m(c-2a) - am? is a normal to the 

parabola y 2 = 4a (x + c). Prove that, if 0 and c>2(a — o), the 

two parabolas y 2 = 4a(# + c), y 2 = 4bx have a pair of common normals 
inclined to the common axis, and that the distance d between the 
curves measured along one of these common normals is given by 

d 2 = 4(a- b)(c — a + 6). 


24. The area of the triangle formed by the three tangents drawn 
at the points (x u y x \ (x 2l y 2 ), (.r 3 , y 3 ), on the parabola y 2 = 4ax is 

(y i )/ 16a - 
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25. Prove that perpendicular normal chords of a parabola divide 
one another in the ratio 3:1. • 


26. From a point T on the latus rectum of a parabola two tangents 
are drawn to the curve, and the corresponding normals intersect in G. 
Show that the middle point of TG lies on the axis of the parabola. 

27. Show that the locus of the intersection of the normals at the 
ends of a system of parallel chords of a parabola is a straight line 
which is a normal to the curve. 


28. Find the condition that the line lx+my+n= 0 may touch the 
parabola of which the focus is at the origin and the vertex at the 
point (a, 0). Show that if the two parabolas 

?/ 2 = 4 a (x —/) and .r 2 = 4 b(y—g) 
touch one another, then 

if9 ~ 9«&) 2 = Kf 2 + 3ty)(<7 2 + 3a/). 

29. If normals PO, Q0 to a parabola intersect at right angles in ft 
the third normal RO through the point 0 is cut by the axis in a point 
ft such that 3 OG — OR. 


30. The normals at two points P and Q on the parabola ?/ 2 = 4a.r 
intersect on a fixed diameter y — k ; prove that the tangents at P and 
Q to the parabola intersect on the hyperbola xy-\-ak=0. 

31. The normal at P to a parabola meets the curve again in ft and 
the tangents at P and Q meet in T. Show that the minimum value of 
the area of the triangle TPQ is twice the square on the latus rectum. 

32. If two normals of the parabola ?/ 2 = 4a.r make complementary 
angles with the axis, show that their point of intersection lies on one 
of the curves y 2 = a(x — a), y 2 = a(x — 3a). 

33. The normal at P to the parabola ?/ 2 = 4a.r meets the axis in R 
and the parabola again in Q ; the normal at Q meets the axis in 
R'. A line RS equal to RR' is drawn through R perpendicular to the 
axis ; show that the locus of *8 is 

(.r - 2a )y = 4a (x — a). 


34. Tangents are drawn to the parabola ?/ 2 = 4a.r from the point 
(.F, /); show that the corresponding normals intersect in the point 


( '2 

2a — x' -K ? --, 

a 



35. A parabola whose axis is along the axis of x intersects the 
ellipse x 2 /a i -\-y~/b‘ i = 1 orthogonally at the point whose eccentric angle 
is < f >. Show that the latus rectum of the parabola is 2a sin 2 </>/cos </>. 



Find the coordinates of the feet of the normals from the point 
— x £ l a) to the parabola /- = 4 ax. 
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The Ellipse. Let 

*L + Vt = l.(1) and x = a cos 6, y = b sin 6 .(2) 

d 2 b 2 

be the constraint- and freedom-equations of an ellipse. 

Then ^ 

( x-x,)(x-x 2 ) , .(3) 

- ^3 ->• 6 2 O? ^ b 2 

is the equation of the chord whose ends are (x,, y i)> ^ J' 2 -’ 
because (3) reduces to a linear equation m x, y, and 

satisfied when x = x 1 , y = y x and when as- x 2 , y J/ 2 . 

Put x,=a COS0!, i/j = b sin 0 1( x 2 = a cos 0 2 , y 2 -b sin d 2 

(3); then, after simplification, we get 

2 oos « 1 +A + | siD « 1 |A = cos^;.W 

this is the equation of the chord whose ends are 0-,, 0 2 - 
Put x 2 = x x and y 2 = y t in (3); then, after reduction, 

xx, yy x _,. .(51 

’. 

this is the equation of the tangent at (x 1; y x ). 

Put aq = a cos 0, y x = b sin 6 in (5); then 

x cos 6 y sin 6 _ 1 (6) 

a b 

■ is the equation of the tangent at the point 0. 

The equation of the normal at (Xj, y t ) is, from (5), 

x-x x y-y x .(7) 

aq Th 

a? b 2 ' 

The equation of the normal at the point 0 is, from (6), 

(x - a cos 0) - (y - 1 sin 6 ) = 0 

or “ _ J3L = a* - (,•.(8) 

cos 0 sin 0 
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Since 


sin 6 = 



I + t 2 


and 


cos 0 = 


1 -t 2 
1 + t 2> 


where t — tan we may use (see §89) as freedom-equations, 
instead of (2), 


Equation (6) 


„ «(1 -t 2 ) 2bt 

.(9) 

1 + <2 ’ v- 1 + fi . 

then becomes 


(l+iV-Se+i-^o, . 

\ a/ b ^ a 

.(10) 


the equation of the tangent at the point t. If (x, y) be 
regarded as known, then (10) is a quadratic in t , whose 
loots give the points of contact of the two tangents from 

\p^y y\ 

Equation (8) becomes 


byt* + 2(ax + a 2 — b 2 )t 3 -\-2(ax — a 2 + b 2 )t — by = 0 , ...( 11 ) 

the equation of the normal at the point t. If (x, y) be 

regarded as known, then (11) is a quartic in t , whose roots 

give the feet of the four normals drawn from ( x , y) to the 
ellipse. 

It is easily shown (§ 185, Ex. 1) that 


y = mx + c 

is a tangent to the ellipse if 

c = + J arm 2 + 6 2 , 

and that 


is a tangent if 


lx + my = n 
ctH 2 + bhn 2 = ?i 2 , 


144. Worked Examples. We shall now worl 
examples on the ellipse. 


.( 12 ) 

.(13) 

some 


bx. 1. If the normals at the four points 0,, Q , 

are concurrent, prove that “ 4 


on the ellipse 


+ On + 0j + 0., = (2)1 + 1) 7T. 

F,, om equation (11) it follows that 7 T ., = 0 and T 4 = -1, where T 2 

111011 na the sum of tlie products of tan A tan A tan A tan ^ taken 

two at a time ; and so on. - 2 2 2 
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But 

therefore 


FOUR NORMALS TO ELLIPSE, 
tan £(01 + 02 + 03 + 04 ) = i _i_V ==GO 5 

2 ' 4 


therefore 0 i + 0 2 + 0 3 + #4 — ( 2 w + l) 7 r. 

Ex. 2. If the normals to the ellipse at 0 1? 0 2 > 0 3 are concurrent, 

sin ( 0 2 + # 3 ) + sin ( 0 3 + 0 i) + s i n ( 0 i + 0 2 ) = O y 

^Let 0 4 be the foot of the fourth normal from the point 
currency of the three specified normals. Then, as in Ex. I, i 2 — > 

therefore a Q 

tan ^ tan ^ + tan ^ tan — + tan -T tan 


= - tan f ( 


tan ^ + tan ^ + tan ) 


tan -{- tan ^ + tan ^ 


tan ^ tan ^ tan 


, since T A — — 1, 


= cot cot + cot ~ cot 4" cot ~ cot 


Therefore 


03 ^2 


2 ( cot cot — tan tan 


)=°, 


, . ^2(cos0 2 + cos0 3 )_ n 

that is, E —^ J - --a — = u 

’ sin u 2 sin O 3 

or 2 sin 6 X (cos 0 2 + cos 0 3 ) = 0 

or Esin (9 2 + 0 3 )—O. 

Since the steps are reversible, the converse holds. 


Ex. 3. If the normals at four points on the ellipse are concurrent 
and two of the points lie on the line 

lx ^ 

a 0 

the other two will lie on the line 

£ + X_ i=o 

aVbm 

Let Q u 0 2 , 0 3 , 04 be the four points. Then 

X cos £ {6 X + 0 2 ) , y sin£(0, + 0 2 ) , n ' 
a' 003^(01-6^ b' cos^-^) ’ . W 

* cos£(0 3 +0 4 ) , y sin£(0 3 +0 4 ) n /;r 

a ‘ cos£(0 3 — 0 4 ) 0 ' cos£(0 3 -6> 4 ) . K ‘ 

are the equations of a pair of chords joining the four points. 


(ii) 
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Now cos £ (#i + 0 2 ) _ _ cos £ (0 3 - 0 4 ) 

cos | ( 6 X - 6 2 ) cos £ (O 3 + 0 4 ) 

if 2 cos £ (0 X + 0 2 ) cos £ (0 3 + 0 4 ) + 2 cos £ (0 3 - 0 4 ) cos £ (0j - 0 2 )=O, 
that is, if cos £ (0! + 0 2 + 0 3 + 0 4 ) + cos £ (0 X + 0 2 - 0 3 - 0 4 ) 

-f cos£( 0 3 - 0 4 + — 0 2 )"hcosi(^3“ ^4-^1 + ^2) = 

that is, if {sin(0 3 + 0 4 )4-sin(0 4 + 0 2 )4'Sin(02 + 03 )}=O, by Ex. 1. 

And this is true, by Ex. 2. 

Hence (i) and (ii) may be written in the form 

l x my x y ,_ 0 

-+ T + 1 -o, al + bm 1-0. 


The Hyperbola. Let 

2 2 

^5 — ^ = 1.(1) and x = cisec6, y = bt&n6 .(2) 

or b* 

be the constraint- and freedom-equations of a hyperbola. 
Then 

(x - xj(x - x 2 ) ( y - y x )(y - y 2 ) _ x 2 _ y 2 _ 1 ,qx 

^ 62 "a* 6 2 . w 

is the equation of the chord whose ends are (x x , y^, (x^ y 2 ). 

The equation of the chord joining the two points 6 V 0 2 
on the curve is 

? co, - t sin =cos i+4.(4) 

alb 2 ^ 


(4) 


The equation of the tangent at the point (x p y x ) is 


a 2 6 2 ’ 


( 5 ) 


and of the tangent at the point 0, 

-sec 6 — j- tan 0 = 1. 
a b 


( 6 ) 


The equation of the normal at the point (x x , y x ) is 


^i + lLzh= 0 ,. 

2/1 

a 2 6 2 

and of the normal at the point 0, 

ax sin 0 + by = (a 2 + 6 2 ) tan 0. 


( 7 ) 


( 8 ) 
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The line y = inx + c 

is a tangent if c = + J a 2 m 2 — b 2 ; . 

and lx + my = n 

is a tangent if a 2 £ 2 — b 2 m 2 = n 2 . 



EXERCISES XLVII. 

1. Prove that the point of intersection of tangents at the points 
0j, 0 2 on the ellipse x 2 /a 2 + y 2 /6 2 = 1 has coordinates 

cos + 0 2 ) 7 sin^(0 1 + 0 2 ) 

a cos \{0i~ 0 2 y cos £ ( — ^ 2 ) 

2. Prove that the eccentric angles 0 ly 0 2 of the ends of any chord 
of tlie ellipse # 2 /a 2 + t y 2 /6 2 = 1> which is parallel to the tangent at the 

point 0 , satisfy the relation 01 + 02 = 20. 

3. If the chords joining the pairs of points 0, 0j and 0, 0 2 are 
perpendicular, prove that 

, 0-1-0! f 0+02 b 2 

tan _J tan -g- = - -* 


4. Prove that the point a cos 0, -* 6 sin 0^ lies on the 

normal at the point 0. Prove also that every chord through the first 
point subtends a right angle at the second point. 

5. Prove that the feet of the normals to the ellipse x 2 /a 2 +y 2 lb 2 = 1, 
which meet at the point (A, k\ lie on the rectangular hyperbola 

(a 2 — b 2 ) xy — cC 2 hy + b 2 kx = 0. 


6. P is a point whose projections on the major and minor axes of 
an ellipse are the points in which these axes are cut by a normal ; 
show that the locus of P is an ellipse. 

7. Prove that the tangents drawn at the points 0, 0 + -g-, 0 —g- 

on the ellipse *^+‘|- = 1 intersect in pairs on the ellipse x 2 la 2 +y 2 /b 2 = 4, 

and that the centroid of the triangle formed by the tangents is the 
common centre of the ellipses. 


8. Prove that a one-fold infinity of triangles can be inscribed in 
an ellipse such that the centroid of each coincides with the centre 
of the conic. If PQR be such a triangle and P’Q'B! the triangle 
formed by the tangents which touch the conic at P, Q, P, show that 
the centroid of triangle P'Q'll' also coincides with the centre of the 


conic. 


G.A.G. 


2 B 
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9. Find the intersection of the normals at the points 6, (f> on the 
ellipse x'-/a 2 4-y 2 /b-= 1, and deduce the point of intersection of “consecutive 
normals” (centre of curvature) at the point 0. Find also the radius of 
curvature, and prove that the equation of the evolute is 

(ax) 5 + (by)* = (a 2 - b 2 )*. 

10. Normals at P , Q on the ellipse x 2 la 2 +y 2 lb 2 = 1 meet the major 
axis in G, K respectively : prove that the projections of PG, QK 
on PQ are equal, and deduce (geometrically) that TP/TQ = PG/Qlv, 
where T is the intersection of the tangents at P, Q. 

If the common value of the projection is q and if PQ = d, prove that 
q l d=\b' 1 lk' 1 , where k is the semi-diameter parallel to PQ, and b is the 
semi-minor axis. 

11. Prove that the locus of the in-centre of triangle PSS' as P 
moves round an ellipse, whose foci are S, S' and whose eccentricity 
is e, is an ellipse whose major axis is SS' and whose eccentricity is 

[2e/( 1+«)]*. 

12. P is any point (a cos 0, b sin 0) on an ellipse and PSQ, PS'R are 
focal chords. Prove that the distance of P from Qlt is 

2b (1 — e 2 cos 2 0) 


13. Show that 


{(1 4- e 2 ) 2 si n 2 0 + (1 - e 2 ) 3 cos 2 6)^ 

££i , VJh _ £i 2 , V±_ 

ni. 7,2 T" US 


IS 1 a 2 1 b' 

is the equation of the chord of the ellipse x 2 la 2 +y 2 /b 2 =l, whose 
middle point is (.iq, y x ). 

14. The locus of middle points of chords of the ellipse .r 2 /a 2 4- y 2 jb 2 = 1, 
which subtend a right angle at its centre, is 


x 1 y 2 a 2 + b 2 /.r 2 ?/- 

7a hi ~ •»»•» * ~ +‘rr, 


a 


b* a-b~ 


ci~ 


0- 


15. Show that if (uq, y x ) is the middle point of a chord of the 
ellipse x 2 /a 2 -\-y 2 /b 2 = 1, (£, >;) the point of intersection of the normals 
and (.v, y) that of the tangents at its extremities, then 




H 

16. If wij, in., are the gradients of the tangents from the point 
(.*’> y) to the ellipse x-Ja 2 +y 2 lb 2 = 1, prove that they are the roots of 
the following quadratic equation in in : 

(a 2 — .v 2 ) m' 2 4 - 2 .vym 4- (b 2 - y 2 ) = 0. 

17. Deduce from the result of Ex. 16 that if the tangents from the 
point (.r, y) to the ellipse meet at an angle </>, 

2a6p4-f!-l)“ 

. , \a- h- J 

tan <p = ... a • 

a- 4- o- - .r- - y 1 
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18. Prove that the locus of the point of intersection of rectangular 
tangents to the ellipse x 2 /a 2 -{-y 2 /b 2 = 1 is the director-circle 

x 2 +y 2 = u 2 + b 2 . 

19. Show that the feet of the four normals from (x y y) to the 
ellipse x 2 /a 2 +y 2 /b 2 — 1 are given by either of the equations 

c 4 cos 4 # — 2 c 2 ax cos 3 # 4* ( crx 2 + b 2 y 2 — c 4 ) cos 2 # 4- 2c 2 a.r cos # — a 2 x 2 = 0, 

e 4 sin 4 # + 2 c 2 by sin 3 # + (a 2 x 2 + b 2 y 2 - c 4 ) sin 2 # - 2 c 2 by sin # - b 2 y 2 = 0, 


wlift.rft 

Prove that the coordinates of the centroid of the four feet are 

(a 2 x/2c 2 , — b 2 y/2c 2 ). 

20. If #x, # 2 , #3, #4 are the eccentric angles of the feet of the 
normals from any point ( x , y) to the ellipse x 2 !a 2 -f- y 2 jb 2 = 1, prove that 

(i) x= a 2cos ^ - : 2/ = b lb 2sinft 

21. If the feet of two of the normals from a point coincide at the 
point #, prove that the locus of the middle point of the join of the 
feet of the other two normals is 



22. Prove that if two lines drawn through the point (§a, \b) meet 
the ellipse x 2 /a 2 +y 2 /b 2 = 1 at four points, the normals at which are 
concurrent, one of the lines will be 4x/a—y/b = 2. 

23. When two of the four normals to the ellipse x 2 /a 2 +y 2 lb 2 = \ 

coincide, prove that the line joining the feet of the other two is 
a normal of the ellipse ?/ 2 a 2£2 

P + ^ = (a 2 —6 2 ) 2 ' 

24. Find an equation whose roots are the gradients of the four 
normals that can be drawn from ( x , y) to the ellipse x 2 /a 2 +y 2 lb 2 = \. 

25. From any point (xf, y') four normals are drawn to the ellipse 
x 2 la 2 +y 2 /b 2 = 1 ; prove that the tangents to the ellipse at the feet of 
these normals touch the parabola 

(xx' — yy' — a 2 + b 2 ) 2 + Axxfyi/ =0. 

26. Prove that any tangent to the hyperbola 

x 2 y 2 _ 1 

a 3 b 3 a — b 

meets the conic x^/a 2 +y 2 /b 2 = 1 in two points, the normals at which 
are equidistant from the centre. 

27. If SY , S'Y' are perpendiculars from the foci to the tangent at 
a point P on a hyperbola and NP is the ordinate to the transverse 
axis, prove that the angles SNY, SNY' are equal. 
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28. Show that the part of a common tangent of the curves 


^ .r 2 y 2 a 2 +b 2 

a 2 + b 2 1 d a 1 b 2+ a 2 -b 2 ~° 


intercepted between the points of contact subtends a right angle at 
the centre. 


29. If the sum of the squares of the normals from a point to the 
curve xy = a 1 is constant, the point must lie on a circle. 

30. Find the equation of the normal of the hyperbola x 2 /a 2 -y 2 /b 2 = 1 . 
drawn in a given direction, in the form 

x cos a.+ y sin oc = (« 2 H- b 2 ) sin a. cos a.(a 2 sin 2 cc — b 2 cos 2 ol)~^. 

31. From any point on the hyperbola x 2 /a 2 -y 2 /b 2 = l straight lines 
are drawn perpendicular to the asymptotes and cutting the curve 
again in Q and (£. Show that the envelope of QQ' is the hyperbola 

©'-(!)■=(£$■ 

32. Show that the tangents to the rectangular hyperbola x 2 — y 2 = a 2 

at the extremities of its latera recta pass through the vertices of the 
conjugate hyperbola x 2 -y 2 = - a 2 . 

33. If PN be the ordinate and PG the normal at a point P on a 
hyperbola, whose centre is C, and the tangent at P intersect the 
asymptotes at L and L, show that half the sum of CL and CL is 
the mean proportional between CN and CG. 

. The tangents at the ends of a chord PQ of a hyperbola meet 
in 1 and TJf, TiV are drawn parallel to the asymptotes to meet them 
in M, N. Prove that MN is parallel to PQ. 

35. A variable tangent is drawn to the hyperbola x 2 — y 2 = a 2 
cutting the circle x 2 +y 2 = a 2 in P and Q. Show‘that the locus of the 
middle point of PQ is the cardioid (x 2 +y*) 2 =a 2 (x 2 -y 2 ). 



CH. XXII. § 146] 


CHAPTER XXII. 

POLE AND POLAR. 

146. Joachimsthars Section-Equation. Let T (Fig- 130) be 
the fixed point y^) an( l U ^e variable point ( x y J/)» and 
let TU meet a conic in P 19 P 2 ; the study of the position- 
ratios of P 19 P 2 with respect to T and U, viz. TPJPM and 
TPJP 2 U , as U varies under certain conditions, leads to 

important results. Let the conic be 



Fig. 130. 


Let X denote TPJPJJ (or TP 2 /P 2 U), then the coordi¬ 
nates of P 1 (or P 2 ) are 

flT+Xa; j/i+Xy / 2 \ 

i+x ’ i+x. k ; 
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Since P 1 (or P 2 ) lies on (1), the values given in (2) must 
satisfy (1); substitute these values in (1), then 

(•'i "h Xa-) - . (Vi + X y )“ _ /1 , \\2 

a 2 + 6 2 

or 




-1 + 


*i 2 + 2i! 


a 


2 


fe 2 


-1=0. (3) 


This is Joachimsthal’s Equation. It is a quadratic in X, 
whose roots are TPJP X U and TP 2 /P 2 U. The student 
should work out the forms of the equation when the conics 
are y 2 = 4ax, x 2 /a 2 — y 2 /b 2 = 1 and xy — c 2 . 

For the parabola y 2 = 4tax 9 Joachimsthal’s Equation is 

\ 2 (y 2 - 4>ax) + 2X ( yy 1 - 2a {x + aq)} + (t/p - 4ax x ) = 0. (4) 
For the hyperbola x 2 /a 2 — y 2 /b 2 = 1, 

Joachimsthal’s Equation is 






and for the hyperbola xy =c 2 y 


X 2 (xy _ C 2 )+2X + x -f- c 2 ) + (x lVl - c 2 ) = 0. .. .(6) 


147. Pair of Tangents from a Point to a Conic. If U of the 
last section lie on either of the tangents from T (Fig. 130) 
to the conic, then TPJP l U=TPJP 2 U ; the two roots of 
Joachimsthal’s Equation are equal. Hence from (3) the 
pair of tangents from (x l9 y x ) to the ellipse x 2 /a 2 + y 2 /b 2 = 1 
is given by 



from (5) the pair of tangents from (x x , y x ) to the hyperbola 
x 2 1 a 2 — y 2 /b 2 = l is given by 





from (4) the pair of tangents from (x lt i/j) to the parabola 
y~ = iax is given by 

( y 1 - 4r ix)(y? - 40.1!,) = {yy 1 - 2a(a: + a-,)} 2 . 



§§ 147, 148] JOACHIMSTHAL’S SECTION-EQUATION. 391 

|f48 Pole and Polar. Definition. If a secant through a 
point T cut a conic in P, and P 2 , and U be the harmonic con¬ 
jugate of T with respect to P,, P 2 , the locus of U is the polar 

of T. 

If (P^PfTU) in Fig. 131 is a harmonic range, 

TP 1 /P 1 U= —TPJP 2 U ; 

therefore the sum of the roots of Joachimsthal’s Equation is 
zero. Hence the polar of y i) with respect to 


(1) the ellipse 




a 


x 


2 +^=i is 


b 2 


a? 


b 2 


xxi VJh _ -I 
b 2 ’ 


(2) the hyperbola ^ — ^ — 1 1S 

(3) the parabola y 2 = 4>ax is yy 1 = 2a(x+x 1 ). 



Fig. 131. 


The polar of a point with respect to a conic is therefore 
a straight line, and the point is called the pole of the line. 

The 'polar of a. point outside a come 'is the chord, of 
contact of the pair of tangents from the point to the come. 
A * TP P IFia 131] turns round T into the position ot 
a tangent'from T, TPJP\U= - TPJ PM and T 'lies outside 
of P n P., so that U lies between P x and P 2 . M hen P 1 and 
P 2 run together at P, U also is at P, the point of contact; 
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hence the point of contact of each tangent from T lies 
on the polar of T. But the polar of T is a straight line, 
so that the chord of contact of the tangents is the polar. 

149. Reciprocal Property of Pole and Polar. If the point 
A(x i, yj) lies on the polar of B(x 2 , y 2 ) with respect to a 
conic , the point B lies on the polar of A , and A and B 
are called conjugate points. Let the conic be 

x 2 /a 2 + y 2 /b 2 = l ; 
then the polar of B(x 2 > y 2 ) is 

, a 2+ 6 2 • 

A(x !> y Y ) lies on the polar of B ; therefore 

^1^2 j_ Vdh _ i n\ 

a 2 + b 2 ~ . K ' 

Again the polar of A(x v yf) is 

a 2 b 2 — 15 

and x 2y y 2 satisfy equation (2), according to (1), so that 
B lies on (2), that is, B lies on the polar of A. A and B are 
called conjugate points. If two lines a, b are such that 
one passes through the pole of the other, it may be shown 
that the latter passes through the pole of the former, and 
the lines are called conjugate lines. If a pair of conjugate 
lines meet in T y then they are harmonically conjugate with 
respect to the tangents from T to the conic. 

150. Examples of the Use of Pole and Polar. We shall now 
give some applications of the theory of pole and polar. 

Ex. 1. If a variable secant through a fixed point 0, which lies outside 
or inside a conic, cut the conic in Q and Q\ and the tangents at Q and Q 
meet in T, the locus of T is the polar of 0. 

W' (Fig. 132), the chord of contact of tangents from T, is the polar 
of T (S 148), so that 0 lies on the polar of T\ therefore, by the 
Reciprocal Property, T lies on the polar of 0 : in other words, the 
locus of T is the polar of O. 
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Ex. 2. The polar of a point within a conic is parallel to the chord of 
the conic which is bisected at the point. 

Let V be the middle point of the chord QQ' in Fig. 132. Since QQ 
is a chord through V , then, by definition, the harmonic conjugate 
of V with respect to Q and Q lies on the polar of V ; call the point 1. 
Since V bisects QQ, I is the point at infinity on the line QQ (§ lib). 
Again, T lies on the polar of V by Ex. 1 ; therefore IT is the polar 
of V But IT is the parallel to QQ' through T, so that the polar or 
is TK parallel to the chord bisected at V. 



If V is (x x ,y x ) and the conic is x 2 /a 2 +y 2 lb 2 = 1, the polar of V is 
xx 1 /a 2 +yyjb 2 = l ; hence the equation of QQ the chord which is 

bisected at (x x , yi)> is y 

Further, all chords of the conic through C, the centre, are bisected 
at C ; hence the chord through C which passes through I, the point at 
infinity on TK, QQ', is also bisected at C. , so that the polar of I 
goes through C. But TV is the polar of I; therefore TV passes 
through C , and if it meet the conic in P , P f as in Fig. 132, ( PP'VT) 
is a harmonic range, since QQ' is the polar of T\ and CV. CT= CP 2 . 

Again, all chords parallel to QQ' pass through /, so that the polar 
of / is the locus of middle points of chords parallel to QQ and the 

locus is therefore the straight line C V. 

If V is the point (x u yj within the parabola y 2 = \ax, the equation 

oiQQ’^s Cy-yi)yi=2a(*-*i)> 

so that the gradient m of the chord whose middle point is y T ) is 
2a/yi, and therefore yj = 2a/m. Hence the middle points of chords of 
gradient m lie on the line y = 2alm , parallel to the axis ; this line is 
the diameter for such chords. VQ is called the ordinate of Q with 
respect to the diameter PV. (See § 152.) 

When V therefore lies within a parabola (Fig. 133), TV is parallel 
to the axis and (TVP cc) is a harmonic range, so that TP—PV. This 
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gives a simple construction for the polar of a point T r within a 
parabola. Draw VPT the diameter (parallel to the axis') through V 
to meet the parabola in P , and make PT equal to PV; the polar of V is 
the parallel TK through T to the tangent at P. 



Produce OA (Fig. 134) to O' so that OA=AO then O'P parallel to 
NR is the polar of 0, as was seen in Ex. 2. Hence (RR'OP) is a 
harmonic range (if RR' meet O'P in P) ; therefore, by §45, (00'NN') 
is a harmonic range, so that A0 2 = AN. AN' (§ 44). 

Ex. 4. If TQ, TQ' be tangents at Q and Q' on a parabola, the 
perpendicular from the focus S to QQ' bisects the intercept made by 
TQ , TQ' on the tangent at the vertex. 



Let TQ, TQ' (Fig. 135) meet the tangent at the vertex in M , N, and 
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let V be the middle point of QQ. Draw TK parallel to QQ '; then 
TK iq the nolar of V and T(QQ'VK) is a harmonic pencil. Now 

SM, SN are perpendicular to TQ, TQ', and SL, the lat ^ ^ 

nernendicular to TV. Therefore, if we draw SH perpendicular to 
TK or QQ' to meet MN in H, S(MNLH) is a harmonic pencil , 
and MN is a transversal of this pencil parallel to the ray SL , theie 

MN is bisected at H 116). . . /p- n ok\ TO also 

It may be noted that if QQ' meets the axis in 0 (Fig. 135), T<Vi also 

bisects MN. Draw TO' perpendicular to the axis to meet it l • 

m il the polar of 0, so that T(QQ’00’) is a harmonic pencil of 

which the tmnsversal MN is parallel to the ray TO , which shows that 

TO bisects MN. OT is also bisected by MN ; for the vertex A bisec 

00', since TO' is the polar of 0. 

Ex 5 The polar of the focus of a conic is the directrix, and the 
tangents at the^nds of any focal chord cut the latus rectum produced 

in points equidistant from the focus. 



Fig. 136. 

Let any focal chord PSQ (Fig. 136) meet the directrix in H and let 
M, N be the projections of P, Q on the directrix. Then 

PSjSQ = MPjNQ = - PHI HQ, 

so that PQ is cut harmonically at S and H. Hence the locus of# 
is the polar of S ; in other words, the directrix is the polar ol the 

focus# 

If the tangents at P and Q meet the directrix in Z, then Z{PQSH) 
is a harmonic pencil, and the latus rectum is a transversal parallel 
to the ray ZH ; hence VW, the portion of it intercepted between ZT 

and ZQ, is bisected at S. 
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Ex. 6. PAB, PCD are secants of a conic ABCD drawn from a point P. 
If AC, BD meet in Q and AD, BC in R, show that QR is the polar of P. 

Let X, Y in Fig. 137 be the harmonic conjugates of P with respect 
to A y B and C, D respectively. ^ 

Q(ABXP) and Q(CDFP) are harmonic pencils. 
Lut QAy QB, QP are in line with QC } QD , QP. Therefore QX y 

lipcs saine straight line (§ 46); in other words, Q 

lies on A J Now XT is the polar of P, therefore § lies on the polar 
1 . Similarly R lies on the polar of P, so that QR is the polar of P. 

PT'°ll' J? meet r the conic in T and we now know that PT 
+ tan 8 ents from P- Tfce example shows how to draw the 
tangents from an external pqint to a conic by use of the ruler only. 



Fig. 137. 


\Xp A \r' n'n an ? four points on a co,lic and AB and CD meet 
m P, A (7 and BD in Q, AD and BC in B, as in Fig. 137, we have 

seen by Ex. 7 that QR is the polar of P. Similarly PQ may be 

/f/Ms M° 6 | t le f P /J ai , r ?^ so that, by the Reciprocal Property, 

s^e is the P nSs, 0f nf § ;i T ' e tni i ngle PQR is therefore such that eadi 
side is the polai of the opposite vertex ; such a triangle is called a 

self-conjugate triangle or a self-polar triangle. 

rfndV lid ri" 8 ?,' 1 at . P on an ellipse cuts the auxiliary circle in 

it at O and O' 1 ° th rt t f n / ?A" tS fron \ F and Y ‘ t0 the ellipse touch 

ixis aSd tLtra h % - a ^ ™ eet ? ‘he tangent TT on the major 
«ixi8 ana that YQ y 1 Q intersect on the ordinate at P. J 
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Let 07, Q'Y' meet in 0 , and let QQ\ YY' meet in T. Then QQ' is 
the polar of 0 with respect to the ellipse, so that T 7 lies on the polar 
of 0, and therefore 0 lies on the polar of T. But P > k eiI *g tbe P°lPp 
of contact of the tangent TP,, also lies on the polar of T ;'therefore OP 
is the polar of T. Hence if OP meet QQ in M, (QQ'MT) is a 
harmonic range ; therefore O(QQ'MT) is a harmonic pencil, and the 
range (YY'PT) formed by the transversal PT is harmonic, by the 
fundamental theorem (§45). Now, if the tangent at Pmeet t e 
major axis at T’, we have T Y/T’ Y’ = SY/S' Y' = PV/ r Pbysimilar 
triangles SPY, SPY '. Hence T coincides with T, or QQ and YY 
meet on the major axis. Since T is on the major axis, its polar is 
perpendicular to the major axis ; but OP is its polar, therefore OP 
is the ordinate at P. Now (TPYY’) and (TMQQ') being harmonic 
ranges, it follows from § 46 that QY', Q'Y cross on PM, that is, on 

the ordinate at P. 

The following examples illustrate the use of pole and 
polar analytically. 

The locus of the poles of tangents to .r 2 /a 2 +y ! /& 2 = 1 wlth 

respect to a?+y 2 =a i is the ellipse a 2 x 2 + b*t/ 2 = a 4 . 

Let (#i, y\) be a point on the locus; the polar of (.r,, y x ) with 

respect to x 2 \-y 2 —a 2 is X x x +yy\ = a 2 . 

If (i) touches x 2 ja 2 +y 2 lb 2 — \, then 

a 2 x 2 + b 2 y ! 2 = a 4 , 

so that the locus is a¥ + % 2 = a 4 . 

Ex. 9. The locus of poles of normal chords of the ellipse x 2 la 2 +y 2 /b 2 =l 
is the curve n e j,e 

Let the equation of a normal chord be 

“ - .(i) 

cos 6 sin u 

and let its pole be ; then (i) can be put in the form 


*^+^ = 1.(ii) 

a 1 6 Z 


From (i) and (ii), we have 


w 


b 3 


x x cos 6 yi sin 0 


= a 2 — b 2 


or 


a 


6 


b Q 


— 9 =(a 2 - b 2 ) 2 cos 2 0 and -^=(a 2 - b 2 ) 2 sin 2 # ; 
x 2 Vi 


hence, by addition, 


— 4-— — (a 2 - 6 2 ) 2 

2 + »r- 


The locus of (x^) is therefore a 6 lx 2 + b Q /y 2 = (a 2 -b 2 ) 2 . 
The student should sketch the curve. 
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EXERCISES XLVIII. 

1. If 0, <f> are the eccentric angles of points P, Q on the ellipse 
x 2 /a 2 -\-y 2 /b 2 =l, prove that the coordinates of the pole of PQ are 

a cos ^(6+<f>)/cosh (6 - </>), 6 sin %(6-t-<f>)/cosh(6 — (f>). 

2. Find the pole of the line lx + my = \ with respect to 

(i) x 2 /a 2 +y 2 /b 2 =l ; (ii) x^/a 2 — y 2 /b 2 = l ; 

(iii) xy—c 2 ; (iv) y 2 = 4ax. 

3. Find the condition that lx 4 -my = 1, l'x + my= 1 should be 
conjugate lines with respect to the conics (i)-(iv) in Ex. 2. 

4. Find the equation of the chord of (i) y 2 — 4ax, (ii) x 2 ja 2 -y 2 jb 2 = 1, 
which is bisected at the point (x^). 

5. Two tangents are drawn from (a., f3) to the ellipse x 2 /a 2 +y 2 /b 2 = 1; 
show that the length of the chord of contact is 

2 abioJ/a* + P/Vf. (a. 2 / a- + /3 2 /6 2 - 1 )*/(a. 2 /a 2 + /J 2 /^). 

6. Prove that the polar with respect to a hyperbola of any point 
on an asymptote is parallel to that asymptote. 

7. P and Q are two fixed points ; through Q circles are drawn 
having a constant radius c, where 2 c 2 = PQ 2 ; prove that the polars of 
P with respect to these circles touch a rectangular hyperbola whose 
centre is P. 

8. Prove that the tangents at the extremities of all chords of the 
ellipse x 2 /a 2 +y 2 /b 2 = 1 which subtend a right angle at the centre 
intersect on the ellipse x^/a* 4- y 2 /b A = l/a 2 4-1 /b 2 . 

9. The polar of any point 0 with respect to a conic and the 
perpendicular to it from 0 meet either axis in T and G ; prove that 

CG. CT=CS 2 . 

10. R is the point 0 on the ellipse x' 2 /a 2 +y 2 lb 2 = 1, RS and RS' meet 
the ellipse again in P and Q ; prove that the coordinates of 7\ the 

of PQ, are 1 / 11 ^ 

— a cos#, —--^sin$. 

1 -e 2 

11. The straight lines PS, PS ' joining any point on the ellipse 
x 2 /a 2 -\-y 2 /b 2 =l to the foci S, S' meet the curve again in Q, Q\ 
Tangents at Q, Q' meet in T. Show that the locus of T, as P moves 
round the curve, is the ellipse 

(1 + e 2 ) 2 x 2 /a 2 + (1- e 2 ) 2 y 2 /b 2 = (1 4- e 2 ) 2 , 
e being the eccentricity of the given ellipse. 

12. Tangents drawn from any point on the parabola ?/ 2 - 2a.r-f c =0 
to touch the parabola y 2 = 4ax meet the axis of x in the points E, F. 
Prove that E, F are equidistant from the pole of the common chord 
of the parabolas with respect to the parabola y 2 = 4ax. 
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13. If a circle touches a parabola at a given point, the pole of its 
chord of intersection with the parabola will lie on a fixed straight line. 

14. Show that the locus of the feet of the perpendiculars let fall 
from points on a given diameter of a conic on the polar lines of these 
points is a rectangular hyperbola. 

15. The pole of the normal at P to an ellipse is 0 and the foot of 
the perpendicular from the centre C on the tangent PO is Y ; prove 
that the rectangle YP. PO is equal to the square on the semi-diameter 
conjugate to CP. 

16. T is any point on the circle x 2 y 2 = a 2 + ft 2 , C is the centre of 
the ellipse x 2 /a 2 +y 2 lb 2 = l, TM and CN are perpendiculars to the polar 
of ^with respect to the ellipse ; prove that the rectangle CN . TM is 
constant. 

17. & and S' are the foci of an ellipse, Q and Q' points on it on the 
same side of the major axis, such that SQ , S’Q' are parallel and make 
an angle 0 with the major axis. T is the pole of QQ', P is the point 
whose eccentric angle is 0 and the tangent at P meets the major axis 
in T. Show that TT' is at right angles to SQ. 

18. Two points P and Q are such that the polar of one with respect 
to an ellipse passes through the other, and the line PQ passes through 
a fixed point; show that if P moves along a straight line through the 
centre of the ellipse, the locus of Q is a hyperbola. 

19. A point P moves along the line x + 2y — 3a = 0 ; show that its 
polar with respect to y 2 = ±ax always passes through the point 
( — 3a, —4a). 

20. If the polar of P with respect to the ellipse x 2 /a 2 +y 2 /b 2 =l 
touches the ellipse x 2 /a' 2 -\-y 2 /b' 2 =l , prove that the locus of P is 

a' 2 x 2 j a 4 + b' 2 y 2 j ft 4 = 1. 

21. Prove that the pole of PQ with respect to a conic is the inter¬ 
section of the polars of P and Q. 

22. If two triangles ABC, A'B'C' are such that the sides of A'B'C' 
are the polars of A, B, C prove that the sides of ABC are the polars 
of A', E, C'. 

23. If any number of points are collinear, prove that their polars 
with respect to a conic are concurrent. 

24. If tangents are drawn to a conic from points on a given straight 
line, the chords of contact pass through a fixed point. 

25. Prove that the polar of a point P with respect to a conic centre 
C is parallel to the diameter of the conic whose direction is conjugate 
to that of CP. 


26. If a, ft, c , d are the polars of the points A, B, C\ D , and if A, B, 
C, D form a harmonic range, prove that a, b , c, d form a harmonic 
pencil. 
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27. A conic touches the sides BC, CA, AB of a triangle at P, Q, R 
respectively, and QR meets BC at P'; show that ( BCPF) is a harmonic 

‘ , . BP CQ AR . 

range, and that ^ = 

28. AB, AC are the tangents from A to a conic. A variable tangent 
meets the conic at P and BC, CA, AB in Q, R, S respectively ; prove 
that (PQRS) is a harmonic range, and that BR, CS intersect on the 
line A P. 


29. Parallel tangents to a conic at P, Q meet the tangent at the 
point R in T ; PQ meets this tangent in U and PT, QS meet in V. 
Show that R V is the polar of U. ' 

30. Two conics touch at a point P and intersect at points Q, R. 
Through P a line is drawn cutting the conics again in A and B ; 
prove that the tangents at A and B intersect on QR. 

31. Show that the polar, with respect to an ellipse, of any point on 
the auxiliary circle cuts the ellipse at the extremities of two parallel 
focal chords. 


32. PSQ is a focal chord of a conic ; PT is the tangent at P and 
the perpendicular through Q to PQ meets PT in T. Show that the 
directrix bisects QT. 

33. If any line be drawn through a fixed point to cut a parabola, the 
tangents at the points of intersection will meet on a fixed straight line. 


34. On a diameter of a parabola through the point P on the curve 
are cut off PA and PB so that P bisects AB. Show that the polar of 
A goes through B, and that the polars of A and B are parallel lines. 


. T is any point on the tangent at P on a parabola. A secant 
Q' meets the curve in Q, Q' and the diameter through P in 0 ; 


35 

TQOQ 

show that 


TO 2 = TQ . TQ'. 


36. P is a point on a parabola, PY the diameter through P, Pany 
point on the diameter, PJ/a perpendicular from V to the polar of P, 
meeting it at M. Show that the focus lies on MP. 

37. II and K are points on the axis of a parabola equidistant from 
the vertex. Show that the segments of a chord through K, made by 
the axis, will subtend equal angles at II. 

38. 0 is any point on the diameter of a parabola through a point P 
on the curve. Any line through 0 meets the curve in Q, Q’ and the 
tangent at P in T. If T is the middle point of OR, prove that RQ, 
RO , RQ’ are in harmonical progression. 

39. TQ, TQ’ are tangents at Q, Q’ on a parabola whose focus in S, 
and QQ' cuts the axis in 0. The diameter through T cuts the 
directrix in O’ ; show that TO and SO' bisect one another. 
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40. TQ , TQ' are tangents to a parabola and QQ' cuts the axis in 0. 
If O'* is the projection of T on the axis, prove that 00' is bisected at 
the vertex of the parabola. 

41 TQ , TQ' are tangents to a parabola which meet the tangent 
at the vertex in M ,, N. If QQ' cuts the axis at 0, show that the ortho¬ 
centre of triangle MON is the focus. 

42. The tangent at P on an ellipse meets the auxiliary circle in 
T, Y\ and YQ , Y'Q' are the other tangents from F, Y' to the ellipse. 
If QY ; Q'Y' meet in R and the tangents to the auxiliary circle at 
F, Y' meet in R\ prove that P, R , R' are collinear. 

43. Tangents from a point P to the parabola ?/ 2 -4a.r = 0 are har¬ 
monic conjugates with respect to the tangents from P to the parabola 
# 2 + 4ty=0 ; prove that the locus of P is the hyperbola xy-2ab = 0. 

44. Show that the locus of points from which the tangents to the 
ellipse x 2 la 2 +y 2 /b 2 = l and to its auxiliary circle form a harmonic 
pencil is a concentric ellipse, and find its equation. 

45. Find the locus of the intersection of tangents to the conic 
x 2 la 2 +y 2 lb 2 = 1, which meet at an angle <f>. 


46. Find the equation of the locus of the intersection of perpendi¬ 


cular tangents to 



a 2 + b 2 ~ ’ 




% 


G.A.G. 


2 0 
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DIAMETERS OF CONICS. 

151. A Special Form of the Linear Equation. 

equation in the study of conics is 

x ~ £ = y - r 

cos 0 sin 0 


An important 


or 


x = g+r cos 0, y = >/ + r sin 0, 


a) 

( 2 ) 


one form (§ 34) of the equation of the line through (£ rj) of 
gradient tan 0, r measuring the step, positive or negative, 
from (£ >;) to (x, y) along the line. The following examples 
will show the mode of its application. 

Ex. 1. Let A (£, ?;) be a specified point inside the parabola y 2 = 4cuv. 

A chord PQof the curve is bisected at A ; find the equation of PQ. 

The equations + r cos 0, y = rj + r sin 6 represent any line through 

(£> y ); them represent P(j. If (.r, y) is the point P or Q, then 

y- = 4ax ; therefore , . i * m 

J (y + r sin 6)- = 4a(f -f- r cos 6) 

or r 2 sin 2 0 + 2r(77 sin 6- 2a cos 6) + y 2 — 4a£ = 0,.(3) 

a quadratic whose roots are AP and AQ. Now ^1P+/1Q = 0, hence 

i/sin 0-2a cos 0 = 0 or tan 0 = 2a/?;. 

2a 

Since PQ has gradient 2(//?/, its equation is ?/ — ?; = — (# — £). 

Ex. 2. Prove that the necessary and sufficient condition that (£, rj) 
should lie within the parabola y 2 = 4ax is that rf - 4a£ be negative. 

Let A be the point (£, ?/); PQ a chord through A. Then, as in Ex. 1, 
AP, AQ are the roots of equation (3). But AP.AQ, the product of 
the roots, is negative if and only if A lies within the curve ; therefore 
the necessary and sufficient condition required is that (rf - 4a£)/sin*0 
be negative, or that if — 4a£ be negative. 
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Ex. 3. Find the equation of the tangent at (£, 77) on the parabola 
y =<\ax\ find also the gradients and lengths of the tangents from 
(£> v) th© parabola, when (£, 77) does not lie on the curve. 

If (b> y) is on the curve, one root of equation (3) is zero ; if tan 0 is 
the gradient of the tangent at (£, 77), both roots are zero. 

Hence the gradient of the tangent at (£, 77) is given by 

77 sin 0 -2a cos 0 = 0 or tan 0 = 2^/77, 

so that the equation of the tangent is y-y=z — (x-$) or 7/77 = 2a (x + A 
as in § 142. V 

Now suppose that (£, 77) is not on the curve. If r in equation (3), 

~. x ; I* 1S length of a tangent from (£, 77) to the parabola, the roots 
ot (3) are equal, whence 

(77 sin 0 — 2a cos #) 2 = sin 2 #(77 2 —4c/£) or £ tan 2 $-77 tan 0+a = 0. ..(4) 

The two values of tan 0 got by solving (4) are the gradients of the 
tangents from (£, 77). 

Also = product of roots of (3) = (t 7 2 -4a£)/sin 2 <9, where sin*# is to 
be found from (4). We find that 

4 a 2 r 2 = (772 - 4 a£){ 4a 2 + [77 ± J( v 2 - 4 a£)] 2 }. 

Ex. 4. Through the point A (14/5, 2/5) within the circle 

5.r 2 + 5^ 2 - 14.77 - 2y = 40 

oTth?rrds h6 Ch ° rds which are trisected at 4 ; find the equations 

Let JA + r cos 6 1 , + r sin 6 be the equations of PQ y a chord 

trisected at A. Substitute these values in the equation of the circle * 
the quadratic in r so obtained, namely ’ 

5r 2 -h2r(7 cos 6 + sin 0)- 40 = 0,.(5) 

has for roots AP AQ ; say r,, r 2 . Hence r, + 2r 2 = 0 or 2r, + r, = 0 ; 
therefore (r, + 2r 2 ) (2r, + r 2 ) = 0 or 2 (r, + r 2 f + V 2 = 6, so that by (5) 

(7 cos 0 + sin 0) 2 = 25, giving tan Q — 4/3 or —3/4. 

Hence the equations of the chords are ?/ — 2/5 = 4 (x — 14/5') and 
y - 2/5 = 14/5) or 4r-3y=10 and 3a?+4y=10. ' ' 

^2/?2 X ; L ® 6 equation of the normal at the point 0 on the ellipse 
x 2 /a 2 + y 2 /b 2 = l may be put in the form p 

x-acos ^ y-.bsin r 
b cos 0 a sin 0 ~ CD* 

Let tan <f> be the gradient of the normal, then the equation of the 
normal may be written in the form 4 


.r - a cos 0 y-b sin Q 
cos </> ~~ sin d> ~ r ' 


( 6 ) 
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But, by § 143, we have 


so that 


, . a sin 0 

tan <p — t 

^ b cos 0 


cos (h =_ - cos 0 _ . , __ a sin 0 _ 

>v/(a 2 sin 2 ^ + 6 2 cos 2 ^)’ sm< P — x /(a 2 sin 2 0+6 2 cos 2 0) 


or 


cos (j>= ± 


b cos 0 

~CD~ 


a sin 0 


• « w u a ii vy 

, Sin cp= ± ~"~Qjy • 


(7) 


If we select the two positive signs in equations (7), then r of 
equation (6) will be positive or negative according as {x — a cos#) and 
cos 0 have like or unlike signs; in other words, r will be positive when 
(; r > V) li es ° n the outward normal and negative when {x, y) lies on the 
inward normal at 0. 

By help of equation (7), equation (6) can now be written in the form 

x — a cos 0 y — b sin 0 r 
b cos 0 a sin 6 ~ CD' 


• 

Ex. 6. On the normal at P to the ellipse x 2 /a 2 +y 2 /lP=\ are 
marked off PQ outwards and PQ' inwards, so that PQ and PQ' are 
each equal to the semi-diameter conjugate to CP ; prove that 

CQ = a + b and CQ = a - 6 ; 

and deduce a construction for the axes of an ellipse when a pair of 
conjugate semi-diameters are given in magnitude and position. 

Let P be the point {a cos 0, b sin 0) and let CD be the semi-diameter 
conjugate to CP. Then the equation of the normal at P is, by Ex. 5, 

x — a cos 0 y — b sin 0 r 

b cos 6 a sin 9 — CD 


If r= 
and 
If r= 
and 

Also 

and 


(7Z), x={a + 6)cos 9, y = {a + b)sin 0 

CQ 2 = x 2 +y 2 ={a + b) 2 or CQ = a + b. 
- CD, x={a- b) cos 0 , y = - (a - b) sin 0 

CQ 2 = x 2 +y 2 = (a - b) 2 or CQ' = a-b. 


the gradient of CQ = 


(a + b) sin 0 
{a + b) cos 6 


= tan 0 


the gradient of CQ'= — ^ Sm - tan 6. 

{a - 6) cos 6 


Hence the major axis bisects the angle between CQ and CQ\ Thus 
the directions of the axes are determined ; their lengths are also 

determined, for CQ+C Q' = 2a and CQ-CQ' = 2b. 


When CP, CD are given in magnitude and position the points Q, Q ' 
are found by drawing QPQ' perpendicular to CD and marking off 
PQ, PQ ' equal to CD ; the major axis is the bisector of the angle QCQ 
and the lengths of the axes are given by the equations just written. 
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EXERCISES XLIX. 


1. Find the equation of the chord of the ellipse x 2 /a 2 +y 2 /b 2 = 'l 
which is bisected at the point (£, rj). 

2. Find the equation of the chord of the hyperbola oc 2 j a 2 —y 2 lV l — 1 
which is bisected at the point (£, rj). 

3. The necessary and sufficient condition that the point , y Y ) 
should lie within the ellipse x 2 /a 2 +y 2 /b 2 = 1 is that x^/rf+y^/b 2 — 1 be 
negative. 


4. Use the method of § 151, Ex. 3, to find the equation of the 

tangent (i) at (x^y x ) on x 2 /a 2 -\-y 2 /b 2 = 1, (ii) at on x 2 /a 2 —y 2 /b 2 = 1, 

(iii) at (xji/i) on ax 2 + 2hxy + by 2 + 2gx + 2fy + c=0. 

5. If TP, TQ are the tangents from T(x, y) to the parabola 
y 2 — ^ax, whose focus is S, prove that 

TP. r§ = (y 2 - 4 ax). 


6. A straight line through a fixed point P(J\ g) meets the lines 
ax 2 + 2hxy + by 2 = 0 at the points A, B and a point Q is taken on the 
line such that 1/P§ = 11 PA + 1/PB (PA, PB, PQ being steps); prove 
that the locus of § is a straight line. 

7 . Find the length of the intercept made on the line y = mx+c by 
the lines ax 2 4- 2 hxy + by 2 = 0. 

8. Find the area of the triangle formed by the lines 

lx + my = 1 , ax 2 + Vhxy 4 - by 2 = 0 . 

9. (?isa variable point on the linear + &y-fc = 0. On the line joining 
Q to the origin are marked off points P, P f such that PQ = QP' = d, 
a constant; find the locus of P, P'. 


10. Prove that the locus of the points which divide in the ratio 
1 : k a series of chords inclined at an angle 0 to the major axis of the 
conic x 2 /a 2 -)-y 2 /b 2 =l is given by 


4£ 


f x CO 

V a 


cos d y sin 0\ 2 


+ 


b 2 


) 2 +(i-£) : 


fcos 2 6 sin 2 0\(x 2 y 2 




a 


+ 


b 2 A 


a 2 ^b 2 ) 



and draw some observations from this equation. 

11. Prove that the square of the length of the chord of the ellipse 
x 2 /a 2 +y 2 lb 2 = l, which has its middle point at (A, Jc), is 


4 a 2 b 2 



12. Find the equation of the chord of 2 xy = c 2 whose middle point 
is (cl, ft). Prove that the locus of the middle point of a chord of 
2 xy—c 2 , which is of constant length 2d, is c 2 (x 2 +y 2 )=2xy(x 2 -\-y 2 — d 2 ). 

13. On a chord of the parabola y 2 = 4a,r through a fixed point 
0(h, k) a mean proportional 0M is taken to the segments of the chord. 
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Show that the locus of M is the diameter whose equation is y = & + c, 
where c 2 is the numerical value of k 2 — Aah. 

14. Prove that the equation of the tangent to the ellipse x 2 /a 2 +y 2 /b 2 = 1 
at the point 0 may be written in the form 

x — a cos #_y — b sin 0 _ r 
a sin 0 ~ — b cos 0 ~ CD’ 

where r is the step (positive or negative) from the point of contact to 
(x, y). 

15. If the tangent at P on an ellipse is met in T, T' by a pair of 
parallel tangents drawn at Q and Q\ prove that PT . PT' = CD 2 , 

and also that QT.Q'T' is equal to the square of the semi-diameter 
parallel to QT. 

16. If the tangent at P on an ellipse is met in Z, L' by a pair of 
conjugate diameters, prove that PL.PL'=CD 2 . 

17. Find the equation of the normal at a point on an ellipse in the 
form 

p*i py t * 

a 2 b 2 

where p is the perpendicular from the centre on the tangent at the point. 

18. If the normal at P to the ellipse x 2 /a 2 +y 2 /b 2 = 1 meets the axes 
in G y g and Q is a point on the normal such that 

_ _L_ i _L 

PQ PO^Pg' 

( 2 7 «2 TO o \ 

^r—.acos 6, 0 ~ a b sin 0 ). 
a- + 6- a 2 + b 2 ) 


0L6&. The Parabola. The following are the leading 
theorems regarding the parabola. 


Theorem 1 . 


The locus of the middle points of parallel chords of the 
parabola y2 = ^ 


is the diameter 



loitere m is the common gradient of the chords . 

Proof. Let F(£ >/) be the middle point of the chord QQ' 
(Fig. 138) of gradient m. ' ; 
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Let the equations of QQ' be 

x = £+rcos6, y = rj + r sin 0, 
so that tan 0 = m. 

If &, y are the coordinates of Q or Q\ then y 2 — 4 ax, so that 
r 2 sin 2 0 + 2r(^ sin 0 — 2<xcos 0)-b>? 2 — 4a^=0.(1) 



Fig. 138. 


VQ, VQ' are the roots of (1), so that the sum of the roots 
is zero and therefore 


rj sin 0 — 2a cos 0 = 0 or 




Writing y for rj, we have 

2 a 



as the locus of middle points of chords parallel to QQ'. 
The locus is a line parallel to the axis; let it meet the 
curve at P. PV is called a diameter, VQ and VQ' are 
ordinates of the diameter PV. 

The tangent at P is the line obtained by moving QQ' 
parallel to itself till Q and Q' run together, so that the 
tangent at P is parallel to the chords bisected by the 
diameter through P. If NP, AN are the coordinates of P, 


NP = — 2 and AN=— .(3) 

m z m 

Also SP = MP = a + — 2 = a cosec 2 6 .(4) 
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Theorem 2. 

If QV is an ordinate of the diameter through a point P 
on a parabola, QV* = 4}SP PV 

Proof (See Fig. 138.) 

QV^-VQ.VQ' = ^f, by (1).(5) 

But, by (2) and (4), 

2a , 1 SP 

rj = — and . = — ; 

m sin 2 6 a 


therefore, by (5), 

QV 2 = — 


— —%) = 4>SP( £ — 


'WI¬ 


TH* 


= 4 SP(NV- NP) = 4 SP . P V. 

C° r * ^ If the diameter and tangent through P are oblique 
axes of x, y, then VQ = y and PV=x, so that the equation 
of the parabola referred to these axes is 

7 2 / 2 = 4oor.(6) 

where cl = SP. 

4>SP or 4a is called the parameter of the diameter 
through P. 

n 

The equation of the tangent at (aq^) on (6) is 

T/?/i = 2a(ic+a; 1 ).(7) 

Freedom equations for (6) are 

x = cd 2 , y = 2cLt or x = — 9 > y = ; .(8) 

m 2 ° m v 

and the equation of the tangent at the point m is 


y = mx + 


m 


( 9 ) 


If QD is the perpendicular from Q on PV, it is easy 
to show that QD 2 = 4>AS.PV. .(10) 

153. Worked Examples. The following examples illus¬ 
trate the theorems of the preceding section. 
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Ex. 1. The tangents to a parabola from a variable point T meet 
the tangent at the fixed point P in R and R, so that PR. PR' is 
constant; show that the locus of T is a straight line parallel to the 
tangent at P. 

Refer the figure to the diameter and tangent through P as oblique 
axes of x and y, and let the equation of the curve be 

y 2 = 4 cur ; 

let MT, PM (Fig. 139) be the coordinates of T. Let 77?, TR meet 
the curve at Q , Q' and let Q, Q' be the points 



Fig. 139. 


The equations of TR, TR are 

y = mx + — and y = rax + —,; 

J m v ra 

therefore MT= — PR=^ PR'=. 

mm m m 

Hence a.. MT = PR . PR = constant, 

so that MT is constant and the locus of T is a line parallel to the 
tangent at P. 

Ex. 2. If a variable tangent to a parabola intersect three fixed tangents 
in Yj, Y 2 , Y 3 , then the ratio YjY 2 : Y 2 Y 3 is constant. 

Let the variable tangent touch the curve at P and refer the figure 
to the diameter and tangent through P as oblique axes of x and y. 
Let the equation of the parabola be 

y 2 = 4 our, 

and let the points of contact of the fixed tangents be 

2^2)1 $3(^3y3)* 
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The equation of the tangent at Q t is 

y>/ 1 = 2a.(x+.v 1 ). 

Put r=0, then y = PF 1 , so that 

py — ^ n - x i _Jf\ 

1 V\ 2 ' 

r , r 2 p}\-py , , . 

~v~v = Uv -= ———=a constant. 

i 2 i 3 * *3-1 K 2/3-V 2 


Hence 


Ex. 3. Tangents at Q, Q' on a parabola intersect in T, and the tangents 
at a third point P meets TQ, TQ' in R, R'; show that 

QR : RT = TR' : R'Q' = RP : PR'. 

Using Fig. 139 and the notation of Ex. 1, we have 

Hy = —.> and TM=-~\ . 


m 


therefore 


Similarly 

Again 

so that 


mm 
in 


QR:RT=HQ:TM=-~ 

m 


TR ': R'Q=TM: U'Q'= - 


PR=PR'=— f , 

m m 


CL 


CL 


mm ' m' 2 


m 

m 


RP:PR' = - 


m 

m 


154. Central Conics. We have already investigated the 
properties of diameters of the ellipse. The method em¬ 
ployed does not apply to the hyperbola, so that we shall 
now give a short account of the general method of §§ 151, 
152 as applied to the ellipse; certain obvious changes make 
the discussion apply to the hyperbola. 


Theorem 1. 


If 

arc diameters 


y = mx .(1) and y = m'x 

of the ellipse 


and if 



( 2 ) 

( 3 ) 

(4) 


each of the diameters (1) and (2) bisects chords parallel to 
the other , and the diameters are called conjugate diameters . 
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Proof. Let V(£ rj) be the middle point of QQ\ a chord 
of the ellipse, of gradient m. The equations of QQ may 

be written ^ ^ cog ^ y = rj + r sin 9, 


where tan 6 = m. 

If x , y are the coordinates of Q or Q', then r = VQ or VQ. 

2 2 

Also, from (3), ^2 +fa = 1 5 


therefore 


(£+rcos@) 2 , (/y-fr sin 9f 

o I 


a 


b- 



„/cos 2 6 

or r V^ + 




sin 9 


) + & + p _1_0 - (5) 


Now VQ+VQ' = 0, so that the sum of the roots of (5) 
is zero; therefore 

b 2 cos 9 


g cos 9 r) sin 9 _ ^ 


a 


2 


6 2 


or y] — 


a 


sin 9 


i- 


But tan 0 = m and, from (4), m = — 6 2 /<x 2 m; 
therefore yj = m'£, 

so that the diameter (2) bisects all chords parallel to (1). 
Similarly, the diameter (1) bisects all chords parallel to (2). 


If 


Theorem 

y = mx and y = 


m'x 


are diameters of the hyperbola 


x 2 y 2 


and if 


— ^- = 1 
a* b 2 ’ 

, b 2 

mm = —«> 
a 2 


each of the diameters bisects chords parallel to the other, 
and they are called conjugate diameters. 
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Theorem 3. 

If P, D are the points 

(a cos 0 , b sin 0) and (— a sin 9, b cos 9) 


on the ellipse 


^ 7/2 

a 2 'b 2 ~ L ’ 


CP, CD are conjugate semi-diameters and 

CP 2 + CD 2 = a 2 + b 2 . 

Proof. Let m, m be the gradients of CP, CD; then 


b sin 9 , , b cos 9 

m =-x and m = — 


a cos 9 


Therefore 


mm = — 


b 2 


a sin 9 


a 


2 ’ 


so that CP, CD are conjugate semi-diameters. 

Also, CP 2 = a 2 cos 2 9+b 2 sin 2 0, CZ) 2 = a 2 sin 2 0 + 6 2 cos 2 0; 
therefore CP 2 + CD 2 = a 2 + 6 2 . 

Theorem (£. 

If CP, CD are conjugate semi-diameters of the hyperbola 

= 1 

a 2 b 2 

and P is the point (a sec 9, b tan 9), then the coordinates of 
D may be put in the form 

(ai tan 9, bi sec 0), 

where i = s/— 1; and if CD 2 denote 


then 


a 2 tan 2 0 + 6 2 sec 2 0, 
<7P 2 - CD 2 = a 2 - 6 2 . 


Proof. Let m, ??i' be the gradients of CP, CD ; then 

b tan 0 , / b 2 

m = -^ and mm = 


a sec 0 


, __ b sec 0 _ bi sec 0 
a tan 0 ai tan 0 


a 


2* 


Therefore 
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Now (ai tan 0, bi sec 6) is a point on the hyperbola, 
therefore it is an extremity of the diameter y = mx 
conjugate to CP, and therefore it is D. 

Also, CP 2 = a 2 sec 2 6 + b 2 tan 2 0, CD 2 = a 2 tan 2 6 + b 2 sec 2 6 ; 
therefore CP 2 — CD 2 = a 2 — b 2 . 


Theorem S- 

(1) The equations of the tangent and normal at the 
point (a cos 0, bsinO) on the ellipse x 2 /a 2 -\-y 2 /b 2 = 1 may 
be written in the forms 

x — a cos Q_y — b s in 0 _ r 

a-sin 0 ~ — b cos 0 CD 


and 


x — a cos 0 __y — b sin 0 __r_ 
b cos 0 — a sin 0 CD 


(2) The equations of the tangent and normal at the 
point (a sec 0, b tan 0) on the hyperbola x 2 /a 2 - y 2 /b 2 = l 
may be written in the forms 

x — a sec 0 y — b tan 0 _ r 
a tan 0 b sec 0 CD 


and 


x — a sec 0 _ y — b tan_0 _ r_ 
b sec 0 ~ —a tan 0 CD 


(See Ex. 5, p. 403.) 


Theorem 6. 

If PCP' is a diameter of a central conic which bisects 
the chord QQ' in V, then 

QV 2 _ CD 2 
PV.VP'~CP 2 ' 

where CD is the semi-diameter conjugate to CP. 

Proof. Let V be the point (£ rj), let P be the point 
(<xcos 0, b sin 0), and let the equation of QQ be 

x—£ _ y—y___T_ 

— <xsin0 b cos 0 CD ’ 
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or 


x ~i~ 


a sin 0 


■r, y=n+ 


b cos 6 


. r. 


CD ’ * '' 1 CD 

If (x, y) are the coordinates of Q or Q', we have 


O'2 / ly2 

a 2 ^ b 2 ’ 


2 2 


so that _ _2r /£sind r, cos fl\ fi 

CD 2 CD\ a ~b~) + a 2 ' IP 


+ ^ + £-,-1=0. 


VQ’ I Q are the roots of this equation in r: therefore by 

le rule for the product of the roots of a quadratic 
equation, Q y 2 _ jrQ yq - * 

CD 2 CD 2 .(!) 

The equation of P’ VP may be put in the form 


x ~j _ y — n _ r . 

a cos 6 b sin 6 CP ’ 


therefore, similarly, 


VP.VF A 

~CP^~-a 2 + F- 1 


( 2 ) 


But VP. VP - P V. VP'; therefore, from (1) and (2), 


QV 2 _PV. VP' 


CD 2 


CP 2 


or 


QV 


CD 2 

PV. VP’~ CP 2 ■ 


Theorem^ 7. 


//a central conic he referred to CP and CD, a pair of 

%} ^ oblique axes of x and y. its 

equation takes the form 


X 2 y 2 


r /v> — x 


a. 2 ' 6 2 


or 


x 1 

oC 


-t = i 


according as the conic is an ellipse or hyperbola, where 
'1 — oc, CD = f3. 

Proof. If CV, VQ are the abscissa and ordinate of a 
point Q on the ellipse, then 

QV 2 = y 2 , PV. VP' = ol 2 — x 2 ; 
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therefore, by Theorem 6, 

y 2 

oc 2 — x 2 a 2 



or 


oc. 2 ~p 2 


The tangent at on the ellipse is 


,a_i 

oc 2 ■*" /3 2 ” 

If mm' = — /3 2 /oc 2 , y = tux and y = ttix are conj ugate 
diameters of the ellipse. 

; 155. Worked Examples. The following examples are 
applications of the theorems of the preceding section. 


Ex. 1. If parallel tangents at Q and Q' on a central conic meet the 
tangent at P in T and T', then 

PT. PT 7 = CD 2 and QT . Q'T' = CE 2 , 

where CD and CE are the semi-diameters parallel to the tangents at P and 
Q respectively. 



First, refer the figure to CP, CD as oblique axes of x , y (Fig. 140) ; 
let the equation of the conic be 

0.2“ l ’/32“ 1 » 

and let the coordinates of Q, Q' be ( x x , y x ), (~x lf -y x ). 



416 


ANALYTICAL GEOMETRY. 


[CH. XXIII. 


The equations of QT, Q'T' are 

xx 


XX\ V)f, _ , XXy ?/?/, - 

~^+ip= l and —£+-p2 = - h 
cl- (xr p“ 


The common abscissa of T\ T' is cl. Put x=cl in these equations ; 
we get 

® = l-^ and 

IS- CL IS- CL 

Therefore, since y = PT in the first of these and y — PT' in the 
second, we have after multiplication, 

PT PV _ — ( l __£l^ — _*^L 

/i 4 “ V CL“ / 0 *’ 

and therefore, dropping consideration of the sign, 

p T pr = p> = CD 2 

Second, refer the figure to CE, CQ as oblique axes of x , y ; let the 
equation of the conic be *> •> 

CL- ' f3~ ’ 

where cl = CE, f3 = CQ in this case. Let P be the point (x\yA 
Then the equation of TPT' is 

cl- fS-~ 

The ordinate of T is fS. Put y = /3 ; we get 


_ Hi 

- " B 


or 

IS 


The ordinate of T is - f3. Put ?/= -ft in the equation of TPT'\ 
we get 

* 1^-1 =i + & or ry t' £l — i 4 . 


Hence 
so that 


§r.?rA‘=i-^4 

CL* fS~ 0L“ 

QT. Q'T' = cl-=CE'-. 


Lx. 2. If the chord Pit of the conic x-/a- — y 2 /b- = 1 and the 
tangent at Pare equally inclined to the axes and PR meet the axes 
at Q and q , then ^ P.Pq= CD-. 

Let P be the point (asec 0 , tan #) and let the equation of PR be 

put in the form ^ 

%V JT a sec ^ - «tan 0 _ r 

o tan - 6 sec # — (7) 

according to Theorem 5. 

When // = (), r=PQ\ when .r = 0, r=Pq. 

Therefore PQ=CI). Vd " ® and Pq =-CD. sc ^-„ 

sec 0 1 tanF 

and therefore PQ. Pq = - CD 2 or QP. Pq = CD*. 
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Ex. 3. Tangents from a variable point T meet a conic in Q and Q\ 
and the tangent at the fixed point P on the conic meets TQ and TQ' 
in R and R ; if PR. PR is constant, the locus of T is a straight line. 

Refer the figure to CP and the conjugate semi-diameter as oblique 
axes of x and y ; let the equation of the conic be 

r 2 ?/ 2 
— 4- — = I 
GL 2 ^# 2 A ’ 

and let the coordinates of T be 

The equation of the tangent-pair TQ , TQ' is 


(- 


2 2 




• 2 ' /3 2 V \0.2 ' 73» ' (3 

Put x = cl ; PR and PR' are the roots of the resulting quadratic in y. 

Hence 


PR. PR’ = - ~ . fP. 

v r i a.) 


Since PR . PR' is constant, Xj is constant, so that the locus of T is a 
straight line parallel to the tangent at P. 

156. Asymptotes. Similar treatment may be applied to 
asymptotes. 

Put x = g+r cos 6 and y = rj-\-rsinQ 

in the equations 


x 2 y 2 j x 2 y 2 _ 

^-& =1 .^ = 0 . 

We then get the quadratics 


( 2 ) 


_sin 2 <9\ , 2r ^cos0 r) sin <9\ g 2 r, 2 

\ a 2 b 2 J + r \ a 2 ~W~) + ^ 2 ~b 2 ~ l ~ () 

and 

/cos 2 0 _ sin 2 0\ /£cos 6 _ >, sin 0 \ r, 2 _ 

V a 2 b 2 ) + l \ a 2 b 2 ) + a 2 ~b 2 ~°’ (4) 

If (£* v) is the middle point V of a chord QQ' of (1) and 
if QQ' meet the asymptotes (2) in R and R\ then 


so that, by (3), 


VQ+VQ' = 0, 

£ cos 6 rj sin 6 _ A 


and therefore, by (4), VR+ VR' = 0, 
so that we have 


G.A.G. 


2d 
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Theorem 1. 

If the diameter CPV of a hyperbola meet the curve in P 
and bisect the chord QQ' in V, V is also the middle point 
of RR\ the intercept made on QQ' by the asymptotes. 

If QQ' move parallel to itself till V coincides with P, 
then we have, as in § 132, Theorem 6, 


Theorem 2. 

The part of the tangent at P intercepted between the 
asymptotes is bisected at P. 


Theorem 3. 


If QQ, a chord of a hyperbola , meet the asymptotes in R 
and R', and the tangent at P parallel to QQ' meet an 
asymptote in T\ 

RQ. RQ' = RQ. QR' = PT 2 = CD 2 , 
where CP, CD are conjugate semi-diameters. 


Proof. Let R be the point (£ >/) of equation (3); then 
I - p = 0 by (2), and 


RQ.RQ'=- 


cos 2 0 sin 2 # 



Now tan d is the gradient of QQ'. or CD ; but the gradient 
of CD, by Theorem 4 of § 154, is 6 sec (p/a tan cp, where P is 
the point (p , so that 


eos 2 #__tan 2 </> , sin 2 # sec 2 <p 

° “ CD 2 ana ~W~~CD 2 ' 


a 2 


Hence RQ . RQ' = CD 2 . 

Since V is the middle point of both QQ' and RR' (Th. 1), 

RQ . QR = RQ. RQ' = CD 2 . 

When R coincides with T, RQ. RQ' becomes TP 2 . Hence 
the theorem is established. 
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If QQ' is perpendicular to the transverse axis, 

RQ.RQ' = RQ. QR = CB 2 ; 
if it is perpendicular to the conjugate axis, 

RQ. RQ' = RQ . QR = CA 2 . 


EXEKCISES L. 

1. Prove that the intercepts PG and Pg , made on the normal at 
P between P and the axes, are 

- CD and % CD. 

a b 

2. If 0 is the eccentric angle of P, a point on an ellipse, prove that 

tan 2 (9 = {CD 2 - b 2 )/(a 2 - CD 2 ). 

3. If ex. is the angle which the tangent at P makes with the focal 
distance of P, prove that sinoL=b/CD. 

4. Prove that cos CPG = ab/CP. CD. 

5. If the diameter conjugate to CP meet the normal at P in F, 
prove that PF. PG = BC 2 and PF.Pg—CA 2 , where G , g are the 
intersections of the normal and the axes. 

6. If (7P, CD are conjugate semi-diameters of an ellipse, if CD 
meets SP at E and PL is the projection of PG on \SP, prove that 
(1) PE=CA, (2) angle PEg is a right angle, (3) PL = CB 2 ICA. 

7. If the tangent at P on a hyperbola meet the asymptotes in 
Z, Z', prove that PL = PL’ = CD. 

8. If the tangent at P on a hyperbola is cut by any pair of 
parallel tangents in T, T\ prove that PT. PT' = CD 2 . 

9. If the tangent at P on a hyperbola is cut by any pair of 
conjugate diameters in P, T\ prove that PT. PT' = CD 2 . 

10. The asymptotes of a conic are harmonically conjugate with 
respect to any pair of conjugate diameters. 

11. If 7/ 2 ==4(xjv is the equation of a parabola referred to oblique 
axes of x, y inclined at an angle co, prove that the equation of the 
directrix referred to the same oblique axes is 

x+y cos o) + <x=0. 

12. The ordinates through a point P on a parabola of the diameters 
LV^ L' V' through the extremities Z, Z' of the latus rectum are P V. 
P V f ; show that VV' 2 =4ZZ'. SP. 

13. Prove that, if P and P' are any two points on a parabola, the 
mean proportional between the distances of P and aS from the tangent 
at P is half the distance between the diameters through P and P'. 
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14. If the tangent at Q on a parabola meet the diameter PV in T. 
prove that TQ 2 = 4 TP. SQ. 

th"^t * e( I ua ^ on QD 2 = 4diS'. P V for a parabola (§ 152), prove 

{ax 4 -bg + c) 2 = k{px+ qy + r) 

is the equation of a parabola, ax+by -\-c =0 being the equation of a 
diameter and px+qy + r=0 that of the tangent at its vertex. Find 
the latus rectum of the parabola. 

16. If 0 is the middle point of the chord QQ' of a hyperbola which 
meets the asymptotes in R, R' and cuts any pair of conjugate diameters 
m A, Ii , prove that OR 2 =OK.OK'. 

17. Prove that conjugate diameters of a rectangular hyperbola are 
equally inclined to each of the asymptotes. 

tan ? ents to an e ^ip se are drawn parallel to the normal at 
a point / on the ellipse, and the normal is equally inclined to the 
axes. Prove that the semi-diameter parallel to these tangents is a 

mean proportional between the perpendiculars from P on the two 
tangents. 
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19. Find the greatest value of the angle between a diameter of an 
elhpse of eccentricity e and the normal at its extremity; and show 
that for the earth s orbit round the sun, of which the eccentricity may 
be taken as 1/60, this angle is less than half a minute of arc. 

• ., Pr< ? ve normal at P to a parabola, cut the axis 

in G the length of the chord drawn through G parallel to the tangent 
at P varies as the focal distance of P. 


21. PR is a chord of a parabola such that PR and the tangent at P 
form an isosceles triangle with the axis ; prove that PR is divided in 
the ratio 1:3 by the axis. 
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CHAPTER XXIV. 

GENERAL THEOREMS ON CONICS. CONFOCAJL 

CONICS. CURVATURE. 

157. General Equation of the Second Degree. Before 
passing to certain general theorems regarding a conic, we 
shall find a general form for the equation of a conic, so 
as to save needless repetitions of proofs. Let (x^y^) be the 
focus and x cos oc + 2 / sin oc— p = 0, the directrix of a conic 
whose eccentricity is e ; then the equation of the conic is 

(x — x 1 ) 2 -^(y — y 1 ) 2 = e 2 (x cos oc + y sin oc — p) 2 

or (1 — e 2 cos 2 oc)# 2 — 2e 2 sin oc cos OLxy -\-y 2 (l — e 2 sin 2 oc) 

- 2x (x x - e 2 p cos oc) - 2y (y x — e 2 p sin oc) + x 2 + y 2 - e 2 p 2 = 0. 

The general equation of the second degree , namely 

ax 2 +21ixy -f- by 2 + 2gx+2fy + c = 0, 

denoted by f(x>y) = 0 or S= 0, represents any conic. If 

— 0, it represents a hyperbola ; for ax 2 + 2hxy + by 2 
has then two real and distinct factors, and the curve goes 
to infinity in two different real directions. If h 2 — ab = 0, 
it represents a conic going to infinity in but one real 
direction (or in two coincident real directions), that is, a 
parabola. . If h 2 — ab < 0, it represents a conic which does 
not go to infinity in any real direction, that is, an ellipse. 
We have already shown in Chapter XII. how to draw rough 
forms of the graphs of fix , y) = 0. 

Ex. 1. If f(x, y) = 0 is a central conic, show that the coordinates of its 
centre are the solutions of ax -|- hy + g=0, hx 4- by+f = o. 

Let (x u y x ) be the centre of f{x, y) = 0, and shift the origin to the 

centre by putting The equation of the conic 

becomes 

a£2 + 2k£7) + brf- + ^(ax l + h Vl +g) + 2 v (kA\ + bi/ l +f) + f(x x , y i ) = Q. (1) 
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Think of (£, 77 ) and (— £, — ?;) as the two extremities of a diameter 
of the conic ; then it is clear that ( — £, — 77 ) must satisfy ( 1 ), so that 

a£ 2 + 2 h£ri + bif - 2£(a* t 4- 4-#) - 2?;(A.t’j + fry, +/) +f(x x , y 2 ) = 0. (2) 

Subtracting ( 2 ) from ( 1 ) and dividing by 4, we get 

+9) + t) (hx x + +/) = 0.(3) 

Now (3) is true for all values of £, 77 belonging to the conic ; therefore 

ax l -\-hy l +g = 0 and /uv l + by 1 +/= 0 . 

Ex. 2. The equation of a central conic referred to the centre as origin 

is found by writing £ for x, 77 for y in the terms of the second degree 

and Xj/ 2 , yj /2 for x, y in the terms of the first degree, where (x 1# y x ) is 
the centre. 

Equation ( 1 ) of Ex. 1 gives the equation of the conic referred to its 
centre as origin. Since ax l +/iy l +g = 0 and bx 1 -\-by l -f/=0, it 
remains to prove that/(.r,, ?/,) = 2g fo/ 2 ) 4 - 2 /^/ 2 ) + c. 

Now x j (ax x 4- hy x +g) = 0 and y x (hx x 4 - by x +/) = 0 ; by addition we 
see that ax{ 2 4- 2 hx ] y l + by 2 + r/.r, -h/y/j = 0. 

To each add 2 ^/ 2 ) + 2/(y 1 /2) + c ; 

then ^i) = 2 ^(.r 1 / 2 ) + 2 / 0 / 1 / 2 ) + c. 

Ex. 3. Find the latus rectum and the equations of the axis and tangent 
at the vertex of the parabola 

x 2 - 2xy + y 2 - 6 x + 2y + 9 = 0.(i) 

We write (i) in the form 

, (^-y ) 2 = 6.r-2?y-9, 

then in the form 

(•«■• - V + A)- = 2.i-(3 + X) - 21 / (1 + \)+ x? - 9 .(ii) 

Next, we determine A so that the lines 

x-y+\=0 and 2.r(3 + A)-2y(l + A)+\ 2 -9=0 

O 1 \ 

may be perpendicular. This gives -^-£ = -1 or A = - 2 . 

1 4- A 

Going back to (ii), we substitute A = — 2 , and so get (i) into the form 

(• r “ V — 2) 2 = 2 .r 4 - 2 ?/ — 5.(iii) 

To compare (iii) with NP 2 =4AS. AN (§ 125), 

wo write it ( x ~?l ~ 2)“ _ . 2x 4- 2 y - 5 

2 V V 2 s /2 * 

Hence the latus rectum = s / 2 ; thoequation of the axis is x—y — 2=0 
and of the tangent at tho vertex lx 4- 2y — 5 = 0 . The rough form of 
this parabola is shown in Fig. 84, p. 220.' 
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Ex. 4. Find the lengths and the equations of the axes of the ellipse 

5x 2 — 4xy + 4y 2 — 20x + 8y - 44 = 0. (0 

Here a = 5, h= — 2 , 6 = 4, <7 = — 10 , f= 4, c=—44. 

We first find the centre according to Ex. 1 : 

a^i + %i+ 0 r = ° and ^i + 6 y 1 4-/=0 give ^ = 2 ,^ = 0 . 
Applying Ex. 2, we find for the equation of the ellipse referred to 
its centre as origin, 5g 2 - 4 ^ + 4^ 2 = 64.(ii) 

The equation of a concentric circle, radius r, is 

£2 + v 2 = r 2 .(iii) 

Multiplying (ii) by r 2 and (iii) by 64 and subtracting, we obtain 

£ 2 (5r 2 - 64) - 4r 2 £rj + rj 2 (4r 2 - 64) =0.(iv) 

Equation (iv) gives two straight lines through the common centre 
and the intersections of (ii) and (iii). (Compare § 125, Ex. 3.) W hen 
r 2 is equal to the square of either semi-axis of (i), these two lines 

coincide, and then 

4r* = (5 ?’ 2 - 64) (4r 2 - 64) or r* - 36r 2 + 256 = 0, 

giving v 2 = 18 + 2 \J 17 or 18 — 2 n/TT .( v ) 

These are the squares of the semi-axes. 

When the two lines (iv) coincide, (iv) may be written 

[£(5r 2 — 64) — 2r 2 iy] 2 =0, 

so that 

when ?- 2 = 18 + 2v/l7, £(5r 2 -64) - 2r 2 r) = 0 is the major axis ; 

when r 2 = 18 - 2n/17, £ (or 2 - 64) - 2?- 2 r/ = 0 is the minor axis. 

Hence the major and minor axes are _ 

^(13 + 5Vl7) = 27 ? (9 + Vr7) and £(13- 5 n/17) = 2t;( 9-Vl7) 

or, referred to the x and y axes, 

(^-2)(13 + 5 v'l 7 ) = 2?/(9-f n/ 17) and (x- 2)(13 - 5\/T7) = 2y(9 - s/l7). 

The rough form of the ellipse is shown in Fig. 86 , p. 223. 

Note. The same method applies to the hyperbola; one of the 
values of r 2 in the equation corresponding to (v) will be positive and 
one negative ; the first is CA 2 y the second — CB 2 . The student may 
apply the method to the hyperbolas of §§ 91, 93. 

Ex. 5. The area of the ellipse whose equation is 

ax 2 -f 2 hxy 4- by 2 = 1 

is 7 r/Va 6 — h 2 . 

Rotate the axes through an angle 0 and put 

# = £cos 0 — 7] sin 0 and y = £ sin 6 + rj cos 0. 
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The equation of the ellipse referred to the £ and rj axes becomes 

a£ 2 +2 /^tj+ &y = l,.(i) 

w here a = a cos 2 0 4- 2 h sin 0 cos 0 4- b sin 2 9, 

h'=(b — a )sin #cos #4-/* (cos 2 # - sin 2 #), 

b' = a sin 2 # - 2h sin #cos Q-\-b cos 2 #. 

We get (i) into the canonical form of the equation of the ellipse if 
we choose li = 0, 

or (6 —a)sin #cos # 4 -/-(cos 2 # —sin 2 #) = 0 or tan 2# = - ^ f . 

a — 0 

Equation (i) then becomes 

a'£ 2 4-#V = l.(ii) 


The semi-axes of the ellipse are therefore —-i-., and the area is 
therefore sja 6 


Now (p. 102, Ex. 20) a'b' = a'b' - h' 2 = ab — k% as is easily verified. 
Therefore the area of the ellipse is 7r / v /(a6 - A 2 ). 


Ex. 6 . Prove that the equation of a conic referred to the tangent and 
normal at a point as axes of x and y may he written in the form 

y = ax 2 4 - 2hxy 4- hy 2 . 

Also show that, if through a given point on a conic two lines at right 
angles to each other be drawn to meet the curve, the line joining their 
extremities will pass through a fixed point on the normal 

Let Ax 2 + 2 IIxy 4 - By 2 + 2<7.r 4- 2 Fy 4 - C= 0 

be the equation of the conic. 

The conic passes through the origin ; therefore <7=0. 

And the tangent at the origin is ?/ = 0 ; therefore x=0 twice gives 
the roots of J.r 2 + 2G\r = 0, so that 6 T = 0. 

lienee the equation of the conic takes the form 


or 


A x 2 4- 2 Hxy 4- By 2 + 2Fy = § 

// = (- A /2F)x 2 + 2 (- H/2F).vy 4 - (- B/ 2 F)y\ 
which is of the given form. 

In the* second part of the example, refer the figure to the tangent 
and normal at the point as axes of .r and y ; let the equation of the 

y = ax 2 4 - 2 hxy 4- by 2 y 


conic be 


and let the conation of the lino joining the extremities of the 
perpendicular chords through the origin be 

lx -f my = 1. 

y (lx + my) = ax 22 + 2 hxy 4- by 2 


Thou 





FORMS OF THE CONIC. 


425 



157, 158] 


is the equation of the pair of perpendicular lines through the origin. 
Since they are perpendicular 

a + b — m = 0, 

so that lx + my = 1 may be written in the form 

lx + {a-\-b)y= 1, 

which always passes through the intersection of x=0 and (a + b)y — 1, 
that is, through a fixed point on the normal. 

Note. If a + b = 0, the conic is a rectangular hyperbola, and m = 0. 
Hence the particular case : If through any point on a rectangular 
hyperbola be drawn two chords at right angles, the perpendicular let 
fall from the point on the line joining their extremities is the tangent 
to the curve at the point. 


158. Forms of the Conic. We have taken the general 
equation of the second degree, viz. 

ax 2 + 2hxy + by 2 -f- 2gx + 2fy + c = 0.(1) 

to represent a conic. It follows that the term conic there¬ 
fore includes a pair of straight lines (which may be parallel 
or coincident) as well as a circle, parabola, ellipse or hyper¬ 
bola. And this is not surprising, for if the hyperbola 
x 2 /a 2 — y 2 /b 2 = 1 — A is traced for varying values of A between 
0 and 1, it will differ very little from its asymptotes when 
A is all but 1, so that the hyperbola may be imagined to be 
“ squashed ” into a pair of straight lines which are its 
asymptotes; the hyperbola is said to degenerate into these 
lines. Similarly, a parabola may degenerate into a pair 
of parallel straight lines. To see the significance of the 
term conic if defined by equation (1), we must start from 
(1) and investigate its different forms. We shall give only 
the outline of the investigation. 

If h 2 =\=ab , we can shift the origin to the point (x v y x ) 
by putting x = g+x 19 y = *i + y 19 where ax l + hy 1 +g = 0 and 
w&i + by 1 +f=0, and (1) will then take the form 

a? -f 2 h£r, + V = ahc + If ~ cK . (2 ) 

The expression abc + 2fgh — af 2 — bg 2 — ch 2 is called the 
discriminant of equation (1); we shall denote it by D. 

If h 2 =|= ab and D = 0, we see from (2) that (1) will repre¬ 
sent two intersecting straight lines. 
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If h--\-ab and D-'-O, equation (2) may be put in the 
torm 


A? + 2Hfr+B* = l. 


(3) 


™ a y> by rotation from g, >/ axes to u, v axes, as in 
b 157, Ex. 5, bring (2) or (3) to the form 


oc u 2 + fiv 2 = y. 


(4) 


If y = 0 and oc, /3 have the same sign, then u = 0 and 
v f z 9 > so . ^bat (1) would represent a point, for example one 
or the limiting points of a system of coaxal circles. 

If y =1= 0, we see from (4) that (1) may be brought to the 

canonical form of the equation of the circle, ellipse or 
hyperbola. 

So far we have supposed that h 2 - ab =|= 0. If h 2 -ab = 0, 
then (1) will either take the form, as in §157, Ex. 3, 

.( 5 ) 


(olx + fiy + y) 2 = k(/3z - oc y + S), 
so that it represents a parabola, or the form 


(oLr + Zfy + y) 2 ^, 


( 6 ) 


so that it represents a pair of parallel lines . 


159. General Theorems. We shall now give the main 
theorems regarding the general conic whose equation is 

ax 2 + 2hxy + by 2 + 2gx + 2fy+ c = 0 .(1) 

Theorem 1. 

If from the point P(x l , y x ) a line of gradient tan 0 
be drawn to meet the conic (1) in Q and R, then PQ and 
PR are the roots of the following quadratic in r: 

r 2 (a cos-0 + 2h sin 0 cos 0 + 5 sin-0) 

+ 2 r{(ax l + hy l +g) cos 0 + (hx 1 + by l +/) sin 0} 

+ ax 2 + 2 hx x y x + by* + 2gx, + 2f Vl + c = 0.(2) 

This equation is obtained by putting x = x 1 +rcos 0, 
y = y l +rsin 0 in (1). 
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Theorem 2. 

The equation of the tangent at the point (x x> y x ) on the 
conic (1) is 

axx x + h(xy x +x 1 y) + byy x + g{x + x x ) 4-/(2/ 4- 2/i) + c = 0. (3) 

By expressing the condition that both roots of (2) are 
zero, we get the value of tan 0, the gradient of the tangent 

at (a,, 2/ x ), to be aXi + h lh +g 

hx 1 + by 1 +f’ 

and the equation of the tangent is then y — y 1 — {x — aq) tan 6, 
which may be put in the form (3). 

Theorem 3. 

The locus of the middle points of chords of the conic (1), 
which have a common gradient m, is the straight line 
whose equation is 

ax + hy+g + m(hx + by -\-f ) = 0.(4) 

If = tan 0 and (x x , y x ) is a point on the locus, then the 

sum of the roots of (2) is zero, so that 

(ax x 4- hy 1 + g ) cos 6 4- (hx x 4- by x 4-/ ) sin 0 = 0 
or ax x 4- hy 1 +g + m(Jix x 4- by x 4-/) = 0 ; 

hence (4) is the equation of the locus. 

Theorem 4. 

If m, m are the gradients of a pair of conjugate 
diameters of the conic (1), then 

a+ h (m 4- m') 4- bmm' = 0.(5) 

For, according to (4), m = — (a 4 -mh)/(h+mb). 

Theorem 5. 

The chord of the conic (1), whose middle point is (x x , 2 / 1 ), 
is given by the equation 

(x - x 1 )(ax 1 + hy 1 +g) + (y-y 1 ){hx 1 + by 1 +f) = 0. ...(6) 

Put tan 0 = (y — yf)j(x — x^) 

in the investigation of Theorem 3. 
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Theorem 6. 

If the line joining the point T(x ly y x ) to the point U(x, y ) 

meet the conic (1) in P x , P 2 , then the values of the ratios 

TPJP-JJ, TP 2 /P 2 U are the roots of the following quadratic 
in \: 

X 2 (ax 2 + 2 hxy + by 2 + 2 gx + 2fy + c) 

+ 2\ { axx l + h (xy l + xpj) + byy 1 +g(x+x 1 )+f(y+y 1 )+c} 

+ (ax* + 2 hx 1 y 1 + by 1 2 +2gx 1 + 2fy 1 + c) = 0.(7) 

This is Joachimsthal’s Equation, and is found by proceeding 
exactly as in § 146. 


Theorem 7. 

The equation of the pair of tangents from the point 
(x ly 2/ x ) to the conic (1 ) is 

(ax z + 2 hxy + by 2 + 2 gx + 2 fy + c){ax x 2 + 2hx 1 y 1 + 2 \gx 1 

+ 2 / 2 /j + c) 

= {axx 1 + h(xy 1 +x 1 y)+byy l +g(x+x 1 )+f(y+y 1 )+c} 2 . (8) 

Proceed exactly as in § 147. 

Note. The pair of tangents from a focus of a conic 
satisfy the circular conditions, namely, the term in xy is 
absent and the coefficients of x 2 y y 2 are equal. 

Theorem 8. 

The polar of (x Xi yf) with respect to the conic (1) is given 
by the equation 

axx i + h ( x Vi + x iV) + byyi+g (x +- +f(y + Vl ) 4- c = 0. (9) 
Proceed as in § 148. 


Theorem 9. 

The asymptotes of the conic (1) are given by the equation 
ax 2 + 2 hxy + by 2 + 2 gx + 2 fy + c 

+ »fc-+2M-^-y-j- =a (10) 
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If c be added to both sides of (1), we get 

ax 2 + 2 hxy + by 2 + 2 gx + 2 fy + c + c' = c\ 

The left-hand expression is the product of two linear 
factors if 

ab (c + c') + 2 fgh — af 2 — bg 2 — (c + c) h 2 = 0, 
that is, if + 

But each of the factors equated to zero gives an asymp¬ 
tote, hence the product of the factors equated to zero gives 
both asymptotes in one equation, and it is equation (10). 


160. Confocal Conics. A system of central conics having 
their foci in common is called a confocal system. 

The general equation of a system of conics confocal with 
the ellipse x 2 /a 2 -\-y 2 lb 2 = 1 is easily seen to be 



a 2 +X 



y* 

b 2 + X 




where X is a variable parameter ; because 

(a 2 + \) — (b 2 + \) = a 2 — b 2 = a 2 e 2 > 

so that the foci remain fixed as X varies. 

The following theorems are of interest. 


Theorem 1. 

Through every point in the plane of the ellipse 
x 2 /a 2 + y 2 /b 2 =l two confocal conics can be drawn , one an 
ellipse and the other a hyperbola. 

Let (1) be the equation of a confocal through the point 
(x i, yf ); then to determine X, we have the quadratic 

(X + a 2 )(X + b 2 ) - (X + a 2 )y 2 -(\ + b 2 )x 2 = 0 .(2) 

Now the graph of the left-hand expression is a parabola 
whose concavity is upwards, and which crosses the X-axis 
since the value of the expression is (a 2 — b 2 )x 2 , a positive 
quantity, when X = — a 2 , and (b 2 — a 2 )y 2 , a negative quantity, 
when X = — b 2 . Hence the roots of (2) are real, so that two 
real confocals pass through (aq, y x ). Further, if X x and X 2 
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are the roots of (2), both a 2 -\-\ 1 and a 2 + A 2 are positive, 
but b 2 -\-\ and 6 2 + A 2 have opposite signs, so that one 
confocal is an ellipse and the other a hyperbola. 


Theorem 2. 

The two conics confocal with the ellipse x 2 /a 2 + y 2 /b 2 = 1 
and passing through any point (x ±i yf) cut at right angles . 

For if A 1? X 2 specify the two confocals, we have 


x 


+ 


a*+\ b 2 + \ 


k~=i- 


x 




+ 


Vi 


ci 2 + X 9 ' b 2 + X, 


or 


(Xl A ' 2) {(a' 


x 


+ 


Vi 


J-°- 


(a 2 + Xj)(a 2 +X 2 ) (6 2 +X 1 )(6 2 +X 2 ) 

Since \ — X 2 =|=0, we get the condition that the tangents 
at (a:,, y x ) on the confocals, namely 


i yy i i 

a 2 +V & 2 +X, 


and -^V+rSr = l> 

a 2 +A 2 6 2 + A 2 


are perpendicular. 


Ex. 1. Only one of the conics of the system confocal with 

.v 2 /a- + y-jb 2 = 1 

can be drawn to touch a given line. 

Ex. 2. Variable parallel tangents to „r 2 /a 2 +y 2 /b 2 = 1 meet a common 
perpendicular in (J and /f, which again meets a parallel tangent to a 
confocal in P ; prove that PQ. PR is constant. 

Ex. 3. Prove that the locus of the points of contact of tangents 
from a fixed point to a system of confocal conics is a cubic curve 
which passes through the point and the foci of the system. 

Ex. 4. Prove that y 2 = 4A(.r-f A), where A is a variable parameter, 
represents a system of confocal parabolas. 


161. Freedom Equations of Conics. Let 


at 2 + bt + c _ at 2 + b't + c 
lt 2 +mt + n ' lt 2 +mt+n 



be freedom equations of a curve, then the curve is a conic; 
because the curve given by these equations meets any line 

Ax + Uy + (7 = 0 in two points. (See IV., p. 290.) 
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If lt 2 + mt + n has real and distinct factors, the conic goes 
to infinity in two real and distinct directions, so that (1) 
represents a hyperbola if m 2 — 4>ln ;> 0. 

If It 2, + mt+n has a repeated factor ( t — a. ) 2 , in other 
words if lt 2 + mt-\-n is a perfect square, the conic goes to 
infinity in one direction, so that (1) represents a parabola 
if m 2 — 4<ln = 0. In this case, by putting t for l/(£ — oc), we 
get the form used in Ex. 2 below. 

If lt 2 + mt + n has imaginary factors, the conic is a closed 
curve, so that (1) represents an ellipse if m 2 — 4<ln < 0. 


Ex. 1. Find the asymptotes of the conic whose freedom equations 

are _ 2* 2 -*+l * a + 3* + 2 ..v 

X (< — 1)(< —2)’ ;/_ («-l)(<-2). W 

Let lx+my= 1 be an asymptote ; then lx + my = 1 touches (i) where 
x, y are infinite, that is where t— 1 or t — 2. 

Hence l(2t 2 — t+l) + ?n(t 2 + 3t + 2) = (t — l)(t — 2) 

or t 2 (2l + m—\) — t(l —3m —3) + (l + 2m —2) = 0 .(ii) 

is a quadratic in t , whose roots are t— 1 twice or t = 2 twice. 

If the roots of (ii) are t= 1 twice, 

2l + ?n— l=l-\-2m — 2 and l — 3m — 3 = 2 (2£ + m — 1), 

so that 1= —3/4, m= 1/4 and the asymptote is 3x — y + 4 = 0. 

If the roots of (ii) are t = 2 twice, 

l — 3m — 3 = 1 + 2m — 2 and l — 3m — 3 = 4(2£ + m —1), 

so that £ = 12/35, ra= —1/5 and the asymptote is \2x— 7y = 35. 


Ex. 2. Prove that the equations 

x=at 2 + bt-{-c i y = a't 2 -\-b't + c' 
represent a parabola whose latus rectum is 

(ah’ - ab) 2 
(a 2 + ’ 

Solving the given equations for t 2 , t, we find 

, 2 — by +6c' — 6'c ^ a'c — ad — a!x + ay 

ab'-a'b ’ - a'6 ’ 

so that the constraint equation of the locus of ( x , y) is 

(ax — ay + ac' — a'c) 2 = (ab' — a'b)(b'x — by + bd — b'c ), .(i) 

and this represents a parabola ; a'x — ay + ad — a'c =0 is a diameter of 
the curve and b'x — by + bd — b'c =0 is the tangent at the extremity of 
the diameter. 
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Comparing equation (i) with tlie equation 

QD 2 = 4AS.PV 

of § 152, we see that the latus rectum 4 AS is 

(ab'-ab) , . 

tf + a 1 * 'Jb- + b-. S md, 

where 0 is the angle between the diameter and the tangent. 
Now 

a b’ - a'b 


tan 6 = °^ and therefore sin 6 = 


(ah' — db) 2 


v /{( a 2 + a ' 2 )(& 2 + &' 2 )}’ 


ab + ci'b 

so that the latus rectum is 

(a 2 -pa' 2 )- 

Ex. 3. Prove that 

x=a cos 0 + b sin 6 + c, y=o! cos 0-\-b' sin 0 + c‘ 

are freedom equations of an ellipse. 

Solve for cos 0 and sin 0 , then square and add. Or put 2^/(1 +£ 2 ) for 
sin 0 and (1 — t 2 )/(l -P t 2 ) for cos 6. 

Ex. 4. Draw the conics specified by the following freedom equations, 
and state the nature of each : 


(0 


2 t . l + 
< 2 -i’ 


(ii) x — 2t 2 — 5£-p2, y = 3£ 2 -P £ — 2 ■, 


~ 2t 2 -9t+9 *(5-2 1) x * 2 -* + l t*-3t+2 

(,„) * y » y= -\i~\Y ’ (lv) *=?+7+T’ » = 7+t+T 

Ex. 5. Prove that the gradient of the tangent at the point t on 
the parabola x . =at , +2bt+c> y _ bV + m + c - _ 

is (a'*-p6')/(a*-p&), and find the value of t for the vertex. 


EXERCISES LI. 

1. Trace the conics specified by the following equations, giving 
the axes and their equations when the conic is an ellipse or hyperbola, 
and the latus rectum and the equations of the axis and the tangent at 
the vertex when the conic is a parabola. 

(i) 2.r 2 +//- = 2.ry-p2// ; (ii) 6.r 2 - xy -y 2 -x+3y + Z = 0 ; 

(i i i) 3.r 2 — 2 xy + 3 y 2 = 32 ; 

(iv) 1 Hi- + 28.?v/ - 8// 2 - 10.r - 20// + 61=0 ; 

(v) 7.r* - 48.ry - 7// 2 + 1 lO.r - 20// +100 = 0 ; 

(vi) 11/* 2 -p 6 xy -P y 2 -P 2.r + 3// + 4 = 0 ; 

( vi i) f>.r a - Axy -P Hi/ 2 - 6.r - 12 y - 36 = 0 ; 

( v i i i ) 9x 2 -P 16 y 2 - 21 xy - 50.r - 1 00// -P 225 = 0 ; 

(i x) //- - Axy - 5.r- -p (>// -p 42.r - 63 = 0. 
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Trace the conic 




showing its relationship to the lines x=a , y = b, x/a+y/b = l. 

3. Prove that the conics 

x 2 - y 2 - 4x + 2y + 2 = 0, tf 2 4- 3?/ 2 - 4a? -6?/+ 4 = 0 

cut orthogonally at each of the four points of intersection. 

4. Find the condition that the lines ax 2 4- 2h'xy 4- b'y 2 =0 may be 
conjugate diameters of the conic ax 2 4- 2hxy 4- by 1 = 1. 

Prove that the equation of the equi-conjugate diameters is 

(a 2 - ab + 2/i 2 )x 2 + 2 k(a + b)xy + ( b 2 - ab 4- 2A 2 )?/ 2 = 0. 

5. Find the directrix and coordinates of the focus of the conic 

x 2 4- 2xy +y 2 — 3x 4- Oy — 4 = 0. 

6. Prove that the directrix of the parabola 

x = at 2 4- 2 bt 4- c, y = at 2 + 2 b't + c' 
is ax -f ay = ac + a’c' — b 2 — b' 2 . 

7. Find the latus rectum, the equation of the directrix and the 
equation of the tangent at the point t on the parabola 

x = t 2 sin a. + 2 at + 6, y = t 2 cos cl + 2 at + b\ 


8. If the equation of a conic is 

ax 2 + 2 hxy + by 2 = 1, 

prove (1) that the squares of the semi-axes are given by the following 

equation : ! -i 

---(a + b) + ab-^ = 0; 

and (2) that the positions of the axes are given by the equation 


( a -]$) x + h y= 0 - 


9. If the line-pair ax 2 -f 2hxy + by 2 = 0 represents the asymptotes of 
a hyperbola, find the equation of the pair of axes. 

10. Find the equation of the conic passing through the origin and 
having the same asymptotes as the conic 

ax 2 + 2 hxy + by 2 + 2 gx 4- 2 fy + c = 0. 


11. Prove that the latus rectum of the parabola 

(clx + /3y) 2 4- 2 gx + 2 fy + c=0 

is 2 (cl/- f3g)l(cL 2 4- 

Also prove that the equation of the axis is our 4- f3y 4- A. = 0, where 


\=(a.g + (3f)/ (cl 2 4- £ 2 ). 

G.A.G, 


2 E 
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12. Prove that the gradient at the point (.r, y) on the parabola 

( cue 4- /3y) 2 4- 2 gx 4-2 fy + c = 0 

is - {a?x 4- a.fiy +g)/(cLp.v 4- f3 2 y +/), 

and that the equation of the axis may be formed by equating this 
expression to /3/cl. 


13. If m is the gradient at the point P on the conic 

ax 1 + 2 h.vy 4- by 2 4- 2 gx + 2fy 4-c = 0, 
whose centre is C, prove that the equation of CP is 

ax 4- ky +g 4- m (hx 4 -by 4-/) = 0. 
Deduce that the axes are given by the equation 

hX 2 -(a-b)XY-hY 2 =0, 

wh ere X = ax 4- hy +g, Y=kx + by +f. 


14. If a conic is given by the general equation of the second degree, the 
eccentricity e is given by the equation 


ab — h- v 


1 ) = 0 . 


15. From the fact (§ 159, Theorem 7, Note) that the tangents to a conic 
from a focus satisfy the conditions for a circle, prove that if f(x, y) = 0 is 
the general equation of a conic, the foci are the points given by 

X- - Y 2 XY . 

a -r^ = h =f(x - y )’ 

where X = ax 4-hy 4-g, Y = hx 4- by 4- f. 


162. The Eectangle Theorem. The Rectangle Theorem is a 
general theorem for the conic which has many applications. 

If two variable secants of a conic whose directions are 
fixed cut the conic in P, Q and P\ Q' and intersect in 0, 

then OP. OQ 

OP'. OQ' 


is constant for all positions of 0. 

We shall use the general equation f(x 9 i/) = 0 or 

ax 2 +2hxy + by 2 + 2gx + 2fy + c = 0 .(1) 

for the equation of the conic. 

Let (£ }j) be the coordinates of 0 and let x = £+r cosd, 
y = -f- r sin 6 be the equations of OPQ. Substitute these 
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values for x , y in (1) and arrange the result as a quadratic 
in r, thus: 

r 2 (a cos 2 0 + 27i sin 0 cos 0 + 6 sin 2 0) 

+ 2r {cos 0(ci£+ hrj+g) + sin d(h£+ b> 1 +/ )} +/(£ >?) = 0. (2) 


OP, OQ are the roots of this equation, so that 


OP . OQ= 


f(i >'?) 


a cos 2 0 + 2/t sin 0 cos 0 + 6 sin 2 0 


(3) 


Now let # = £+r / cos0', i/ = rj + r sin 6' be the equations 

of OP'Q '; then 


M i) 


O P 7 (If)' __ J 7/ _ 

^ a cos 2 0' + 2/i sin 0' cos O' + b sin 2 0' 
From (3) and (4) we get 

OP. OQ a cos 2 0' + 2/t sin O' cos 0' + 6 sin 2 0' 
OP '. OQ' ~~ a cos 2 0 + 2 h sin 0 cos 0 + 6 sin 2 0 


(4) 


(5) 


Now the directions of OPQ , OP'Q' are fixed so that 
tan 0, tan O' being the gradients of OPQ, OP'Q' are fixed; 
hence the right-hand side of (5) is constant, so that 
OP . OQ/OP '. OQ' is also constant. 


163. Examples on the Rectangle Theorem. We shall now 
work some examples on this theorem. 

Ex. 1. If VQ is an ordinate of the diameter PCP' of a conic and if CP, 
CD are conjugate semi-diameters, then 

q V 2 CD 2 

pv. vp ,_ cp 2 ’ 

Let QV, CD (Fig. 119) meet the conic again in Q\ D ; then BCD', 
QVQ' have the same direction, and PCP ', PVP are in the same 
direction. Therefore 

VQ . VQ' CD . CD Q V 2 CD 2 

VP. VP~ CP. CP or P V . VP • - ± CP 1 ' 

the upper sign holding for an ellipse and the under sign for a hyperbola 
according to our use of CD 2 for the hyperbola (§ 154). These 
equations are the equivalents of x 2 /cl 2 y 2 /p 2 = 1, 07 2 / ol 2 — y 2 /p 2 = 1 of 
§ 154, Theorem 7. 
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Ex. 2. Let PQ, P'Q' be two chords of a conic intersecting at 0; let op 
and op, CD and CD', LSK and L'SK' be pairs of tangents, semi-diameters, 
and focal chords parallel to OPQ, OP'Q' respectively; then 

OP . OQ _ op 2 _ CD 2 SL. SK _ LK 
OP'. OQ' _ op' 2 “ CD' 2 “ SL'. SK' “ L'K' ‘ 

Let OPQ, OP'Q! (Fig. 141) move, keeping their directions fixed, till 
P, Q coincide at p , and P\ O' coincide at p\ then 0 will coincide 
with o ; OP . OQ becomes op 2 and OP' . OQ' becomes op' 2 . Hence by 
the Rectangle Theorem OP. OQ/OP . OQ’= op 2 /op' 2 . 


o 



Now let PQ move so as to keep its direction fixed till it coincides 
with the 6Y)-line, and let PQ’ move into coincidence with the (7Z)'-line; 
then 0 becomes C, so that OP. OQ/OP'. OQ' = CD 2 /CD' 2 . 

It will be clear that bv moving 0 into the position of the focus £, 
OP. OQ/OP. OQ' = SL . SK/SL'. S/C. Now \/XL+\/SK=2/l (p. 338), 
where l is the semi-latus rectum ; hence SL. SK/SL'. SK'^LK/L'K'. 

Ex. 3. To prove the theorem, for a parabola, that 

Q]™ = *SP. PVy 

by using the Rectangle Theorem. 

Lot the tangent at P (Fig. 142) meet the axis in T and the parallel 
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through Q to the. axis in R ; let N, G be the feet of the ordinate and 
normal at P. 


Then 


RP 2 TP 2 q y 2 TP 2 

RQ.Ra o ~TA.T<x> or PV~ TA ’ 


because Rod /Tec =1, since RQ and TA are parallel. 



But TA=AN and ST=SP=SG ; therefore 

TP 2 


Hence 


TP 2 = TiV. TG = 2TA . 2SP or 
QV*_ 


TA 


= 4 SP. 


PV 


= 4£P or §7 2 =4 jS'P.PE 


Ex. 4. Discuss the application of the Rectangle Theorem to the 
asymptotes of a hyperbola. 

Let CPV in Fig. 127 be a diameter of a hyperbola which bisects the 
chord QQ' at V y let the tangent at P and QQ' meet the asymptotes 
in T y T' and R, R\ and let CD be the semi-diameter conjugate to CP. 
Then CTR meets the curve at infinity, so that 

= or PT—CD since 7’ao/C'co =1. 

T qo 1 C od * 

Similarly PT ' = CD y and therefore the tangent TT' is bisected at P. 
Also R Q- R< A =or RQ. RQ'= TP 2 = CD 2 . 

Rod 1 Tod - 

Since TT’ is bisected at P, RR f is bisected at V, so that also 
RQ . QR' = PT 2 = CD 2 . 

Ex. 5. If a conic cut the sides BC, CA, AB of a triangle ABC in P! and 
P 2 , Q x and Q 2 , R x and R 2 respectively, then 

(F 1 )(P 2 )(Qi)(Q 2 )(Ri)(R 2 ) = 1, 

where (Pj), etc., stand for BPj/PjC, etc.; and if a conic touch the sides of 
the triangle at P, Q, R respectively, AP, BQ, CR are concurrent. 
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If A, B , C have coordinates (# 2 ^ 2 )* (# 3 y 3 ) and the equation of 

the conic be /(.r, y) = 0, then 

BP X . BP 2 _f{x 2 , y 2 ) # CQ x .CQ 2 /(.r 3 , t y 3 ). AR X .AR 2 f(x„y x ). 
CP X .CP 2 f(x 3 , y 3 ) ’ . AQ 2 f(x u y x y BR X .BR 2 f(x 2 , y 2 ) ’ 

hence, multiplying up, we get {P l )(Po}(Q l ){Q^{R x )(Ri) = 1- 

If Pj and P 2 , Qh and f/ 2 , and P 2 coincide at P, <2, P, the conic 
touches the triangle at P, <2, A', and 

PP 2 C(? 2 A R 2 BP CQ AR_ 

PC 2 ' Q.l 3 ' RB*- 1 ° r PC' ' RB~ ± 

If the negative sign holds, P, Q y R are collinear by Menelaus’s 
Theorem, and a line would cut the conic in three points, which is 

impossible. Hence ^ +1, and AP, BQ, CR are concurrent 

by Ceva’s Theorem. 


164. The Intersections of a Conic and a Circle. Circle of 
Curvature. The intersections of a conic and a circle are of 
special interest, and their properties are easily investigated 
by means of the Rectangle Theorem. Let a circle cut a 
conic in P, Q, P\ Q' (Fig. 143), and let PQ , P'Q' meet at 0. 



Fig. 143. 


Let CD, CD' be semi-diameters of the conic parallel to 

OPQ, OP'Q'. Then 

0P L 0(l_CD 2 
OP'.OQ' CD' r 

But OP. OQ = OP'. 0Q '; therefore CD = CD’. Hence CD, 
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CD' are equally inclined to the axes of the conic, so that 
OPQ, OP'Q' are also equally inclined to the axes of the 
conic. (In the case of the parabola, or indeed any of the 
conics, we may substitute the ratio of parallel focal chords 
for CD 2 /CD' 2 , with the same result.) 

Hence the important theorem: The lines joining the 
points of intersection of a conic and a circle , taken in pairs, 
are equally inclined to the axes of the conic. If the centre 
of the circle lies on the normal at P to the conic and the 
circle passes through P, the circle will touch the conic at P, 
the line joining the pair of intersections at P becomes the 
tangent at P, so that the tangent at P and the line QP 
joining the other points of intersection of the circle and 
conic are equally inclined to the axes. If the centre of this 
circle move on the normal at P till Q also coincides with P, 
then three of the intersections of the circle and conic 
coincide at P, and the circle and conic cut elsewhere at R. 
In this case the tangent at P and the common chord PR of 
the circle and conic are equally inclined to the axes of the 
conic (Fig. 144). This circle is the circle of curvature; 
it lies closest of all circles to the conic at P; the centre and 
radius of the circle are the centre and radius of curvature. 
Hence the following important theorem: To construct the 
circle of curvatiire at a point P on a conic , draw the 
tangent PT at P (Fig. 144), and through P draw a second 
line cutting the conic again in R so that PT and PR 
form an isosceles triangle with the axis of the conic; the 
circle touching PT at P and passing through R is the 
circle of curvature. PR is called the (common) chord of 
curvature at P on the conic. 


165. Worked Examples on Curvature. In the following 
examples the properties of the circle of curvature of a conic 
are investigated. 


Ex. 1. The length of the common chord of curvature at a point 6 on 
an ellipse is 2CDsin20, 

CD 3 


and the radius of curvature is 


ab 


Let PR (Fig. 144) be the chord of curvature and PT the tangent 
at P. 
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Then, according to Theorem 5, § 154, we may write the equation 
of PR in the form 

x — a cos 0 _y — b sin 0 _ r __ , \ 

a sin t) 6cos0 CD ’ s 

so that #=a(cos 0 + k sin 0) and y = 6(sin 0+&cos 0). 

If x, y are the coordinates of R , then x 2 /a 2 +y 2 /b 2 = 1 ; therefore 

(cos 0+k sin 0) 2 + (sin 0 + k cos 0) 2 = 1, 

so that k 2 + 4 k sin 0 cos 0 = 0, or k= — 2 sin 20 , 

by dropping the zero value of k. 

Therefore ^=-2sin20 or PR=2CDsin20. 


/ 



Fig. 144. 

Let PK be the diameter of curvature ; then 

sin PKR = sm tl'li =sin 2/ > 7’C=2 sin PTC. cos PTC. 

Now, from equation (1), sin / > 7 T C , a.nd cos PTC are numerically equal 
to b cos OjCD and a sin 0/CD respectively, and therefore 

PR _ a b cos 0 a sin 0 _ab sin 20 
TR-~ CD ~ClT~ CD' 1 ’ 
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But PR = 2CDs\n20 ; therefore 


PK= 


2 CD 3 

ab ’ 


or the radius of curvature is equal to CD 3 lab. 

Ex. 2. The chord of curvature through the centre of the ellipse is 

2CD 2 
CP ' 

Let PC U (Fig. 144) be the chord of curvature through C and PK 
the diameter of curvature. 

Then P U= PK cos KP U= PK sin PCD. 

But PK = 2CD 3 /ab and CP. CD sin PCD = ab ; 

- j) tt 2CD* 

therefore P U= -^p- 



Ex. 3. The length of the common chord of curvature at a point P on a 
parabola is 4PT, the length of the chord of curvature parallel to the axis 
is 4SP and the radius of curvature is 2SP 2 /SY. 


Let PF (Fig. 145) be the double ordinate through P ; then TP is 
the tangent at P. Let PR be the common chord of curvature ; then 
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TP is parallel to the chord PR. Hence the diameter through P 
bisects PR, so that PR=APT. 

If PIT is the chord of curvature parallel to the axis, the triangles 
HPR, SPT are similar ; but PR = 4PT, therefore PfI=4SP. 

If PA is the diameter of curvature, the triangles KPH and PSY 
are similar ; therefore 

PK PIT n _ 4 $P* 

SP SY ° r PK ~ SY ' 

166. Contact of Conics. Systems of Conics. The circle of 
curvature is an example of one conic having three-point 
contact with another. We proceed to discuss this and 
other kinds of contact of two conics. 



f Let S stand for ax 2 + 2hxy + by 2 + 2yx + 2fy + c, so that 
S = 0 represents a conic, which will be referred to as the conic 
S. Let P, L y M be linear functions of x y y , so that P = 0, 
L = 0, M=0 represent straight lines, which will be referred 
to as the lines P, L } M. The intersections of P with 
L and M will be denoted by (P, L ), (P, M). 

Let L and M be tavyent# to the conic N, let P be the 
chord of contact, and let us consider the contact of S = 0 and 

S = X. LM y .(1) 

where X is a variable parameter. 

The equation (1) represents a conic, since it is of the 
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second degree in x, y. The solutions of S = 0 and S = \.LM 
(1) regarded as simultaneous equations are the same as 
those of S= 0 and L = 0 together with those of 8-0 and 
M = 0. The solutions of 8 = 0 and L = 0 give the point 
(P L ) twice, since L touches S', and the solutions ot b 0 
and if =0 give the point (P, if) twice, since if touches >5. 
Hence S meets (1) at ( P, L) twice and (P, M ) twice; so 
that S and (1) have L and if for common tangents; 6 and 
(1) are said to have double contact. The dotted curve 

in Fig. 146 represents (1). 

Again consider the contact of S = 0 with the conic 

S=X.PA.(2) 



The simultaneous solutions of S = 0 and S -X . PL arc 
those of 8 = 0 and P = 0 with those ot 8 = 0 and P - 0, 
the first of these gives (P, L) and {P, M), the second gives 
(P L) twice. Hence »8 meets the conic (2) at (P, L) thrice 
and at (P, if) once. S and (2) have three-point contact 
at (P, L); they are said to osculate at (P, L) ; the circle 
of curvature is an example. The dotted curve m i lg. 
represents a conic osculating at (P, L). 

Ex. 1. Hud the equation of the circle of curvature at the point 6 on 

the ellipse x 2 /a 2 + y 2 /b 2 = 1. , , 

Let L be the tangent to the conic at 6 and let P be the common chord 
of the circle and conic. We know that L and P are equally inclined 
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to the major axis and that the equations of L and P may therefore be 
written in the forms 

x cos 0 ?/sin# j 7 • /i ft cos 9. 

- h—j — = 1 and y — b sin 0 =—s— t\{x — a cos 0), 

a b J a sin 0 V ” 

or b.r cos 0 + a?/s'm 6 - ab = 0 and bxcos 0 — ay sin 0-ab cos 20=0. 

Substituting accordingly in ( 2 ), we get 

OtP 1 ?/ 2 

~2 1 = A (for cos 0-ay sin 0-ab cos 20) (for cos Q + ay sin 0-ab) ...(i) 

as the equation of a conic having 3-point contact with the ellipse at 
the point 0. 

It remains to determine A so that equation (i) may represent a 
circle. Now the terms in xy vanish from the equation whatever be 
the value of A ; the coefficients of x 2 and y 2 are equal if 


\ - A6 2 cos 2 #=-^ + Aa 2 sin 2 0 or A = 62 ~ ° ? 


a 


b 2 


a 2 b 2 a 2 sin 2 ^ -f 6 2 cos 2 0 


....(ii) 


. Hence the equation of the circle of curvature is got by substituting 
in (i) the value of A given in (ii) ; we get finally 


x 2 +f - 2 - -. X cos 3 e + 2 . y si n 30 = (26 2 - a 2 ) cos 2 0 

+ (2a 2 - b'-)sm 2 9. 


Next consider the contact of S = 0 with the conic 




( 3 ) 


The simultaneous solutions of S = 0 and S = \.P 2 are 
those of S= 0 and P = 0 twice over, that is (P, L) and 
(P, M) twice over. Hence (3), like (1), represents a family 
of conics having double contact with Sat (P, L) and (P, M). 
the dotted curve of Fig. 146 would also represent (3). 

Ex. 2. A point moves so that the tangent from the point to a fixed 
circle bears a constant ratio to the perpendicular from the point to a 
fixed line; show that the locus of the point is a conic which touches the 
circle at the points of intersection of the line and the circle, and that 
the eccentricity of the conic is the value of the constant ratio. 

Let x 2 +y 2 = r 2 and .?• = /* be the equations of the line and circle, and 
let A be the constant ratio ; then the defining condition gives as the 
equation of the locus 

x 1 +//2 — r 2 = A 2 (.r — /•)-*.(hi) 

which, according to equation (3), represents a conic having double 
contact with the circle -f// J — r 2 = 0 at the points of intersection of 
the circle and the line x - £ = 0. 
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To show that A is the eccentricity of the conic, we write (iii) in the 
canonical form : we get 

/ . V , y 2 \ 2 k- +r 2 , FA 4 

\ x + T ^ X 2 ) + 1-A 2- 1 — A 2 + (1 - A 2 ) 2 ' 

Hence, if e is the eccentricity, 

e 2 = l — (1 — A. 2 ) or e = \. 

Ex. 3.' To find the equation of the pair of tangents to a given conic 
from a given point. 

Let ax 2 + 2kxy + by 2 + 2gx + 2fy + c=0 be the given conic and (x ly y x ) 
the given point. 

By equation (3), 

cue 2 + 2 hxy + by ' 2 + 2gx+2fy + c = \ {axx x + h (. vy 1 + x x y) + byy x +g(x+x i) 

+/(y+y i)+ c } 2 ( iv ) 

represents a conic having double contact with the given conic at the 
intersections of the given conic and the polar of (#i, y x ). 

But the pair of tangents from (x l9 y x ) is such a conic, which also 
then passes through the point (# 1 , y^) ; A, is thus determined by 
putting x u y, for x, y in equation (iv). We get finally 

(ax? + 2A.r,y, + by? + 2gx x + %fy x + c) (ax 2 + 2hxy + by 2 + 2 gx + 2 fy +c) 

= { axx x + h (xy x + x x y) 4- byy x +g(x+x l )+f(y+y l ) + c) 2 . 

We next consider the contact of the conic S with the conic 

S = \.L 2 .(4) 

The simultaneous solutions of = 0 and S = \. I? are 
those of S = 0 and i = 0 twice over, that is (P, L) four 
times. S and (4) are said to have 4-point contact at (P, L ); 
the dotted curve in Fig. 148 represents (4). 

2-point, 3-point, 4-point contact are often spoken of as 
contact of the first, second, third order. 

| I 

Ex. 4. The locus of the centre of a variable conic having 4-point 
contact with a fixed conic at a fixed point on it is a straight line. 

Refer the fixed conic to the tangent and normal at the fixed point 
on it as axes of x and y, and so write the equation of the fixed conic 

in the form y = ax 2 + 21ixy + by 2 . 

Then, by equation (4), 

y - ax 2 - 2hxy - by 2 — \y 2 .( v ) 

is the equation of the variable conic. 

For the centre of (v) we have 

ax + hy=0 and 2hx-\-2(b+ A)y=l, 

so that the locus of the centre is the line ax + hy = 0. 
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Now take any three lines L , A1, P and consider the 
equation P* = \.LM. .(5) 


Clearly (5) is a conic; L = 0 meets it at (P, L) twice and 
M = 0 meets it at (P, M) twice, so that (5) represents a 
variable conic touching L and AT at (P, L) and (P, M). 

f 



Fig. 148. 


Let 8=0 be this conic; then the equations S = 0 and 
P 2 = A . LM represent one and the same conic. Hence 


A conic may be defined as the locus of a point which 
moves so that ike square of its distance from one of three 
fixed strayfht lines is proportional to the product of its 
distances front the other two; these two are tangents to the 
conic , and the remaining line is their chord of contact . 


Ex. 5. Find the equation of the parabola which touches the axes of 
x and y where the line ax -f by = 1 meets them. 

Equation (6), />- = AAJ/, gives any conic which meets the lines 
U M twice at each of the points (I\ f\ (P, M). Hence the equation 
of the parabola (Fig. 149) may be written 

{ax + by- 1 ) 2 = A. xy 


(vi) 
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This equation represents a parabola if the terras of the second 
degree form a perfect square ; therefore 

a 2 x 2 + (2ab — X)xy 4- b 2 y 2 

is a perfect square, so that 

(2ab — A) 2 = 4a 2 6 2 or A = 4a&, 

since the value A = 0 gives the pair of straight lines (ax + by - 1) 2 = 0. 



The equation of the parabola is therefore, b y (vi) , 

(ax+by -1 ) 2 = 4 abxy or ax ±2 sjabxy + by= 1, 

which may be written ^/(ao;) + N /(^) = l. 


Finally, take any 

e( pat ion 


four lines L, M, P, Q and consider the 
PQ = X . LM. . (6) 


It will now be clear that (6) represents a conic which 
passes through the four points (P, L), (P, M), (Q, L), ( Q, M). 

'isx ci Show that in general a conic can be drawn through five 
points, and a one-fold infinity of conics through four points, and that 

the locus of the centres of these is a conic. 

Let A. B, Cy D be four points. Choose axes so that A, B he _on l the 
#-axis and <7, D on the y-axis, and let the coordinates of A, B, C, D be 
(a, 0), (by 0), (0, c), (0, d) respectively. 

Then, by (6), the equation 

' . <vii) 


represents a conic through Ay By (7, 


D for all values of A. 
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The coordinates of a fifth point E will serve to determine X so that 
one conic can be drawn through A D, C D E while a «e-foh 
infinity of conics can be drawn through A, B, C, D, one conic foi eacn 

value of A. 

For the centre of (vii) we have 

S-- r+ (^ + i- A V-Q + l) =0, 




. X 2 - 


so that the locus of the centre is given by the equation 

2 ^ 
ab 

which represents a conic passing through the intersections of AB and 
CD , A C and Z?Z), AD and BC. 


L/l* V4 V ^ - J - - J. 


EXERCISES LII. 

'1. T is a variable point on the tangent at P on a parabola, and 
the diameter through T meets the curve in Q ; show that TP ~ is 
proportional to TQ. 

2. PQ is a chord of a parabola, and the diameter through R , a point 
in PQ, meets the curve in O and the tangent at P in T ; show that 

TO : OR —PR : RQ. 

3 C is the centre of an ellipse, PCP ' and BCD' a pair of conjugate 
diameters PEI*' is a semi-circle on PCP' as diameter, MQ is an 
ordinate of PCP', and MR and CE, each perpendicular to PCP*, meet 
the semi-circle in R and E respectively ; show that QR is parallel 

to DE. 

4 Two conics, whose centres are C and C , cut in four points. 
C l CB and C'A', OB' are the semi-diameters parallel to a pair of 
common chords. Prove that A A’, BIS', CC' are concurrent. 

5. Parallel tangents at Q, <?' on a conic meet a third tangent 
drawn at P on the conic in 7\ T' respectively ; show that 

PT QT 
PT' Q'T' 

6. Two conics S. =0 and &, = 0 intersect in four points A, B, C, D ; 
show that the equation of any conic through A, B , C , D can be written 
in the form 5. = /%$.,. If R a variable point on a third conic tluou^h 
A , B, i\ /), and a'line through R parallel to a hxed 

in P x , P 2> and S 2 in Q x , Q», prove that Rl t . Ill a • A Q\ • ls 

constant ratio. 


7. If 

meet the 


TP TQ are tangents to an ellipse, and the normals PQ , QK 
axis at (7, A”, prove that TPjPQ = TQ/Qh. 
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8. The foot iV of the ordinate of a point P on a parabola is the 
centre of the circle of curvature at its vertex. Prove that the centre 
of the circle of curvature at P lies on the parabola. 

9. Prove that the focal chord of curvature at any point of a conic 
is equal to the focal chord of the conic parallel to the tangent at that 

point. 

10. Prove that the common chord of a parabola and its circle of 
curvature at any point constantly touches another parabola having 
the same vertex. 

11. If the radius of curvature at P on an ellipse is twice PG, where 
G is the point where the normal at P meets the axis, prove that 

CP=CS. 

12. Find a point on a parabola at which the focal chord of curvature 
is also a chord of the parabola. 

13. Show that the locus of the second point of intersection of the 
normal at P to the parabola y 2 = 4ax with the circle of curvature is 

the curve 125 ay 1 = 4(.r - 4a)(2.r - 3a) 2 . 

14. If 0 is the centre of curvature for the vertex A of an ellipse 
and the normal at P meets the major axis in G, then GA, CA and the 
perpendiculars from 0 and C on the tangent at P are proportionals. 

15. 0 is the middle point of PQ, the normal chord at P to a 
rectangular hyperbola ; show that 0 is the centre of curvature at 1. 

16. Prove that the chord of curvature through a focus of a conic 
is 2CZ) 2 /C r d, where CD, CP are conjugate semi-diameters and 1 is the 
point of contact of the circle of curvature. 

17. If PR is the chord of curvature at the point P on an ellipse 
whose eccentric angle is 0 , prove that — SO is the eccentric angle o R. 

18. If r and r are the chords of curvature at the extremities of 
CP, CD, a pair of conjugate semi-diameters of the ellipse 

x 2 /a 2 +y 2 /b 2 = 1, 

prove that r 2 + / 2 = 4(a 2 + 6 2 ) sin 2 20, 

where 6 is the eccentric angle of one of the extremities of the semi¬ 
diameters. 

19. If two tangents OT, OT' are drawn from the point (/, g) to 
the ellipse x 2 la 2 +y 2 /b 2 =l and d, d' are the parallel semi-diameters, 

show that Qrp 2 OT ' 2 f 2 g 2 

~W = ~dP r= '~d l+ 'b 2 ~ * 

20. If A and B be points on the axes of x and y such that OA — a, 
OB=b, prove that the equation 

xy + (Bx + Cy)(x/a+y/b - 1) = 0 

represents a conic circumscribed about triangle OAB, and that 
Bx+ Cy=0 is a tangent to the conic. Determine B and C so that the 

conic may become the circle OAB. 

9 T? 

G.A.G. w v 
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21. Prove that the equation of a parabola which touches the two 
straight lines o.c--}-2/wv/-|-6y 2 = 0, where they are cut by the line 
Ac + niy -j- 1 = 0, is 

{ax 1 4- 2hxy + b?/ 2 )(am 2 - 2 him + hi 1 ) = (ah - h 2 ){lx -f my + 1 ) 2 . 

22. The equation of the family of conics inscribed in the rectangle 
formed by the lines x± a=0, y±b — 0 is 

^_ 1+2A .^ +A 2 = 0 . 
a- b- ah 

Prove also that the locus of the foci is x 2 — y 2 =a 1 — b 1 . 

23. Show that a conic may be defined as the locus of a point P such 
that OP- is proportional to PM. /\V, when 0 is a fixed point and 1 M/, 
/^\ the perpendiculars from P on two fixed straight lines. 

24. If u = 0 is the e< nation of a conic, and r = 0 the equation of its 
director circle, show t lat the equation u — Xv = 0 represents for one 
value of A, the directrices of the conic. 


25. Tangents TP, TQ are drawn from T{x^y x ) to the parabola 
>/~ = 4ax ; prove that the equation of the circle circumscribing the 
triangle TPQ is fl(.r 2 +^)-W + 2«s).r-y 1 (a -x^y + ax^a-x^O. 


26. If *9 = 0 and S =0 be the equations of two conics, and L = 0 and 
M =0 the equations of two straight lines, interpret the eonations 
S — kS = 0 ; iS + kLM = 0, *9 q- /-A 2 = 0, when k is a constant. 


27. Prove that the product of the perpendiculars let fall from any 
point of a conic on two opposite sides of an inscribed quadrilateral is 
in a constant ratio to the product of the perpendiculars let fall on the 
other two sides. 


28. Prove that the equation of a circle which touches the parabola 
y 2 = -U(X and (Kisses through its focus may be written 

(1 4 - - 4 ax) 4 - {x - my + am 2 )(x 4 - my 4 - 3a) = 0 . 

29. Prove that the equation \Jax+\fby = 1 represents a parabola, 
and show that the length of its latus rectum is 

4 ab 

(a 2 + b 2 )¥ 

If a + h = /•, where /* is a constant, show that the locus of the foci 
of all such parabolas is a circle. 

30. A hyperbola touches the axis of y at the origin, and the lino 
y~ 7.r-f> at the point (1, 2). One of the asymptotes is parallel to the 
axis of .?*. Kind the equation of the curve. 

31. Kind the equation of the conic through the points of inter¬ 
section of 3.r'--f-v/ 2 = 4 and bxy-y 2 = 2, and through the point (-2, 3). 
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32. Show that the equation 

1 P> 

A + 


^Tcos O.J +// sin + cos sin cc 2 -_p 2 + x cos o . 3 + y sin «- 3 p 3 

represents a conic circumscribing the triangle formed by the lines 
,r cos 04 + y sin a., - pj=0, etc., where d, B,C are any constants, and 

that the conic is the circumscribing circle it 

A : B : C— sin (o . 2 — «- 3 ) : sin (o . 3 — 04 ) : sin (ccj — o_ 2 ). 

33. Show that S=kS', where k is a variable parameter represents 

the system of coaxal circles to which belong the circles & 0, o • 

Prove that tangents from any point on a fixed circle of a coaxa 
system to two other fixed circles of the system are in a given ratio. 

34. Prove that two parabolas can be drawn through four given 
points. 

35 If a variable conic pass through three fixed points and have;an 
asvmntote parallel to a given line, the locus of its centre is a parabola, 
i/it pass through two given points and have its asymptotes parallel 
to two given lines, the locus of its centre is a straight line. 

36. Find the locus of the centres of all-.rectangular hyperbolas 
having contact of the third order with the ellipse x-/a +y /b 1 . 

37 PQ is the common chord of a parabola y 2 = 4ax and its osculating 
circle. Show that the locus of the intersection of . PQ with the 
perpendicular drawn to it from the vertex is y-(3a x)-x . 

38 The polar of the focus of the parabola y 2 = 4ax with respect to 
any rectangular hyperbola which has 4-point contact with the parabola 

touches the parabola (3# +. 2a). 

39 A rectangular hyperbola passes through the three points (6, 0), 
(C 0), (0, a); show that it meets the y-axis again at the point whose 
ordinate is -be/a, and deduce that if a rectangrular hyperbola pass 
through the vertices of a triangle, it passes through the orthocentre. 

40 Usino- the relation between the eccentricity and the angle 
between the asymptotes of a conic, find an equation giving the 
eccentricity of a'conic specified by the general equation. 

41 If through a given point on a conic two lines be drawn which 
make with the normal angles the product of whose tangents is con¬ 
stant, show that the join of their extremities passes through a fixed 

point on the normal. 

42 If through any point on an equilateral hyperbola be drawn two 
chords at right angles, the perpendicular let fall on the line joining 
their extremities is the tangent to the curve. 

43. If a circle have double contact with a conic, the tangent drawn 
to the circle from any point on the conic is m a constant ratio to the 
perpendicular from the point on the chord of contact. 


a 


= 0 
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44 If two conics have doable contact, the square of the per¬ 
pendicular from any point of one upon the chord of contact is in a 
constant ratio to the rectangle under the segments of that per- 
pendicular made by the other. 

45. If two conics have each double contact with a third, their 
chords of contact with the third conic, and a pair of their chords ot 
intersection with each other, will all pass through the same point 
and form a harmonic pencil. 


46. The chords of contact of two conics with their common tangents 
pass through the intersection of a pair of their common chords. 

47. If three conics have each double contact with a fourth, six of 
their chords of intersection will pass three by three through the same 

points. 


48. If three conics have one chord common to all, their three othei 
common chords will pass through the same point. 


49. If four points on a conic are given, its chord of intersection 
with a fixed conic passing through two of these points will pass 
through a fixed point. 

50. Two conics S l and intersect in the four points A, B, C, D. 
Lines AF } F 2 , BG X G 2 are drawn cutting S x and S., in F { , G Y and F 2 , Go 
respectively * prove that the intersection of F^G j and FoG 2 lies on the 

line CD. 




ANSWERS. 


§ 3, p. 5. 

§ p. 6. 


1. 2, 6, -5, -3. 3. 5, -1, 1, -5, (a + 6)/2. 

1. (i) f ; (ii) - § ; (iii) \ ; ( iv ) “ i ; 


Exercises I. p. 7. 



4. 

7. 

13. 

14. 


15. 


- 1 , 1, -3, - 1 , -4. 3. (i) -V"» - \r» (") ” 2 ; 2 * 

5 . - 6 . 6 - - 2 , 6 . 

-1,0. B. 11. »• + # 

For first part take 3/ as origin, for second part take A as origin. 


4. 2. 

L 

T> 


13 - 7, - 9-1 



P, i[(cc 1 + a; 2 -(Z)±^{(a: 1 -x 2 ) 2 + d 2 }]; 

2m»(x 2 -a; 1 )/(m 2 -n 2 ). 16. (m-»)(*,-**)/( 1 + m) (1 + "> 


1 . 

2 . 

7. 


Exercises II. 

(1) +4 in. per sec.; (2) x = 3; (3) 
zero-time, 1 sec. before zero-time. 

x=l+2t. 3. x = 2-3 1. 

i. 3 3f 


P- io. 

*=15, * = - 9 ; (4) 4. sec. before 
6. -1,4,4V 

9. x 1 + {x 2 -x 1 )t)(2t- 1). 


§ 9, p. 16. 1. (1) 5; (2) 5; (3) 13. 

2. (1) -2, 2; (2) -3, f; (3) 1, hi ( 4 ) 
5. 10 or - 14. 7 - 


o ii 

Oj •> • 


4. 


•2 5 


s/17, s/10, 4, «y5 ; s/13, s/34 


Exercises III. p. 18. 

_ / 8 11\ /10 1„3\ 

( _ 1, 2). 3 * -5T/» V~5 » 3 /* 

(2, 1) ; (3, 0); (11, -8) ; (23, -20). 5. (--f, - 1 #-), (‘25, 

,_ ._ _ 20 _19 12 /fo?) 

2n/ 130, 3^130. 7 * TTJ’ Ti* 

4^85, 9 * 

§ 14, p. 21. i. G> ir)> (""'#» 9 )* 


2 . 

4. 

6 . 

8 . 


7), ^n/97. 


V 
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Exercises IV. p. 26. 

4. y + 3=U. 6. No. 17. (- 2 , - 2 o), (-5, -4). 

19. 2x-y=\. 21. ( 1 , - 1 ), (- 2 , - 3 ), ( 7 , 3) lie on the line. 

Exercises V. p. 32. 

•-f.-i.ti.-t- 15.(13,4). 

22. The line through (3, 1) of gradient 1/2. 

24. ( 1 ) line through ( 0 , 3 ) of gradient J ; ( 2 ) line through ( 0 , 2 ) of gradient 

(3) line through (0, 1) of gradient 4; (4) line through (0, 2) of 
gradient - £ ; (5) line through (0, - 3) of gradient - 2. 

26. (2, -1), (3, 2) are on the line. 28. 3x = 2 y. 29. y = mx + c. 
30. 2.r+ 3y = 19, x -2y—\, 3x - 2y+ 16 = 0, 2x + y=7. 

32. The gradient of BC is -j, therefore the gradient of the perpendicular 

from A is - 2. Hence required equation is -—-2 or 2x + y = 9. 

33. -S, -i, 2x - 9y + 28=0, 2x-y + 5=0, 6 x + 5y=8. 

34. 7x + 6y=61, il.r-Oy + 43 = 0, x-3y = 28. 35. 4, 4\^l3. 

36. 5s/2. 40. (1,5) or (5, -1). 41. (a.-6, a + 6 ) or (a + 6 , b-a). 

42. (a + 6 -d, 6 + c-a) or (a + d- 6 , a + b-c). 

Exercises VI. p. 42. 

2. -7*5. 3. -38’5. 4. ^{bx + ay - ab). 

6. -39. 7. 28. 8. -3. 

12. 4.r- 9//+ 37=0. 

Exercises VII. p. 45. 

3. 3x + 4y=6. 4. 4x- 6y = 15. 

6 . tj3x - 3?/ +£ = 0. 6 . 5 N /3x + 5y + 11 = 0. 

O. 2, -2, -3/4, 1/2, -2/3, 1/2, -3/7, 3/4, -7/5. 

O. -a/6. lO. - 6/a. 11. ?», m. 


Exercises VIII. p. 49. 


1. 

3* + 2y + 19 = 0. 


2. 

3.x - 4y = 32, 3x + 4y + 8=0. 


3. 

2 a- 

- 5 y +11 =0. 


4. 

x + y = 4, x + i/ + 2=0. 


6. 

x + 37 = 4, x - ?/+ 2 = 0 . 


6. 

4.r - 3 y + 3 = 0. 


7. 

o 

3, - 2, 2/5, - 3/2, - 

a/6. 

lO. 5x - 

-2i/ = ll, 3x + 2y = 29, x + Gy= 

15. 

11. 

X - 

3y = 1, 17x+ 12// + 

4 = 0, 

22x - 3 y 

= 1 . 12. 7, -T. X + Iy= 

36. 

13 

Ax 

-<)//. 14. 3x - 

- *y = 

8 . No. 

15. (i), (iv). 16. (1, 

1 ). 

17. 

( 

1 :i 1 0 0 \ 

7 *'40 /' 


18. 

/ n a 2 n \ 

\ 1 iV* '+/• 


10. 

(- 

U 7 fi 1! \ 

3 5* 55/’ 


20. 

( V'» "\r)» (^» ” s)* 



1 . 44*5. 
5. 72. 
9. 22. 
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pp. 26-72] 


, p . 51. 2. (i) 2x - y = 7 ; (ii)y = 3x-8; (iii) 5.r + 4t/ = 3 ; 

(iv) 3x-2y = 8; (v) y= 2x4-5; (vi) 2x = ly. 


2 . 

3. 

6 . 


Exercises IX. p. 52. 

(i) 4x + = 26; (ii) 5x —2y = 13; (iii) x + 2y = 8; (iv) 3x-?/4-7=0; 

(v) 3x4-57/4-9 = 0; (vi) 2x-7y= 12 ; (vii) 4x + 3?/ = 0. 

7x- 2 //- 1-30 = 0, 2x4-7y4-l=0. 4. 3x 4- 8y 4- 40 = 0, Sx - Sy + 1 =0. 


/ 2 9 3 5\ 

\T1 ’ll r 


6. (-i, -i); 4. 


Exercises X. p. 54. 


2 . 


1 4 

~ 6 "* 


3. 4 . 2, *wi3. 7 . 


11 

5 • 


11 . 10 . 


2 . x — 
7. (- 
12 . x = 


3 4-2/, 2 / = 

1 , 2 ). 

: 1 - 3w, 2/ 


Exercises XI. p. 58. 

« / _ 4 7 4 o\ 

54-/. 5 - \ lT» lT/* 

9. x4-3y=l. 

= 24 -2tt; x = 1 4 - 2 y, y=2-i-3r. 


6 . 

IO. 

13. 


(-V-. 4)- 


cZx - by 
1 <; :i 
1 IT> 




= «fZ - 6 c. 
9 r. \ 
\Sr 


4. 2.c - ?/= 4, 


§32, p. 61. 3. 5x4-32/4-15 = 0. 

6 . -4,f 

§33, p. 64. 3. ^tV4*2/]| = ITT tan a = -V-, P = tV 

4 . (i) Jj 2 -, 1 ; (ii) H; (iii) -3.1; < iv > -A> t-S- 5 ( v ) If- TSs/WJ 

1<7 •»« . n 

(vi)iWio; 


, p. 65. l. 3 a/2. 


_ r.— ; (viii) -==.=—==■ 

p sjp l j r q 2 ^ 

a + h h- a , 




2 ‘ 1 " 2 ”’ 2 ~ N * 


3V (6 > a), 


§ 35, p. 68. 8. 1, 1*5, 5 ; 45°, 56° 19', 78° 41'. 

9 . x - 3y 4-19 = 0, 3x4- 2 /= 13. 

10. (y - b)(m + l tan a) 4 - (x - a) [l - m tan a) =0, 

(y _ ],) ( 77 ^ - l tan a) 4 - (x - a) {l + 7n tan a) = 0 . 

11. x-5y + 32=0. 

§36, p. 69. 2. 4 x4-4t/=1, IOx-IOi/4-3 

4. 2x - 16?/= 1, 64x 4 -8y 4-33 = 0. 

5. 19x - 399?/ 4- 600 = 0, 1 S9x 4- 9?/ = 80. 

7 . (3 sj'2 - 2)x - (^/2 4- 4) y 4- 2. s /2 4-7 = 0, 

(3 J2 4 - 2) x - U/2 - 4) 2 / 4- 2 - 7 = 0. 


= 0 . 


3. x-y = 0, x4-2/=0. 


R sijL s 

O. 5 >57 


§ 37, p. 71. 1. (4, " 1). 

6. (3, 1). 


2 . (- 2 , 1 ). 

6. (3, - 2). 


3. 

IO. 


( 0 , 2 ). 

(6, a). 


4. (2,3). 

12 . ( 1 , 1 ) 
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§38, p. 74. 3. 59o; = 61y. 

4. (i)4a; = y + 5; (ii) 1 Ox--h 67?/=0 ; (iii) 37a; = 27y + 57. 

6 . (i) 216a: + 167 = 53y; (ii) 93j?+149 = 62y ; (iii) 62a; + 932/-165. 

7. (i) 10o; = 5y + 18 > 3a; + 2y +19 = 0, 7o; + 9 = 7y; 

(ii) ox + 10y = 4, 2a; = 3?/ + 9, !x-\-ly— 13. 


Exercises XII. p. 75. 

l. 2 , 2 . {x l y 2 -x. 2 y l )l{y. 2 -y l ) 1 [x^-Xoy^^-x^t. 

3. («cZ - he)/d , ( 6 c - acZ)/ 6 . 

( 6 '( 6 c - acZ) - 6 ( 6 V - a'cZ') cZ'( 6 c - ad) - d{b'c'-a'd') 

\ (bd‘ - b’cl) 

6 /a, c/\/a 2 + 6 2 . 


4. 




(bd' - b’d) 


} 


5. b/a , c/v a + 1 > . 

lO. (i) b'd — bd '; (ii) eZcZ' + 66 ' = 0; (iii) 6 '<Z = 6 d', d(a-a') = 6 (c-c'). 

_ . ... ii 


11 . /?(Z + A 6 = 0, Ad = Bb. 


12 . 


fB(ad- 6 c)- C 6 ^4 ( 6 c - arZ) - Cd 


13. 4. 

17. 


*)■ 


+ ’ Ab + Ild 

14. 36° 52'; x + y=2, 3.r + 5 = 3y. 16- Below. 

22 . The lines are concurrent. 


} 


1 1+a a-1 


or 


23. 64a;+ 49//+ 19 = 0. 24. a, - 1 + a 

25. 25.c=23 y, 23x + 2oy=0; (ttV» "tA)» (“T¥> 4f)* 

26. (1, 2). 27. (8, 11), (-4, 3). 

29. a 3 + 6 3 + c 3 = 3a6c ; or, if a, 6, and c are real, a + 6 + c=0. 

*' , (rZ - 6)a; + (o -c)7/ + 6c -ad 

30. 3a;+lly = 15. ^ • (x - a){x-c) + {y-b)(y - d) 

2 . ; 33. (3,4). 


§ 39 , p. SO. 3 . (2a; + y - 4) (3* + 5y - 2). 4 . (11*+ 83 /-9)(7a;-llt/ + l). 

6 . (i) a; +y= 1 , y=*+l; (ii) *=y. a; + ?/ + l= 0 ; (iii) 2 a;+ 7 /= 1 , x=y+\; 
(iv)3.r + 6=2y, 2.r + 3y = 5; (v) 5.r + 4 = 2y, 3.c + 5y=l ; 

(vi) 7.r + 8 = 9 ?/, 12.r+ 6 // = 5 ; (vii) 3.*=y, *=3; y; (yu\)ax=by t bx=ay ; 

(ix) a(b-c)x=c(a-b)y> x=y; (x) ax+hy= ±*Jh*-ab.y. 

§ 41 , p. 84. 3 . Yes. 4. 246 3 + 5066 + 256 2 + a6=0. 

5 . [ah' - a'h) 2 = 4(a/i' - a7<)<7<6' - 7i'6). 7 .( 3 x^^ig*; + 3j^=0. 

9. (i) aa; 2 + 26.r// + 6?/ 2 = 0; (ii) ftx 8 - 2fcry + ay 2 = 0 ; or 
(i* ax + hy = + s/h- - ab.y ; (ii) 6a;- 6 y = ±\ !h? -ab . y. 

§42. P . 85. 1 . 3 , 5.3° 8 '. 6 . 3 * + 2y + 3=0, 2.r=5y+2; 


_ 1 7 

5. 

o. 12 . 

§47, p. 97 


6 

12 


Exercises XIII. p- 94. 

7 . Roots of a * 2 - 2a* - 17 = 0; 1 + 3 s /2. 
38. 13. x - 3y + 4=0. 


2 . 


pp. 74-123] 
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1. 


Exercises XIV. p- 100* 

(-2 -1). 2- (-3,-))- 4. a.3? + 2l,xy + by 2 =0. 

(x - £>) 2 - ( 2 / - q) 2 _ ( s-ff)(y-_g j ; the same. 

9.- “" *- 


ii. 

13. 

15. 

17. 


(hf-bg gh-af \ 

\ab — h 2 ’ oh - li z ) 
12a?-7y = 61. 
x — 3 y + 3 *J2 =0. 
4:r 2 y 2 =a 2 (a^ + 2/ 2 )* 

^ , 2/ 2 _i 

SS + a*~ 1- 


a - 6 ^ 

12. 4 x 2 + 4.r7/-3?/ 2 -6.r-5?/ + 2 = 0. 

14. a?y + 6a? + 4y = l. 

16. 2/(£/ 2 + 3.c 2 ) = « 3 .as/2. 

18. £77 = a 2 sin a cos a. 


§ 50, P . 105. 1. (i) ^ + V 2 =4; (ii) ’ ^ 0 -- ; 

& ( iv ) a,- 2 + j/ 2 + 6c -2i/ + 0 = 0 ; (v) a? + y* + 4a:-4y + 4-0 , 

(vi) a : 2 + y" - 4a - 2y = 4 ; (vii) z 2 + y 2 =2y ; 

(viii) a 5 + y" + 2 y = 3 ; (ix) x 2 + 2 / 2 - 4 * = 5; 

(x) a : 2 + 2/ 4 + 6 x = 16 ; (xi) a^ + i/ 2 - 4 * + 6 y+ 12 - 0 , 

(xii) a? + y ! + 6x-8y=24; (xiii) z 2 + y 2 - 4* + + 10 0, 

(xiv) 18:<; 2 + 18 )/- + 54a; + 18 ?/ + 37 =0. 

- o ,, 3. x 2 + y ! + 10x - + 2i/= 143. 

;■ s:j;:£ + *-w. .. ( 6 .<».<-*.o). to.i3),(o, 

I: a, - 1 ). (-3, - !)• «• (c + 2 a, 2 & ),(-c, 26 ). 

§51, p.108. 2. (i) (3, 4), 5 ; (ii) ( - 3, -4), 4 ; (iii) (1, - D, 5 i 

3. (i) (0?0), *1 (U) (0,0), 3 5 (iii) (1. - 2)> 2; (iv 1 ) (2 ’ o\* VJj?. 1 
(vi) (|, l), 1 i (vii)_(-f, f)> 3) N (*• -*>» 

(ix) (-£, ^* 2 * 1 . 


-ID 


-1,1),25 


Exercises XV. p- m* 


l. 

3. 

6. 

7. 

17. 

18. 

21 . 


2 . a; 2 + y 2 =2a? + 2y. 

i l 


(-*. ¥)■ 


x^ + y 2 - 6a:-2y + 5=0 ; s/5, (3,1). 

x * + ,f=2x- <iy. 6 . (12, 1), (4, 5). 

a: 2 + y 2 -a?+lly + 8=0 , sJZZ o. 

(lj 1)} (7 # i). 9. -y + 19-0. 

x 2 + v 2 = 2y ; a circle, centre (0, 1) and radius 1. 

*4y 2 -8* + 8=0; a circle, centre (4, 0) and radius 2 n /2. 

A . iS ). a 3 ). »*- 5 «- 3 » +5 


= 0. 



, p. 115. 2. (i) 2* + 3y = 13; 

(iv) 2a: + 3y = 21 ; {v)y = x 
(viii) 4a: +6y = 15 ; (ix) 12a: 


^ 56, p. 123. 1. ^ 


(ii) y =a; + 2; (iii) 2a? - y = 5 ; 

-3; (vi)2a:-y=7; (vii) y =2a? + 4 ; 

Gy = 23. 

3. ^n/2. 


2 . 3. 
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ANALYTICAL GEOMETRY. [XVI.-Misc. Ex. I. 

Exercises XVI. p. 124. 

1. a^ + y 2 - 8.r - lOy 4 16 = 0 ; (0,8). 

2. x 2 + y 2 - 4.r — 6y + 9 = 0; y = 5. 3. x® + y 2 - 2ax — by + a 2 =0. 

4. .r 2 + y 2 - 6a:- 6 y + 9 = 0, x 2 + y 2 - 6.r + 24y + 9 = 0. 

5 . x 2 + y 2 -2x - 2y +1=0, x 2 + y 2 - 12a: — 12y + 36 = 0, 

4- y 2 - 6 .r 4- 6 y 4-9 = 0, x 2 4- y 2 4- 4.c - Ay 4- 4 = 0. 

6 . x 2 4 - y 2 - 4x = 77. 7. x 2 4- y 2 - 2px = r 2 4- 2ap. 

11 . x±\/35 . y = 30, 2x±\/5 .y = 15. 


Exercises XVII. p. 128 . 

2 . (i) x + 5 = 0 ; (ii) 5.r - 5y = 1 ; (iii) 5x 3y 4-7 = 0 ; (iv) 6y = x4-10. 

5. x = 0. 6. (0, ±t x /6). 7. (0, ±2). 8. (0, ±2i). 

9. x = 0. lO. x = 0. 11 (0, ±2i*J2), .r = 0. 


§ 58, p. 131. 1. x 2 + y 2 - x - 4 = 0. 2. 2x 2 + 2y 2 4- 2ox 4-24 = 0. 

3. x 2 + y 2 — 2.x* — 9 = 0, 9.r 2 4- 9y 2 4- 62a; -81=0. 

4. 5.r 2 -» 5y- - 50.c 4 - 42y 4 - 9 = 0. 

5. xr 4 - y- - 5.i' + 4 = 0, 4ar + 4y 2 + 65a; +16 = 0. 


§59, p. 132. 5. .r 2 + y 2 = 3y H-14. 


§ eo > P- 134. 1. ( i";;, y\). 2. 

4. x = 3. 5. 

§63, p. 138. 1. 2.c + 5y = 1. 2. 

4. 6 .r + 5y = l. 6. 


X 2 + y 2 = l x. 3. X 2 + y 2 = ^x. 

a : 2 + y 2 - 16a: + 48 = 0. 

5y - 2.i* =10. 3. (4,4). 

(-3, -±). 


1. 

m = ± J. 


2. (3, 5). 


4. 

(1, 3), (-2, 0), 

y =: : 

1. x +2 = 0, 

(-2 

8. 

ax = by, 2a5/(a 2 

4 b 2 ) 

l 

•> 

• 

lO. 

13. 

.t* cos 0 + y sin 0 = 

= a. 

13. 2 

y = a: 

15. 

i)» *)• 



16. 

10. 

x 2 + ir = 4x + 1. 



21. 

24. 

a;2+y2 = ly + 4 



27. 


Exercises XVIII. p. 138. 

3. 4.r - 3y = 32 
3). 5. x + y = +4. 


14. a ,* 2 + y- = xx, + yy,. 

2 7 2f' c 

— ;t', + — v. +-. 

1 a 


a 


a 


28 (a^ 4- y- + 5)y, = (a', 2 4 - y, 2 + 6) ?/ ; x 2 + y 2 + 2/,-y 4 - 5 = 0, where 

A' = {- mn + n /(/2 + ™ 2 ) (« 2 + 55-)} /Z 2 . 

30. (x-a) 2 + (y-5) 2 = r 2 . 31. 2 s /[ - (.r, 2 + y, 2 + 2y.r, + 2/y, + c)]. 


39. 

40 . 


" N /[ - 2 (.r , 2 -| y , 2 + 2 i 7 .r 1 + 2 /y, +c], v /[ - w n {x 2 otc.)}. 

fit /(• 


2 ^ 2 , -*/ 2 . 


42. 4x = 3y. 


43. x=l, y = 1. 


answers. 
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pp. 124—168] 

§ 70 , p. 150. 1. y 2 = 4ax. 

4 . 16s 2 - 24xy + 9/ - 70* 


2. y 2 = 4(x-l). 
10y+ 100 = 0. 


3. x 2 =4ay. 


§71, p. 151. 1. 5x 2 + V=45. 


1. 

4. 

7. 

lO. 


y=a. 

a 

x+y= 2* 

(x - 2) 2 + S/ 2 = 
x 2 + ?/" — 4a. 2 . 

x 2 = 4a(y- «)• 


Exercises XIX. p. 461. 

2. x + s/=2. 3 * a ^ ==1- 

5. x + 2 / = l* 


6. 2x + Sy = 5. 


8. (x-2) 2 + (^-3) 2 = 9. 
ll. (3x-2) 2 + 9y 2 =l. 
14. x 2 +15 = 6y. 


9. 4x 2 + ?r = 4, 2 tt. 

12 . x 2 + ?/ 2 - 5 x = 0 . 

. 3.x 2 -y 2 + 16 x = 64. 


x 


16. 2 xy = a 2 . 


17. 


2j _2/ 2 _4« 2 

X 2 + — — -Q- 


19. 

22 . 


30 


- 4(1“ 

x 2 + 2T = a 2 , *^- + 2/ 2 = 9 ~» ' 4 

7.-r ! +2xy+ 7y 2 -t 6x-6y -9=0. 21 . (x-y)(k-<2y)=ky. 

(i) x *=z2ay; (ii) (x- y) 2 =^V- 

r^-SX'S' »’■ S-SLo+iJ—»- 

( rfrSf 29. ^=a(a±2.v). 

(x±v-a) 2 (^ 2 +^)= a V- 31 * ^y- 1 * »g 

! ( (i) X-x) 2 = 2 / 2 (2a-x); (ii) 4y 2 (3a - 2x) = (2x - a) 3 . 


4. 

9. 

13. 

17. 

19. 

20 . 


29. 


36 . 


Miscellaneous Examples I. p. 165. 

5, _1,1. 6.1:1. 7. (o,d). B. (1,1). 

/ x 1 + x 2 +x 3 yt + y»+gA 11 . (9, 6), (1, 8), (-7, -4). 12. (1, 1). 

\ 3 3 / /Swx 

/m, g,+ffi oXo + m 3 X3 mr i y-i+ j. 14. ( 2m /’ 

(—m 1 + m 2 +^T“’ + ; 1 + *. 2 x- 2 , + 7 = 0. 

4x - 3y + 1 = 0. 18 - *“ " ’ * 

2 ft. per sec., -1 ft. per sec.; x+ y 5. # 

(i) 0, 32, 64, 96. 128 ft. pr ~ ! (»> T->■ J" ' ’ 

T.o, 27. z-42/ + 14 = 0, ( - 1T» TT/> lTV AI * 

a:=2 + 4i, i/ = l + 3<. ^ * , 6 m 

r^n, 1 ^ 0 ’ **' 1-4,3,,«; - 5 .«, n 

IK?!;■««+»,-+«• 00 <.,«+».(« 4 ".»)• 

6x + (6 + c) 2 / = 6c, (6 + c)x + cy=6c. 
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ANALYTICAL GEOMETRY. [Misc. Ex. I.-XX. 


38. ({i(,-+^)T4(a-9)}, 

3 (13 in 

4 °- T> V7~> "7 /* 


{i(s + tf)±£(7*-£>)}). 


3 


3 2 / 2 1 7\ 

V ” T> ~E~) 


{a/2, 0). 


43. 2x - 3y + 7 = 0. 44 . 2y = x, 3y + x = 0. 

45. A straight line. 46. y + x = 7, 3y — 5a; + 3 = 0. 

47. acd/{bc + ad - ab), bcd/(bc + ad - ab). 48. 3x-y + 7=0. 

49. (x - 1 ) 2 + (y +2) 2 = 36. 51. u = l/(p + qt). 

52. (2,4). 54. (3, 1+^/5). 

55. 2y = 9, 72x+154y+ 9 = 0, 3x = 4y + 9, 15x + 8y = 81. 


66 . y-b = 


tan a ± m 
l+?n tan a 


{x - a), 


(y - 2)(\3±SJ26) = (\S±2 f J26)(x - l), 
{y - 4) (13 ± 3/s/26) = (13 ± 2J26) (x - 3). 
2lmg + Pf+ 2 nl - m 2 f 2 Imf + m 2 g + 2 mn- Pg\ 

i 2 + m°- 5 y 

Let the line pass through (a, fr) ; the locus is then 

( x-a) 2 + (y-b) 2 = (f-a) 2 + (g-b ) 2 . 


81. (i) ^ ; (ii) (K, - 2 /). 

62. 4* + 7y = 65, 7.r-4y = C5; 3 (y - 5) = (32 ±^655)(a: - 4). 

63. X 2 + if- - 2x - 2y + 1=0. 65. ( - 5, 0), (0, |). 

66. (4, 12), (-3, 5). 67. 2; £. 

68. (°-^s/3y 39. {ad ^ c) * - 70. |^a 2 +6 2 . 

73. The times are given by the roots of the equation 

2 (mn' - m'n) t 2 + 2 (&n' - b'n + c'm - cm' )t + 2 (?>c' - b'c) =0. 

75. (x - y){x + y - 1 )(x 2 + y 2 - x - y) = 0. This equation represents the 

diagonals and the circumcirclo of the square OACB. 

76. y = 4.r. 77. x 2 =4(y-2). 78. x 2 + 2xy + y 2 - 8x - 32y + 136=0. 

79. 7x 2 +16?/ 2 = 112. 80. 24xy + 7y 2 - 48x - 64?/+ 64=0. 

81. 4x 2 + 4xy + y 2 - 26x - 5Sy + 166 = 0. 

82. 101 x* 2 - 4S.c.v + 81 if + 314x + 1056y +1889 = 0. 

83. 13x 2 - 1 2xy - 3 y 2 + 80x - 1 Oy + 25 = 0. 

84. (i) x 2 + y 2 = a 2 ; (iii) + y$ = a^. 85. y = x; i(a + ?)) 2 -4<x 

87. hx + ky = r 2 . 88. (0, - 3), ( - 2, - 1). 

89. (1 + 2A7/i - ?7i 2 ) (x 2 + y 2 ) + 2c (/i - 7?i)x - 2c (1 + /i7?i )y — 0. 

90. (i) ax 2 + 2hxy + by 2 - - (gx +fy) (lx + my) + \(lx + ??iy) 2 =0; 

71* It 


(ii) a(x - p) 2 + 2/i (x - p)(y -q) + b(y- q) 2 

- 2{ (x - p) (<ip + hq + g) + (y - q) (lip + bq +/)} 
x {/(x - p) + m(y- q) )/(lp -\- mq \ n) 

+ (ap 2 | 2 hpq + bq 2 + 2 gp + 2 fq + c) {/(x - p) + m(y - 7 ) } 2 /(lp + mq+n)\ 
92 . x 2 + y 2 = a(x + y), x + y = 0. 95 . - %J2G, (- 1 /). 
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pp. 168-191] 


96. {x - a) 2 4- {y - b) 2 = a 2 + b 2 . 

98. (g cos a+f sin a +p)* = g 2 +J 2 - c ; 

(gx +fy ■\-x 2 + y 2 ) 2 = (tf 2 +/ 2 - c) (a; 2 + y 2 ). 


a : 2 


lOO. ^ + ?- 0 =l. 


a- 


6 2 


Miscellaneous Examples II. p. 174. 

1. y = a?=0. 

2. x 2 + y 2 + 2.r-12^+17 = 0, 9z 2 + 9?r - 62.r-28y-f 73 = 0. 

3. aj(?/ - b 3 ){b 2 x - a. 2 y) - 6j(a? - a 2 )(6 3 a: - a 3 y) + (^ 3 a; - a 3 y)(fr 2 & ~ 

5. (2/ — S/o)(*^i2/ — 2/i^) = x (^ - - ^2^) if OM: ON- X. 

6. 9r + 2y = 9, a? + 3y = 6, llo; + 6 = 7y, (§, §). 7. See Ex. 9. 

e. (5, -V-), (3, 4). lO. ^{AJ^+B) + r } {A + B S JZ) + 2C=Q. 

12. (x-ccj) (aj-arJ + fy-yjHy-y^O. 

16. ,J{h 2 -ab)l{am 2 -2hlm + bt 1 ). 17. Jc 2 (tw 2 - wij)/(a + &mj)(a + 6 t7i 2 )* 

18 . See §38. 20. (1, l + m + n + lmn). 

27. f Y 31. 

\a& - aft ab - aft / 

35. #-y = ^(a + &), (6 + c)x-6y = i(a + 6)(6 + 2c), 

(o + a) x - ay = \ (a + b) (a + 2 c) ; 
x 2 + y 2 - 2 (a + 6) x - (a + 6) ?/ + a 2 + 3ab + fr 2 = 0. 

37. (a 2 + & 2 )(x 2 +y 2 ) + 2c(az + fa/) = 0. 42. (a^ + 6m + n) 2 = ?' 2 (^ + m 2 ). 

44. (2 + N /5)a;-y= > /5 + l. 47. d/b. 51. y=x + xy. 

53. Let the circle be x 2 + y 2 = a 2 , etc.; the locus is 

(i) y 2 = (x + 2a) 2 {a-x)/(x + 3a), or (ii) y 2 = x 2 {x-a)/{a + 3x) according 
as the points move in the same direction or in opposite directions. 

55. {x 2 + y 2 - 2aa*) 2 = 6 2 (a; 2 + 2 / 2 ). 

56. {bx - ay) (ay + bx - ab) = 2c 2 {x - a){y-b). 

57. bb'x{a - x) = aa , {b - y)y. When AB and A'B' are parallel this becomes 

{bx - ay){bx + ay - ab) = 0, or the line AB and the perpendicular 
through O to A B. 

58. 2a(.'r 2 + i/ 2 + 2c 2 ) = (4c 2 + a 2 )(x + 2 /). 59. x?y 2 + a 2 x 2 - a 2 y 2 = 0. 

60. x{r) -b)rja + y{^ - a)£b + abfy = 0. 

61. Let A be (0, 0) ; let the circle be {x - a) 2 + y 2 = r z . Then the locus is 

2ax = a 2 - r 2 . 

64. y 2 + ay 2 + x 2 y - ax 2 = 0. 70. When c = b, the locus is a cissoid. 

Exercises XX. p. 187. 

5. y -l = x z , y + l=x 2 , y + b = x 2 . 

§80, p. 190. 4. (i) 2-87, -0*87; (ii) 3, -1; (iii) 2*58, -0*58; 

(iv) 2*87, -0*87; (v) 2-91, -0*91; (vi) 2*95, -0*95. 

6. (i) (0, -1), (3, 2); (ii) (2*42, 0-03), (-0*76, 1 *09); (iii) (2, -1) twice ; 

(iv) the roots are imaginary; the straight line does not meet the 
curve at all. 
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ANALYTICAL GEOMETRY. [Ex. XXIII.-XXVIII. 


7. 

8 . 

9 . 


(0 2-33, 
- 2*0(5 


0 - 20 , - 

(v) 116 


213; (ii)0-72; (iii) 2*11, 
; (vi) 186, -0-37. 


- 0-68 


(iv) 1-60, 0-455, 


(i) (-0-86, 0-74), (1 *40, 1-96); (ii) (353, -3*76), (5*41, 4 65). 
(i) -0-86, 1-40; (ii) 3*53, 5*41. 


40. (i) 4, 


3 4 . 

•■>> H > 


3 

■ 4 > 


(iii) 1-30, 030; 

(iv) - 0'69, 0 41 


Exercises XXIII. p. 213 . 

( + ao, +X>; -x, -oc); (ii) 

2-30, -3 30; 1-32, 0 36; -O f>7, 414; 
0 63, -169; (v) -218, 052; 1, -1. 


§ P- 217. 5. (x sin a-y cos a) =gr.r 2 /2 V- cos a. 


Exercises XXIV. p. 217 . 

1. (y - a: + 2) 2 = 9y. 

2 4( y + x) = (y - a:) 3 , or, turning axes through 45 °, ij=i£3. 

4. (x + 1 )-y- = x{2y+\ ) 2 . 5 . ** = (,, + a .)2 ' 

6 . .r(y + 1 )(.zy - l)=y-(.r+l) 2 . 7 X * + 1J :< = 3 

8 y = (x+l)(x- l)'7(3ar + l). 


Exercises XXV. p. 227 . 

2. y+ .r = 0, y =3.r-2. 3 . (i) y=a ._ ls (ii) 5a.- = 2/ + 9. 

4. (i)s = 3y + 2; (ii) 8a- + 3y + 2 = 0 : (iii) 2x + 3y + 2=0, 4ar = 3y + 2. 

5. (i)3y = a-+l; (ii) 3y= 10.r+1; J(1 4- s /10), maximum and minimum 

values of y. 

6 . (i) - A -2; (ii) ±2 n /5. 

10 (i) < 0 ’ °>> < 3 « !), (0, 1) twice ; (ii) (0, 0), (2, 0), (2, 3), (1, - £) ; 


. .. («{■-(;)’}• '•{■-(;)“}> 


§ 95, p. 231. 8 . (i)a + re, ar>lt 2 ; (ii )a-re, ar> 6 2 . 

§ 96, p. 233. 2 . (i)y = 3a*-4; {n)y + x = 2, y = x- 3; 

(iii) y = 3.r-7, y + 5x= 1 ; (iv) y = 5.t -7 ; (v) y = 2(a:- 1 ), y= 2(.r-3) 


§ 99, p. 238. 1. (i) y= -.r-.r 2 ... . (ii) y = _-.r 8 ... ; 

(ni) y = + .. ; (iv) y = 1 -2.r-f 2,r 2 ... ; 

{v)y= - l+3.t -3.tr2.,.; (vi) ?/= - 2+.r - 5.x* 2 ... ; (vii) y=2+ 2a? + 2x a .... 

a. y+x=5. 



pp. 191-269] 


ANSWERS. 
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4. 


lO. 


Exercises XXVI. p. 244. 
5x + y=\, 3c + y = 2, y = x-2, y = 3a: - 7. 


9. 2y = x + 3. 


16. 

19. 


(i)y = x, 7 ? = £-|...; (ii) y+ 7. c = 97, 77 = -7$ + 9$*... ; 

(iii) 9?/ = 20x* - 28, yj = ?o^ + 2r^ ; (iv) y = 3) 7 ?= _ 2 ^.. ; 

(v) y=l, 77 = 7 ^.... 

y=x-\, 17 . (i 

3y = x-3. 20 . 7t= 1, /j = 2, or = Jfc=l, or /*=-! £ 


= 3 


§ 103, p. 252. 4 . (i) y = *-10, y = 13.r-34; (ii) y = 2(x-p), 2py = 2hx-k*; 

(iii) y=Ux-6, y = 2x-2, y + x= 2, y = 2.r - G, y= 1 la*-38, 

y = 26.t- + 2, y = 47.r + 34; (iv) 17 = 0 , y = (5 - a) 2 (a - fc); (v) y = 0, (?i>l). 

Exercises XXVII. p. 257. 

[Abscissae only are given : first, turning points, then inflexions, then 
intercepts on a-axis.] 

1. ?; none; 2*33, -0*61. 2. #; none; 4*62, -1‘62. 

3 #; 0,2. 4 . 1, -2; 065, 133, -3*47. 

5. 1, -1; 0; 035, 1 53, -1*88. 6. 1 53, -1*53; 0; 2*40, 0*44, - 2 84. 

7. 2, 412, -012 ; 3 22, 0 78 ; 2 twice, 5, - 1. 

S. 0; J-, 1 ; 2 08, -0-83. 9. 1,3*24, -1*24; 2*29, -0*29; none. 

lO. 3, 1 ; 0, 2*37, 0*63 ; 3*51, 2*10, -0*97. 

13. (9) None^ (10) (1, 2); (-1, -2). (11) None. 

(12) (x/2, 3 + 2 n/2); ( - s/2, 3 - 2s/2). (13) (-1,0); (-3,8). 

(14) (s/2, 3472/2). (15) (-47*2, -3472/2). (16) (474/2, 3472/2). 

(17) None. (18) (1, 2); ( - 1, 2). (19) None. 


1 . 

3. 


4. 

6 . 

8 . 

10. 

11 . 

14. 

16. 


Exercises XXVIII. p. 267. 

-2. F 

(The value of x is given second.) (i) - T, T. (ii) 3, 1 ; -1, - 1. 

(iii) 5*83, 3*41; 0*17, 0*59. (iv) 3, 1; - 1. (v) -0*15, 1*37; 

2*15, -0*37. (vi) -6*46, 1*37; 0*46, -0*37. (vii) -13*93, 3*37; 
-0*07, 1*63. 

(i) 0, (ii) -1-38; (iii) 0,2*09. 5. t?=-c 2 £ 2 , t? = c 2 £ 2 . 

0, max. ; -4, min. 7. New origin is (2, 0) ; (2, 0) ; ±0*385. 

f> 0 ; y = -%V-> (min.), 0 (max.). 9. lOy - 3 - 3y 2 ; 3, 

32(77-9 )(?7 - 5) ; 9 min., 5 max. 
ah 

T ‘ 

(i) ^/afc ; (ii) Jab ; (iii) Jab ; (iv) ^/a5 ; (v) b ; (vi) a. 

(i) 2a6 ; (ii) 7> + a + 2Jab ; , (iii) 2a& ; (iv) 1/4. 16 . 3/2. 


l l. I T\ 

12 ‘ 7 x ?i > 7i X S' 

4 2 6 2 


13. 7r : 4. 
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ANALYTICAL GEOMETRY. [Ex. XXVIII.-XXXIV. 


3r - 1 Q-r _ 1 _ 1 

20 . • --—p> 1 if a?> 1, or .r<0; —p = l if x = 0; <1 if 0<*<1. 

•r - 1 x - 1 x - 1 

21 . 2 + 2 s /2 min., 2 - 2 v /2 max. 22 . (1,1) max., (2, 2) max. 

23. (i) 4(7 + n / 13) max., 4(7 - N /13) min.; (ii) 2 min., 44 max. ; 

(iii) - 4 - 2^/6 max., — 4 + 2 x /6min.; 

(iv) i(9 + 2 N /14) min., 4(9-2^14) max. ; (v) 9 max., -1 min. ; 

(vi) 2 + n /3 max., 2- N /3 min. 

§ HO, p. 273. (i) 2-7321, -07321; (ii) -0*8772, 0-1629; (iii) 1 *8431, 0*4069. 

§ 111 , p. 275. 2 . The root lies between (i) 1 and 2 ; (ii) 2 and 3 ; 

(iii) - 1 and -2 ; (iv) 0 and 1 ; (v) 1 and 2. 

3. The roots lie between (i) 2 and 3; (ii) - 4 and 0, 0 and 4, 4 and 1 ; 

(iii) - 1 and 0, 0 and 1, 3 and 4 ; (iv) -2 and - 1, 1 and 2. 


Exercises XXIX. p. 279. 


1 . 

2 095. 

2 . 1*213. 

3. 

0*466. 

4. 

1 *552. 

5. 

1 -276. 

6 . 0 755. 

7. 

1-229, -1-566. 

8 . 

1*426, -0-899 

9. 

2 *597. 

IO. 2-858. 

11 . 

0*226. 

12 . 

0-347. 


Exercises XXX. p. 288. 

1. (i) None; (ii) two. 2. (i) None; (ii) three. 

3. (i) One, (4> 4) > (ii) two. 4. (i) None; (ii) two. 

5. (a) (i) None; (ii) two. (b) (i) None; (ii) two. 

6. (a) (i) None; (ii) three, (b) (i) None; (ii) three. 

7. (a) (i) None; (ii) two. (5) (i) None; (ii) two. 3. y = x + 1. 

lO. (i)y = 0, y = x; (ii) ?/ = 0, y = x; (iii) y = 0, y = x - 1; (iv) y = 0, y = x - 1. 

12. (i) y = x + 3, .r = 2 ; (ii) y = x + 2, x = 2 ; (iii) y=l ; (iv) y = 1 ; (v)y = l, 

.r=l,.r = 2; (vi) y= 1, a* = 3, a* = 4. 

13. (3, 2). 

Exercises XXXI. p. 294. 

1. (i) y = .r, y + x = 0; (ii) y = x , ?/ + a.* = 0; (iii) x = 0, y = x ; 

(iv) y = x, x + y+ 1=0 ; (v) y = 2.r, x = 2y ; (vi) y = 2 a*+l, y = x-2 ; 

(vii) y = 0 , y = .r, y = 2x ; (viii) .r = 0 , ?/ = 0 , y = x, y = 2x ; 

(ix) // + 1 =0, .r-f 1=0, x + y=2; (x) 8 N /2.r + 8y + 3 = 0, 8 s /2.r - 8y - 3 = 0. 
16 . 5(x + y)= ]. The curve appears above this line to the right, below it 
on the left, and cuts it at ( 075..., *125...). 

18. (2x + y - l)(x- y+\ ). 

23. (i).r=l,y = 0; (ii) x + y + 1 =0 ; (iii) a*- 3?/= 1. 


§ 122, p. 299. 3. (i) - x/y ; (ii) (a? + 2y)/(y - 2a*); (iii) [a + bx)/y ; 

(iv) - [ax + hy -\- </)/(hx \ by +/) ; (v) {2ax - \j- - 3a* a )/2 y(a + x ); 
(vi) (;/- + 2 xy - 2.r)/(2 y - 2 xy - x 2 ) ; 

(vii) (2a xy - xy 2 - .(“')/(.>• 7 / -|- 1 / ] - a.r-); (viii) (4.r y - 4a * 3 4 - 5x*)/2(y 


- x 2 ). 
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4. (i) 3/(ar + 2) 2 ; (ii) - 2/a.- 3 ; (iii) ; (iv) (1 - 2x 3 )/( 1 -f x 3 ) 2 ; 

(v) x(2 - x)/{ 1 - x + x-) 2 ; ( vi) 1/2(1+ x)>Jx + x 2 ; 

(vii) x{2x + 3)/(2x + 2)s/.t* + x 2 . 

6. (i) 2(1- x 2 )/(l - x + x 2 ) 2 ; 

(ii) {(aR- bA)x 2 + 2(aC - cA)x + (bC - cB)}l(Ax 2 + Bx + C) 2 ; 

(iii) x/*Jx 2 + 1; (iv) - x/(:c 2 + 1)^ ; (v) {a: + s^c 2 + T }/\ , x~ + 1 ; 

(vi) ( 3x + 2b + a)/2{x + b y*. 


Exercises XXXIII. p. 315. 

1. 16x 2 + 24xy + 92/ 2 + 36.c-48?/-36 = 0 ; 4a* + 3y = 0; nr; (uV ~ii)- 

2 . (i) a,*2 + 2a;2/ + ? / 2 -12x-16.y + 50 = 0; x+y=7; ^2; (t> V")- £#7**^ 
(ii ) 9x 2 + 24xy + 16// 2 - 52x - 86y + 89 = 0 ; 3x + 4y = 10 ; % ; ( j 

(iii) 16 c 2 -24:cy + 9y 2 - 2x + 14y - 14 = 0 ; 4a?-3y=l; f; (4§> Ii)* 

(iv) 9x 2 - 24xy + 16y 2 - 2x + 86y + 14 = 0 ; 3x - 4y = 7 ; 2 ; (-J, ~ To)* 

(v) 144.T 2 - 120:ry + 25// 2 + 130x + 312y - 169 - 0 ; 12*-5y = 0; 2; 

(nV» tV)* 

3. The equation represents the locus of a point which moves so that its 

distance from the point (0, is equal to its distance from the line 




4. (i) (0, i), y + \ = 0; (ii) (0, -I-), y=l; (iii) (b °)> *+T = °> 

(iv) ( - J, 0), x=b 

5. y = i?; 1; (2, 4y+lt = 0. lO. y=2x*-1x + 2. 

12. (i), (iv) upwards ; (ii), (iii) downwards. 13. (i) cl ; (ii) a - b — c + d. 

14. xr = 4ay ; 4a; (0, a) ; y + a = 0. 

15. Let the point be (0, a), the line y = 0. Then locus is z 2 = 4ay ; focus, 

(0, a) ; vertex, (0, 0) ; directrix, y + a = 0. 

(2a-c, 2a); y— 2a. 


24. 


y 2 =2a{x- 4a) ; 2a; (4a, 0) ; 0^ 


1. 

3. 

5. 

6 . 

7. 

9 . 

18. 


Exercises XXXIV. p. 319. 


e = %; SX = K'-; CX = K\ 
e=i; SX=b 

CA= 2J6; CB = 2J2; e = 

6 = 3; CS= 4; CX = -\ 5 -; AX = b 
a = 5; CS=3; SA= 2; SX=V 6 -. 
04=2 in., CB = *J3 in. 11. 

The parallel through A to the directrix. 
G.A.G. 2 G 


2 . e = £; *SX 
4. CB=3,J3 ; 


= i_3; 41 = 1. 
SX = 9; SA= 3 


_ l 


e = 


1_8 
5 ~ 

_ 1 


59 


12 . e = ^J2. 


ANALYTICAL GEOMETRY. [Ex. XXXV.-XL. 


4 G 6 


l. 


a 

5 * 


4. 


Exercises XXXV. p. 322. 

4 i s _ x 2 y 2 

2. c— - 5 ". 3. L 

5. (3*2, 2'8) is inside, others outside. 

2 s /2. ah 


. mi c • / ah \ 2 n /2 

6. 1 he four points ( ± ± — -- 

\ \'(r + /r \ a--rb~J \ a~ 


+ 1r 


7. 


17 

«> 


9. 




12 


(2.tr-y+l) 2 , (a: + 2.v-3) 2 _ 1 
45 125 


13 


1 (>(3x - 4y + 1 ) 2 16(4* + 3y 4- 2) 2 

2425 + 3721 “ 


14. (i) (0,0); a: = 0, y = 0; 2 N /7, 2 N /5 ; 

(>i) (0,0); y = 0, .r = 0 ; 2(a + 6), 2 (a-h). 

(iii) (L -2); ?/ + 2 = 0; x=l; 4, 2 x /3. (iv) (0, 0); .r + y = 0, x = y ; 6,4. 

(v) (0,0); 4x = 3y, 3.t4-4y = 0; 2 X '5, 8 s '5/f>. 

(vi) ( - 3/5, 1/5) ; 2.c + y 4- 1 = 0, x - 2y 4- 1 =0 ; 2 x /6, 2 x /35/5. 

(vii) (1, -1); ?/-f 1 = 0, .r = 1 ; 4, 2 S '3. 

(viii) 0/2, -2/3); 3y 4-2 = 0, 2.r- 1 ; x '5, 2 x /2/3. 

(ix) (2/3, -1); 3.r = 2, y4- 1=0; 2 x /3, 2 

(x) (-2/3, -1); 3.c + 2 = 0, y 4- 1 =0 ; 2 X 3, 2. 

15. 1 lx 1 4- 16.r y + 17//~ 4 8( ).r - SOy - 2( K) = 0 ; 4 x /2. 

16. 91.i* 2 4- 24.ry -f 84y 2 - 200.C - 320y -f 400 = 0 ; (?, 

o a 

//•_ 


o 

a- 


22. •r r + .v =1 :7ra/> 

(i- 


• O * IO- 1 • 

a- lr 


28. It CA = a, CB = h , the points arc 


/ ttfr 2 


4: 


ah N /(a 2 - 2// J ) 


( 




ah^/(lr- 2a 2 ) bar 


ha - 1 \ 

f O O I 

/>- - a-/ 


«- - //- y v />- - «•- 

It will be noticed that one pair of points, at least, is imaginary. 
30. (>!’ i)- 31. «.r+/m?y = 0. 


32. 7.c 2 - 2.ry 4- 7y 2 - 14.tr - 30y 4- 39 = 0 ; 7.r - y = 7. . 33. ? . 4-f., = f., 

a- 6- « ■ - o- 

Exercises XXXVI. p. 325. 


1. 

/ ’ V ' 

( 1 ) 

; (ii) 

10; 

(iii) 6. 




2. 

14 ; 2 s /33. 

5. 

1 OX 2 

+ 10y 2 

-360.t+1200 = 0; 

c = 



6. 

a 

e =i- 





Exercises 

XXXVII. 

P 

. 328. 

i 

1. 

il 

; NA” 

_ i i 

ii 

. /»V - - r » 

» C/-V . 

2. 

r — 

< 

; NY 

= -J*-; A X = £. 

1 ’ 4 

3. 

r - i 

; NX 

_ a 
• • 

<» 


4. 

r — 

R 

u 

•» 

; NY 

_ 1 « 

5. 

C7* 

= 0 x /3 ; 

NX 

= 9; SA = 6. 

6. 

CA 

— 

2 S /G 

: (’/> =2 n /3 ; e = 

7. 

/>= 1 

r * . pv' _ - 

i ; t , 

r ' ; CX= 4; 

AX = 1. 





8. 

a = 

1; CW 

— r » • 

N/l = 2 ; NX 

_ i n 

—"Tr¬ 





0. 

r. o 
"3 * 




io. 

a - 

2 

in.; 

h = 2 x /3 in. 
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Exercises XXXVIII. p. 330. 


i. 

4 

6 


r» 

2 5 


fi . <> 


( ±ab 
W(fe 2 -m 2 a ; 


^ a:- ?/- _ 

- 4 > 4' 3 8f- 9~ L 

5. (-5,2), (-7, - 4) are inside. 
± mob 


?) fj{b 2 - m 2 
When m = - we get the asymptotes. 


H dbdfr =F 777rt?) \ 

N /(/> 2 - m 2 a 2 Y Jib* - niW) ) 


a 


lO. r is real and finite, infinite, or imaginary, according as 


1 


1 


cos-0 >-*> = —, or 
e 2 e 2 


1 


9. lv/21. 


12. (i) y + 2 = 0, x= 1 ; 6,4; (1,-2). (ii) x = 0, y = 0; '2b, 2a; (0,0). 

(iii) y + l = 0, x=l ; 4,2^3; (1,-1). 

(iv) 3y + 2 = 0, 2.r = 1 ; K /o, 2J2/3 ; (1/2, -2/3). 

(v) 2x + y = 0, x=2y ; 4^/2, 2 v /3 ; (0,0). 

(vi) x + y = 2, y = x + 1 ; 4^/2, 3^/2; (1/2, 3/2). 

16. a; 2 + 4a:y -i-y 2 - 12a;-6y + 3 = 0; 6^/2. 17. 2a;y - 6a;- 6y + 9 = 0; (3,3). 


Exercises XXXIX. p. 333. 

1. (i) 5/4; (ii) 8 in. ; (iii) Gin. 2. 10. 

4. The locus is likewise a hyperbola whose foci are the centres of the 

given circles. 

5. 220a; 2 -36y 2 = 495 (e = §) and 252a; 2 - 4y 2 = 63 (e = 8). 


Exercises XL. p. 338. 

2 . (i) 2a;-3y — 0, 2a; + 3y = 0; (ii) a; + y = 0, x~y = 0; 

(iii) 3x-2y = 5, 3x + 2y-\; (iv) 2x + y = 0, 2x-Uy = 0. 


(v) £-»=o. - + f=o. 

a b a b 


9. a; = 3, y + 2 = 0; .(3, -2). lO. aa; + c = 0, ay + b = 0. 

11 . (i) J2; (ii) ^3. 12. 6, f. 

13. (i) 2a; - y + 1 = 0, x + y- 2 = 0; (J, §). 

(ii) 3a; + 2y + 1 = 0, a;-2y-2 = 0; (£, - §). 

2c 27 

14. (2x + 3y-8)(x-2y + 3) = 2'2. IS. y = — 


22 . The asymptotes being the axes, the constant length is the algebraic 
difference of the ordinates or abscissae of the fixed points. 

26. Let the given asymptote be ACB, the given tangent CED , with point 
of contact E , the other tangent BL. Let A CB and CED intersect 
at C , BL and ACB in B . Cut off ED = CE. Join BD. Let CL, 
parallel to BD, meet BL in L. LD is the second asymptote. 

28. xy = ^ ; \sj2ab. 
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Exercises XLI. p. 346. 


2. -36° 52'. 


■ (#■■1)^ (#■■ £*> ({- f») 


S. — cos0 + ?sin 0 = 1. 
a 5 


9. 


77? a 


lO. 


ma 


, a 2 / 2 + ^ 2 w 2 =l. 


6 6 
tan -1 ^ -^r 2 cot 0^. 

2 6. ??' 2 ( a 2 ??i“ + Irt 2 ) = P?n 2 ( a 2 - b 2 ) 2 . 

30. (i) \/l ab); (ii)a-6; (iii) x\'a 2 +ab - y\^+ab=a 2 -b 2 . 

a 2 {a 2 - ah - b 2 ) b 2 (h 2 - ab - a 2 ) \ 

(a 2 - a& + 6 2 )(a 2 + a6)^ (a 2 - a& + 6 2 ) (6 2 + ab ft) 


™ (=: 


(.r-a) 2 y 2 _ 

• __•> » ^*2 ^ • 


a- 


£ 2 + 2/ 2 =(a + &) 2 . 


Exercises XLII. p. 355. 


l. 


n. 


13. 


16. 


b 2 


o 


a- 


2. 50?/ = 63.r. 


(*r* 44 

O O l o o 

.r- 7/-1. 

a 2 6““2 « 2 


a 

<> 


-i- - — v 
h 2 *- 


, yy , yi 2 

a 2 + b 2 ~ a 2 + 6 2 ' 


3. 3y = 5x. 

12. See § 136, Ex. 3. 


14. (2,2); a:-f ?/ - 4 — ±-(x 


- 2 /)* 


17. 


/ - Cl 2 /???’ 

U 2 + a 2 m 2 


_ 1 >2 _ C 

b 2 + a4?i 


2 ) 


Exercises XLIII. p. 359. 


i. 

3. 



17. 


Let SZ , _L r XP, meet the directrix in Z. ZP is the tangent at P. 

Let Z 1)0 the point. Join ZS, and let the _L r to SZ at 8 cut the conio 
in P, P' ; ZP , ZP' arc the tangents required. 

Let the © k \ centre X, radius SU=cKI, meet the © l0 on SK as 
diameter in U> U'. Let SU, SU ' cut the conic in P, P'. KP , KP' 
are the required tangents. 

Let X he focus, PT tangent at P, Q a point on the conic. Let SZ, 


JL r XP, meet PT in Z. Let SZ\ the external bisector of PSQ , meet 
PQ in Z'. ZZ' is the directrix. Whence the vertex is easily found. 


Exercises XLIV. p. 363. 

3. Draw SX JL r the directrix, mid point A. Let A 1" _L r XX meet © l0 on 

OX as diameter in Y (and ) '). Let SI" meet dirx. in M. Let MP 
_L r dirx. meet OY in P. P is point required. 

4 . Lot M he the image of X in PT; MX, drawn perpendicular to iVP, 

is the directrix. 
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5. Produce SY _L r PT to M so that YM=SY. With centre Q, radius 

SQ, describe a © le . Draw MM' (and MM"), the tangent to the © le . 
Draw MP _L r MM' to meet PT \n P. P is the point required and 
MM ' is the directrix. 

6. Draw SY _L r PT and produce to M so that SY= YM. Draw MX 

_L r axis. MX is the directrix. Let MP JL r MX meet PT in P. 
P is the point required. 

16. Draw SM _L r given line to meet dirx. in M. Bisect SM in Y. YP 

_L r SM is the tangent required. 

17. PT= 6v/10; TN= 18. 

19. t is the reciprocal of the gradient at the point t. 

34 . The join of the feet of the from the focus on the tangents is 
tangent at vertex. Whence the required construction. 

40. Let the tangents be PQ, QR , RP. Let QR touch the parabola at T. 
The circle which touches PQ at Q and passes through T will cut 
the circumcircle of the triangle PQR again at the focus S'. If M and 
N are the images of S in two of the tangents, MN is the directrix. 

44. y 2 = -arV(a-fx), a cissoid. 

Exercises XLV. p. 372. 

2. Let the tangent ZPT meet dirx. in Z. Draw SP _L r SZ to meet 
ZPT in P. Let PS\ making LS'PT= LSPZ , meet SX JL r dirx. in 
S'. G is mid point of SS'. 

29 . (i _ e 2 )x. This becomes l, where l is the semi-latus rectum of the 

parabola. 

30. (a 2 - x 2 )/x. 

36. Circles centres the foci, radii equal to major axis. 

37 . Circle centre second focus ; radius equals the difference of the major 

axes. 

38. Let join of P , Q, the given points, meet the asymptote in R. Produce 

PQ to T so that QT=RP. Draw TG J_ r the asymptote. G is the 
centre. 

Exercises XLVI. p. 378. 

4. 2a{t 2 +l)*; 27ay 2 = Mx - 2a) 3 . 6 . t=±J 2. 7. m 2 = {a-b)/c. 

15. x=k{t 2 - 1), y = 2k{t-l). IS. y = tan Q{x -2a- a tan 2 0}. 

19. y — 7nx + 1/2m, where 2a?m 2 + b 2 = + sla 2 P + 6 4 . 

28. Z?i + a(£ 2 + m 2 ) = 0. SS* (®> 2a), (^a, 3a), (-^aj —5a). 

Exercises XLVII. p. 385. 

9 . cos 0 cos# cosi(# + 0)/cos-^(# - 0), 

^ a 

sin 0 sin #sin-^(0 + 0)/oos-J-(#- 0)| ; 

24. (a 2 + b 2 m 2 ) (y - mx) 2 = (a 2 - b 2 fm 2 . 


— sin 3 0^ ; (a 2 sin 2 0 + 6 2 cos 2 0)^/a6. 
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Exercises XLVIII. p. 398. 

2 . (i) (a 2 /, b 2 m) ; (ii) (a 2 /, -b 2 m); (iii) (2mc 2 , 27c 2 ) ; (iv) ^ 

3. (i) a?ll' + b-mm'= 1; (ii) a 2 «'4W = l; (iii) 2c 2 {lm' + I'm) = l; 

(iv) l + l' + 2cimm' = 0. 

4 - (0 ( 2 /-!/i)z/i= 2 a(a;-a: 1 ) ; (ii) (.r - .r,)^ - {y - = 0 . 

. x 2 2 jr 

4 * ~ ~f—: > , ; o — 1 • 

a- a- + 5- 

5. tan-0(a~ + y 2 -a 2 -ft 2 ) 2 =4aW^ + 1V 

\ a- b“ ) 

6 . (i) x 2 + y 2 = a 2 + b 2 ; (ii) x 2 + y 2 = a 2 -b 2 . 

Exercises XLIX. p. 405. 

1 x l + yi-t + 7 t. 2 ** w-P 7)2 

a- + b 2 ~a- b 2 ‘ a 2 ~Y 2 ~d 2 ~b 2 

4. (i) x.v l lar + yy 1 lb 2 =l ; {ii) xxja 2 -yy 1 /b 2 =l ; 

(iii) a.r.i-j + 7i(ary, 4- x^y) 4- byy x + y{x + Xj) +f[y 4 i/,) + c = 0. 

7 . 2c(1 4- m 2 y-{h 2 - ab)i/(a + '2hm + bin 2 ). 8 . (h 2 - ab)±/{am 2 -2hlm+bZ 2 ). 

9. (x 2 + y 2 ){ax + by + c) 2 =dr(ax + by) 2 . 12 . - 4 -- = 2 

a /3 


Exorcises L. p. 419. 


15. k{aq - bp)l(ar+ b 2 ) -. 


19. tan - 


1 {‘2 n /( 1 - e'-)} 


§161, p. 430. 4. (i) a hyperbola ; (ii) a parabola ; (iii) a parabola ; 

(iv) an ellipse. 

alt-hat/ 

tf+a' 1 ' 

Exercises LI. p. 432. 

1. (i) Ellipse: a = i(V10 + N /2), 6 = |(\^T0 - *J2 ); 

major axis, (x - 1) ( V T> 4-1) - 2 (y - 2) = 0 ; 
minor axis, (x - 1) ( v /5 -1)4- 2(y - 2) = 0. 

(ii) Hyperbola : a s =%( s /2+]), 5 2 = £( s /2-l); 

transverse axis, (7 4-5 x /2) (f>x - 1) = 5y - 7 ; 
conjugate axis, (7 - 5 v /2)(5.v - l) = 5y - 7. 

(iii) Ellipse: a = 4, 5 = 2 s /2; major axis, .r - y = 0; minor axis, #4-y=0. 

(iv) Hyperbola: r* 2 = 4, h 2 = 3; transverse axis, 2x4 ?/-1 =0 : 

conjugate axis, x - 2y - 1=0. 

(v) Rectangular Hyperbola : a=l, 5 = 1; 

transverse axis, 4x - 3y 4-10 = 0; conjugate axis, 3x4 4y-5=0. 

(vi) Parabola: lntus rectum = 7^10/100 ; axis, 20 (3x4- y) 4-9=0 ; 

tangent at vertex, 40(x - 3y) =217. 
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(vii) Ellipse : a 2 = 45/4, /; 2 = 5 ; major axis, x - 2y +1=0; 
minor axis, *2.c + y - 3 = 0. 

(viii) Parabola: latus rectum =4 ; axis, Sx - 4y + 5=0 ; 

tangent at vertex, 4.r + 3y - 10 = 0. 

(ix) Hyperbola: a 2 = v / l3-2, 6 2 = vT3 + *2; 

transverse axis, (5\'l3 - 19) (a* - 3) + 2(\ / l3 - 2 ){y - 3) = 0 ; 

conjugate axis, (5*/l3 + 19)(a - 3) + 2('s/l3 + 2)(y - 3) = 0. 

2. An ellipse which passes through the origin and touches the lines x = a 
and y = b , where they intersect x/a + y/b — 1. 

4. ah' + a' b = 2hh'. 

5. Directrix : 36(.r - y) + 77 = 0 ; Focus : ( - 23/72, - 31/72). 

7. Latus rectum = 4(a'sin a - a cos a) 2 . 

Directrix : (a — b) sin a + [y - b') cos a + (a 2 + a ~) = 0. 

Tangent at t: [y-l 2 cosa- 2a't -b') = * C< ?^ ^7 7 • (# - < 2 sin a - 2at - ?>). 


9. {x 2 - y 2 )/{a-b) = xy/h. 


/sina + a 

lO. ax 2 + 2 hxy + by 2 + 2<jx + 2 Jy = 0. 


Exercises LII. p. 448. 

1 . By the Rectangle Theorem, rP*/TQ.Ti o =' Sr^PVTO ^■and 

a second point on the tangent; therefore TP 2 1 IQ — 1 1 V > an 1 

therefore is constant. 

2. If the diameter through V, the middle point of PQ, meet the curve 

in O' and the tangent in T\ then 

rrp2. yu TO RP 2 RP . RQ RP _ OR RP 
~TO = ~TU ’ so that TO ' = rT 52 = ~VP 2 ' A’O “ 1 r O '' W 


But r'0' = 0'F; therefore TO/OR = PR/RQ- 

- a 2 b 


- aU 2 


12. The point P, where LASP = tt/3. 20. B- a2 + f)? > C - a J + f ,2 


See § 165. 

7y 2 - 24xy + 20a = 0. 

(^+?+= ( « 2 +&+(§+§)• 


27. See equation (6) of § 166. 

31. 123a 2 + 85 xy + 24y 2 =198. 

^ e 4 (a - b) 2 + 4/i 2 
40 /i 2 - ab 


40. 
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Angle, 28. 

between two lines, 65, 85. 
Approximations, successive, 232- 
244, 297-301. 

to roots of equations, 271-279. 
Areas, 38-42. 

Argument of function, 192. 
Asymptotes, definition of, 207, 
287. 

general discussion of, 280-296. 
of hyperbola, 333, 370, 417, 
428. 

Auxiliary circle, 341,360, 368, 370. 
Axes, Cartesian, 14, 34. 
change of, 98, 99. 
oblique, 34. 

of conics, 312, 318, 327, 421- 
423, 433, 434. 
rectangular, 13. 

Axis, any line as, 15. 

Bifocal conics, 325, 332. 

Bisectors of angles between two 
lines, 68, 86. 

Burnside, 117. 

Canonical equation of parabola, 
313. 

of ellipse, 320. 
of hyperbola, 329. 

Cardioid, 165. 

Outre of curvature, 377, 386, 439. 
Centroid, 166. 

Ceva’s Theorem, 95. 

Chord rule, 275. 


Circle, equation of, 103, 105. 
inverse points with respect to, 
133. 

pole and polar with respect to, 
135. 

tangent to, 113, 121. 

Circles, coaxal, 129. 
orthogonal, 131. 
radical axis of two, 126. 

Cissoid of Diodes, 146. 

Coaxal circles, 129. 

Coincident points, 118, 257. 
Concave, 185. 

Conchoid of Nicomedes, 143. 
Concurrent lines, 70, 72. 

Con focal conics, 429. 

Conic sections, 153. 

central, 318, 327, 366, 410, 421. 
confocal, 429. 

forms of, 154, 421, 425, 431. 
freedom equations of, 430. 
general theorems on, 357, 421, 
426. 

polar equation of, 337. 
referred to tangent and normal, 
424. 

(See under Ellipse, Hyperbola, 
Parabola.) 

Conjugate axis of hyperbola, 327. 
Conjugate diameters of ellipse, 
350, 410. 

of general conic, 427. 
of hyperbola, 370, 411. 
taken as axes, 414. 

Conjugate or isolated point, 203, 
299. 

Conjugate parallelogram, 352. 
Conjugate points and lines with 
respect to circle, 138. 
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Conjugate points and lines with 
respect to conic, 392. 
Conjugates, harmonic, 88, 91, 391. 
Constraint equation, 23, 161, 217. 
Contact of conics, 442. 

Convex, 185. 

Coordinates, Cartesian, 14, 34. 
oblique, 34. 
polar, 37. 
rectangular, 13. 

Curvature, centre of, 377, 386, 439. 
chord of, 439. 
circle of, 377, 439. 
of ellipse, 439, 443. 
of parabola, 377, 441. 
radius of, 377, 386, 439. 

Curves, equations of some Higher 
Plane, 311. 

Curve tracing, directions for, 304. 
(See also Contents, Chapters X. - 

XVII.) 

Cusp, 200. 

of first kind or keratoid, 306. 
of second kind or rhamphoid, 

305. 

Derivative, 250, 300. 

Derived curve, 255. 
function, 250. 

Diameters of conics, 406-420. 
Direction of line or axis, 2, 3, 13, 
15. 

Director circle, 348, 387. 

Directrix of conic, 155. 
Discriminant, 262, 425. 

Distance between two points, 14. 

from a point to a line, 53, 63. 
Division by zero, 280. 

Duplication of the cube, 147. 

Eccentric angle, 342. 

Eccentricity of conic, 155, 434. 
Elimination, 161, 217. 

Ellipse, area of, 342, 423. 

axes of, 318, 404, 423, 433, 434. 
canonical equation of, 320. 
centre of, 318, 421. 
conjugate diameters of, 350, 410. 
conjugate parallelogram of, 352. 
diameters of, 321, 410. 
director circle of, 348, 38/. 
directrix of, 317. 


Ellipse, eccentricity of, 317, 434. 
foci of, 317, 325, 428, 434. 
four normals to, 382. 
freedom equations of, 342, 3S2. 
latus rectum of, 318. 
normals to, 344, 366, 381-384, 
403. 

orthogonal projection of circle, 

342. 

polar equation of, 322, 337. 
pole and polar with respect to, 

391. 

string definition of, 150, 325. 
tangents to, 343, 358, 366, 3S1, 
382, 406, 413, 415. 
vertex of, 151, 360. 

Envelope, 364, 373. 

Equation, constraint, 23, 161, 217. 
freedom, 23, 214. 
linear, 22. 

Equation of a locus, 156. 
of circle, 103. 
of ellipse, 320, 414. 

°f hyperbola, 329, 335, 414. 
of line-pair, 78-87. 
of parabola, 313, 408. 
of second degree, 81, 105, 421- 
434. 

of straight line, 22, 44, 60.^ 
Equiconjugate diameters, 355. 
Evolute, 377, 386. 

Festoon, 230. 

Focus of conic, 155. 

equation for, 434. 

Freedom equations, graph of curve 

given by, 214, 306. 
of conics, 430. 
of ellipse, 342, 382. 
of hyperbola, 335, 384. 
of parabola, 313, 408. 
of straight line, 23, 56. 
Function, 191. 
derived, 250. 
explicit, 193, 194. 
graph of irrational, 219-228. 
graph of rational, 182-218. 
implicit, 193, 194. 
inverse, 193. 

Gradient of a graph or curve, 248, 

300. 
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Gradient of straight line, 28, .30. 

Graphs, 182-311. 

of curves given by freedom 
equations, 214. 

Harmonic conjugates, 88, 91, 391. 
pencil, 90-94, 282. 
range, 87-91, 282. 

Homothetie, 324. 

Hyperbola, asymptotes of, 333- 
337, 370, 417-419, 428. 
axes of, 327, 423, 434. 
canonical equation of, 329. 
centre of, 327, 421. 
conjugate, 338. 

. conjugate diameters of, 371, 411. 
diameters of, 330, 336, 410. 
directrix of, 326. 
eccentricity of, 326, 434. 
equilateral, 335. 
focus of, 326, 332, 428, 434. 
freedom equations of, 335, 384. 
latus rectum of, 327. 
normals to, 366, 384. 
polar equation of, 331, 337. 
pole and polar with respect to, 
391. 

rectangular, 335. 
string definition of, 153, 332. 
tangents to, 358, 366, 384, 415. 
vertex, 360. 

Imaginary points, 118, 264. 

Infinite roots of equations, 281- 

287. 

Infinity, point at, 282, 283. 

Inflexion, point of, 185, 233. 
rule for testing, 256. 

Intersection of conic and circle, 
438. 

Inverse points, 133. 

Isolated [joint, 203, 299. 

Joaehimsthars section-equation, 
389, 428. 

Latus rectum of ellipse, 318. 
of hyperbola, 327. 
of parabola, 313. 

Limayon, 179. 

Limiting points, 131. 

Line, positive direction of, 15. 


Maximum, 253, 264. 

Measure of segment, 1. 

Menelaus s Theorem, 95. 

Minimum, 253, 264. 

Newton's rule for solution of equa¬ 
tions, 276. 

Node, 203, 298. 

Normal, 343, 360. 

(See under Ellipse, Hyperbola, 
Parabola.) 

Orders of small quantities, 302. 
Ordinate, 13, 407, 414. 

Origin of coordinates, 3. 

change of, 9S, 229. 

Orthocentre, 366, 451. 

Orthogonal circles, 131. 

Orthogonal projection of circle, 
342. 

Parabola, axis of, 312. 

canonical equation of, 313. 
diameters of, 393, 406-409. 
directrix of, 155, 312. 
eccentricity of, 155, 434. 
freedom equations of, 313, 408, 
431. 

latus rectum of, 313, 422, 431, 
433. 

length of tangent to, 403. 
normals to, 360, 377. 
polar equation of, 337. 
pole and polar with respect to, 
391, 394. 

semi-cubical, 199. 

tangents to, 35S, 360, 376, 409. 

vertex of, 230, 312. 

Parabolic curves, 186. 

Parallel lines, 31, 51. 

meet at infinity, 283. 
Parameter, 73, 408. 

of conchoid, 145. 

Pedal, of circle, 164, 173. 

of parabola, 366. 

Perpendicular, lines, 31, 51. 

length of, 53. 63. 

Point , at infinity, 283. 
double, 298. 

isolated or conjugate, 203, 299 
triple, 299. 

(Sec Conjugate points.) 
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Polar coordinates, 37. 

equation of conic, 337. 

Pole and polar with respect to 
circle, 135-138. 

Pole and polar with respect to 
conic, 391, 428. 

Position-ratio, 5. 

Power of a point, 123. 

Radical axis, 126. 

Rectangle Theorem, 434. 

Roots of equations, approximate, 

188, 211, 271-279. 
equal or repeated, 119, 259. 
infinite, 281. 
theorems on, 262. 

Rule, chord, 273. 

Newton’s or tangent, 276. 
of false position, 273. 
of proportional parts, 273. 

Scale units, 3, 12, 24, 26. 

Section equation, Joachimsthal s, 

389, 428. 

Section formulae, 6, 10, 16, 21. 
Self-conjugate triangle, 397. 

Self-polar triangle, 397. 

Semi-cubical parabola, 199. 

Small quantities, orders of, 302. 
Solution of equations, 188, 211, 
271-279. 

chord rule for, 273. 


Solution of equations, Newton’s or 
tangent rule for, 276. 
rule of false position for, 273. 
rule of proportional parts for, 

273. 

Steps, 4. 

Straight line, equation of, 22, 44, 
60. 

gradient of, 28, 30. 
positive direction of, 15. 
Subnormal, 360. 

Subtangent, 347, 360. 

Symmetry, 184, 185. 

System of coaxal circles, 129. 
of concurrent lines, 72. 

of conics, 442. 

Tangent, definition of, 259. 

{See under Circle, Ellipse, Hyper¬ 
bola, Parabola.) 

Tangent rule for solution of equa¬ 
tions, 276. 

Trisection of an angle, 145. 
Turning points, 184, 253. 
values, 184, 264. 

Variable, 191. 

Velocity, 8, 19. 

Velocity-time diagram, 167. 
Vertex of conics, 150,151, 312, 360. 

Witch of Agnesi, 148. 
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